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PREFACE 


This book covers six aspects of graduate school mathematics: Algebra, 
Topology, Differential Geometry, Real Analysis, Complex Analysis and Par- 
tial Differential Equations. It contains a selection of more than 500 problems 
and solutions based on the Ph.D. qualifying test papers of a decade of in- 
fluential universities in North America. The mathematical problems under 
discussion are kept within the scope of the textbooks for graduate students. 
Finding solutions to these problems, however, involves a deep understanding 
of mathematical principles as well as an acquisition of skills in analysis and 
computation. As a supplement to textbooks, this book may prove to be of 
some help to the students in taking relevant courses. It may also serve as a 
reference book for the teachers concerned. 

It has to be pointed out that this book should not be regarded as an all- 
purpose troubleshooter. Nor is it advisable to take the book as an exemplary 
text and commit to memory all the problems and solutions and make an indis- 
criminate use of them. Instead, the students are expected to make a selective 
survey of the problems, take a do-it-yourself approach and arrive at their own 
solutions which they may check against those listed in the book. It would be 
gratifying to see that the students can work out the problems on their own and 
come up with better solutions than those provided by the book. If the students 
fail to do so or their solutions may turn out to be incomplete, it may reveal 
the inadequacy of their knowledge or approach, thus spurring them to greater 
efforts to promote their skills. The very purpose of the authors in writing the 
book is just to help the students to discover the truth by trial and error. 

This book was inspired by Professor K. K. Phua’s proposals. We are par- 
ticularly grateful to him for his support. We also wish to thank Dr. Xu Pei- 
jun, Professors Zhang Yin-nan, Hong Jia-xing and Chen Xiao-man for their 
painstaking efforts to collect test-oriented data. For selecting problems and 
providing solutions, we wish to acknowledge the following professors respec- 
tively: Wu Quan-shui (Part I), Pan Yang-lian (Part II), Jiang Guo-ying (Part 


vi 


III), Tong Yu-sun, Xu Sheng-zhi (Part IV), Chen Ji-xiu (Part V) and Qin 
Tie-hu (Part VI). We are also indebted to Professor Guo Yu-tao for carefully 
reading and correcting the manuscript. Finally, we pay tribute to Dr. Cai 


Zhi-jie for printing out the manuscript. 


Li Ta-tsien 

Department of Mathematics 
Fudan University 

Shanghai 200433 

China 
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Algebra 


Section 1 Linear Algebra 
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Let V be a real vector space of dimension at least 3 and let T € Endr(V). 
Prove that there is a non-zero subspace W of V, W £ V, such that T(W) C W. 
(Indiana) 

Solution. 


Make V into an JR[A]-module by defining À -v = T(v) for all v € V. Thus 


for > a;A' € IR[A] and v EV 


i20 


(È aa) -v= SS aiT’ (v). 
i=0 i=0 


It is clear that a subspace W of V is an JR[A]-submodule of V if and only if 
T(W) CW. 

Now suppose V is a simple JR{A]-module. Then V ~ IR[A]/I for some 
maximal ideal of IR[A]. Since JR[A) is a P.I.D., there exists an irreducible 
polynomial f(A) of JR[A] such that I = (f(A)). So 


3 < dimg(V) = dimr R[A]/(f(A)) = deg f(A). 


This implies that we have an irreducible polynomial f(A) with degree > 3 in 
IR[A]. This is a contradiction. Hence V is not a simple JR(A)-module, that is, 
there is a non-zero subspace W of V, W # V, such that T(W) C W. 
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Let V be a finite dimensional vector space over a field K. 

Let S be a linear transformation of V into itself. Let W be an invariant 
subspace of V (that is, SW C W). Let m(t), mi(t), and m2(t) be the minimal 
polynomial of S as linear transformation of V, W and V/W respectively. 

(a) Prove that m(t) divides m(t) - m2(t). 


(b) Prove that if m(t) and m2(t) are relatively prime, then 
m(t) = m(t): m(t). 


(c) Give an example of a case in which m(t) # m(t) - ma(t). 
(Indiana) 

Solution. 

As usual, Y can be viewed as a K [t]-module via the linear transformation 
S. Since W is an S-invariant subspace of V, W is a K f[t]-submodule of V. 
Then it is clear that (m(t)) = AnngpjV, (m,(t)) = AnngpyW and (m2(t)) = 
Annxie] V/W. 

(a) Since 


m(t) - m(t): V C m(t)-W =0, 
m(t) + m(t) € Anng V = (m(t)). 


Hence m(t) divides m(t) - ma(t). 
(b) Since 
m(t) € Anngu V C AnngW = (m (¢)), 


m(t) divides m(t). Similarly, m2(t) divides m(t). Since m(t) and m2(t) are 
relatively prime, m1(t)-m2(t) divides m(t). Then we have m(t) = m,(t)-me(t), 
since m(t), m,(t) and m2(t) are all monic polynomials. 

(c) Let W be a 2-dimensional vector space over the field Q of rational 
numbers and § : W — W bea linear transformation with minimal polynomial 
t? +1. Let V =WOW and S:V — V be the natural extenaion of S to V. 
Then it is clear that m(t) = m4(t) = ma(t) = t? + 1. So m(t) £ m(t): ma(t) 
in this example. 
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Let V be a finite dimensional vector space over R and T : V — V bea 
linear transformation such that (a) the minimal polynomial of T is irreducible 
and (b) there exists a vector v € V such that {T"v | i > 0} spans V. Show 
that V doesn’t have proper T-invariant subspace. 

(Indiana) 
Solution. 

V can be viewed as a module over the polynomial ring [A] via f(A)- 2 = 
f(T) - (z), for any f(A) € IR[A] and z € V. Then we have V = RIX] -v,a 
cyclic module, since {T°v | i > 0} spans V by (b). Let m(A) be the minimal 


polynomial of the linear transformation T : V — V. Then m(A) € Anngyaj(v). 
Since m(A) is irreducible, we have 


IR[XI/(m(A)) ~ RAJ -v = V 


(we may assume that V Æ 0). So V is an irreducible R[à]-module. Thus, V 
does not have proper T-invariant subspace. 
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Let A be an n x n matrix with entries in @. Show that A has n distinct 
eigenvalues in @ if and only if A commutes with no nonzero nilpotent matrix. 


(Indiana) 
Solution. 


Necessity. Suppose that A has n distinct eigenvalues 41, A2,---,An in @. 
Then there exists an invertible n x n matrix P such that 


PAP! = diag{\1,-++, An}. 


If A commutes with some nilpotent matrix B, we have to show B = 0. Since 
Ai, A2,''*; Àn are distinct and 


PAP~! = diag{\1,--+, An} 


commutes with P-1BP, P-1BP is a diagonal matrix. But the nilpontency of 
B implies that P~1BP is nilpotent. Hence we have P-'BP =0. So B = 0. 

Sufficiency. Suppose that the characteristic polynomial of A has multiple 
roots. We have to show that A commutes with some nonzero nilpotent matrix. 
Let diag(J1, J2,---,J,) be the Jordan canonical form of A and 


PAP “= diag(J1, Ja,++*, Jt), 


where P is an n x n invertible matrix and J; is a Jordan block of order e;. 
Without loss of generality, we may assume that e, > 1 (If all the e; = 1, then 
it is easy to see that A commutes with some nonzero nilpotent matrix). 

Let Bı be the Jordan block of order e}, with 0 on the diagonal. Then 
J, B, = B,J, and B,(F 0) is nilpotent. Let 


B' = diag( B1, Bo,---, Bt) 
where B;(i > 2) = 0 € M.,(€). Then 
B' - PAP™' = PAP . B'. 
Taking B = P~'B’P, we have B # 0, which is nilpotent, and AB = BA. 
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Suppose V is a finite dimensional vector space over a field K, T : V — 
V a linear map such that the minimal polynomial of T coincides with the 
characteristic polynomial, which is the square of an irreducible polynomial in 
K[T). Show that if w, 7 and W are any three non-zero vectors in V, then at 
least two of the three subspaces spaned by the sets {T T }i>o, {TT }i>o and 
{T W }]i>0 coincide. 

(Stanford) 
Solution. 

V can be viewed as a module over the polynomial ring F[à] simply by 
f(A): 2 = F(T) (2) for any z € V, f(A) € FLA]. Let {u1, u2, >, un} be a base 
of V over F, A = (aij)nxn be the matrix of T relative to the base. In general, 
a normal form for ÀI — A in M,(F[à]) has the form 


diag{1,---,1,dy(A),---,d,(A)} 


where the d;(A) are monic of positive degree and dj(A)\dj(A) if 7 < j. By 
the structure theory of finite generated modules over P.I.D., there exist z;(¢ = 
1,2,---,s) € V such that V = F[A)-z1@F[A]-z2@---@F[A]-z, where Ann(z;) = 
(d;(\)). Here, according to the assumptions, the minimal polynomial m(À} of 
T is det(AI — A), so 


m(A) = d,(A) = det(AI — A). 
Hence s = 1 and 

V = F[à] z1 S FLA]/(m()) 
is cyclic. Since m{A) is the square of some irreducible polynomial, V = F[A]-21 
has exactly two non-zero submodules. Obviously, the three subspaces gener- 
ated by the sets {T° @ }i>0, {T'Y }iso and {T @ };>0 are non-zero submodules 
of V over F[A]. So at least two of them coincide. 
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Let V be a finite dimensional vector space over € with basis {v1,---, vn}. 
Let o be a permutation on {v1,---, Vn } and thus induce a linear transformation 


A on V. Show that A is diagonalizable. 
(Harvard) 


Solution. 
By re-ordering the elements v1, v2,-°+-,Un, we assume that 


o = (v15 Vi, (Vipat Vig) (Vip tn), (DS ti <i <- <i, <n), 


when ø is expressed as the product of disjoint cycles (This decomposition may 
have 1-cycles). Let W; be the subspace of V generated by {Vi,_, +1,---,vi,;} 
for j = 1,2,---,s +1 (io = 0,2,4; = n). Then the W; are invariant subspaces 
of A and V = Wi @ W2 @--- @ W41. Let Mj be the matrix of Alw, : 
W; — W; relative to the base {vj,_,41,°++,vi;} of W; over C. Then M = 
diag{M,,---,M,41} is the matrix of A relative to the base {vj, v2,--+, Un}. So 
it suffices to prove that every M} is diagonalizable. 

Hence, without loss of generality, we may assume that ø is the n-cycle 


(v1, V2,°+*,; Un). The matrix of A relative to the base {v1, v2,-++, Un} is 
Os “£5 0> 0 
0 °O of she cee 9 
ssi wee eie ssi | ee | 
1 0 0 >. 0 0 


It is easy to see that the minimal polynomial of M is A” — 1, and thus M is 
diagonalizable. 
This completes the proof that A is diagonalizable. 
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Let V be a finite dimensional vector space over the field of rational numbers. 
Suppose T is a non-singular linear transformation of V such that T-t = T?+T. 
Prove that 3 divides the dimension of V, and prove that if dimV = 3, then all 
such Js are similar. 

(Harvard) 
Solution. 

Since Tt = T? +T, T is annihilated by the polynomial à? + A? — 1. 
Obviously, A? + A? — 1 is irreducible over the field Q of rational numbers. Thus 
A3 + à? — 1 is the minimal polynomial m(A) of T. 


Now let n be the dimension of V over Q, A be the matrix of T relative to 
n—s 


—a—_— 
some base of V, diag{1,---,1,d1(A),---,ds(A)} be the normal form for AI — A 
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where the d;(\) are monic of positive degree and d;(A)|d;(A) if i < j. By the 
irreduciblity of d, (À) = m(A) = à? + A? — 1, we have 


d,(\) = d2(\) =--- =d,(A) = Dae eae ance 
Since det(AI — A) = d;(A)---d,(A), 
3- s = deg(det(AJ — A)) = n. 


Thus we have proved that 3 divides the dimension of V. 
If dim V = 3, then AI — A is equivalent to diag{1, 1, à? + à? — 1}. The 


01 0 
rational canonical form for A (or T)is | 0 0 1 |. It follows that all the 
1 0 -1 
T’s are similar when dim V = 3. 
1108 


Let F} be a finite field with q = p” elements, where p is a prime. Let 
Il: Fy —> F} be the Frobenius automorphism I(r) = z?. Prove that II 
considered as a linear map over Fp is diagonalizable if and only if n divides 
p” — 1. (Here is a misprint. It should be “n divides p — 1”.) 

(Harvard) 
Solution. 
It is wellknown that F, C F; is a Galois extension with 


Gal(F,/Fp) = {1, 0, I, , I°}. 


By the Normal Base Theorem, there exists a u € F, such that {u, H(u), H? (u), 
--+,TI"~1(u)} is a base for F} over Fp. When II is considered as a linear map of 
F, over Fp, the matrix of II relative to the base {u, H(u), R? (u), , "-+(u)} 
is 


0 1 0 -> 0 
0 0 1 +. 0 
0 0 O +. 1 
1 0 0 >. Q 


The normal form for AE — M is diag{1,---,1,A” — 1} and the minimal poly- 
nomial m(A) of M is A” — 1 = det(AE — M). 

Suppose that H is diagonalizable as a linear map over Fy. Then m(A) = 
à” — 1 has no multiple root, and all the roots of à” — 1 are in Fp. On the other 


9 


hand, all the root of \” — 1 forms a subgroup of F3 = F,\{0}. Thus n divides 
p—1. 
Conversely, if n divides p— 1, A” — 1 has no multiple root and 
à” — 1 = (A — 1). Oa) OAH a?$) - -- (A — al) 
where d = Bol and a is the generator of the group F>. Hence M is similar 


to diag{1,a%,---,a("-¥4} in M,(F,). So I is diagonalizable as a linear map 
over Fp- 
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Let A(t) be a non-singular matrix wuose elements are differentiable func- 
tions of real variable t. Let A’(t) denote the matrix formed by the derivatives 
of the elements. Show that the derivative of the determinant det A satisfies 


Š (det A) = det A - trace( A’ - A~*). 
(Harvard) 
Solution. 
Let 
aı1(t) aı2(t) aid Qin (t) 
A(t) = a21(t) a22(t) “++ Gan (t) 
Ani(t) Gn2(t) asw Ann (t) 
Then , ; ; 
aji(t) ait) +++ ain(t) 
A'(t) z azı (t) @99(t) ae Aon (t) 
Gni(t) analt) +++ aanl) 
and 
Ai. Aor +++ Ant 
a ees | ee 
Ain Aan erg Ann 


where Aj; is the algebraic cofactor of a;;(t). Hence 


det A - trace(A’A~*) 


5 ay, (t)Aij + a ay; (t)Aaj +--+ + b9 anj (t)Anj 
jsi j=l 


2, doa Ay = > (x: a; Oas) s 


j 


{| 
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For 1<k <n, let 


a(t) a(t) sss Gin (t) 
Ar = thal chat) “++ dy, (t) 
kat at Des Ann(t) 


So, 
det A-trace(A’A~*) = det Ay + det A2 +--+ + det An. 
On the other hand, by definition, 


d 
gcd) = s( Yo (HNP ary, arpa (t) anp, o) 
(Pi--Pr) 
= y (—1) PPa) (>> aip, (t)--- akp, (t) ae oa) 
(Pi--Pn) k=1 


n 


= Sop XO (-1)7F Pap, (t) - akp, (t) anp, (t) 
k=1 \(PrPa) 
= det Aı + det As +---+det An- 


Hence we have proved that 


“(det A) = det A - trace(A’- A7?). 
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Let V be the vector space of polynomials p(x) = a + br + cz? with real 
coefficients a,b, and c. Define an inner product on V by 


1 
(p,q) = 5 | le)ale)ae. 


(a) Find an orthonormal basis for V consisting of polynomials polz), d1(x), 
and ¢2(x), having degree 0,1, and 2, respectively. 

(b) Use the answer to (a) to find the second degree polynomial that solves 
the minimization problem 


nip f (ote) -2° 


(Courant Inst.) 


Solution. 


(a) Since 1,z, 2? is a base of V, we can orthonormalization 1, z, £? to get 
an orthonormal basis 


2 
go(z)=1, d:(z) = V32, $2(2) = R ,3v5 2 


of V with degree 0, 1 and 2 respectively as usual. 
(b) Let 


polz) = cogo(z) + c1gi(x) + c2$2(z) EV (ci € R) 
and 
qo(2) = 2° — po(x) 
such that qo(x) is orthogonal to V, that is 
(2? — polz), $i(z)) =0 (i= 0,1,2). 


Then for any p(z) € V, 


1 
i (le) 2°)'de = 2a? - r(0)P 
2|x* — po(z) + polz) — p(x)|? 
2\go(x) + po(x) — p(x)|?. 


Since (qo(x), po(z) — p(x)) = 0, 


1 
a (l2) - 2°)Pde = 2lgo(2)!? + 2pa(2) — p). 


It follows that 


1 
min f (P(e) ~ 2°)Pde = 2go). 


Since (qo(x), ;(z)) = 0 if and only if 
(2°, bi(@)) = (Po(z), di(z)) =e; (i= 0,1,2). 


By an easy calculation, we get co = 0, c1 = ¥3 and c2 = 0. Hence po(z) 
and go(z) = z? — žr. Obviously, 


: 3 8 
cen) ee ae 
[ 57) dz 175 


{| 


12 
Thus, when p(z) = 22, 
f w0) -fas 
-1 
is minimal, and 


1 
8 
g 3)2 = 
mip f (ole) BY C= Ty 


1111 


Suppose that A is an n x n matrix and that 


Ti yı 
» Y= : » y = (Yis Yn). 
Tn Yn 


Suppose that all the entries of A, z, and y are real. 
(a) Show that there exist numbers a and b so that 


det(A + szy”) = a + bs. 


(b) Show that if det(A) # 0 then a = det(A) and b = det(A) - y* A712. 
(c) Is it true that a = 0 if det(A) = 0? 
(Courant Inst.) 
Solution. 
(a) Directly, 


det(A + szy*) 
Q11 + ST1Y1 tt Gin + 8L1Yn 
= det eee sii eee 
an1 + $EnYr1 `’ Ann + SEnYn 
@Q@110°*")) Gin 
= det e.. eee eee 
an1 *'* Ann 
y DT a11 Gin 
oe An ie h £241 L2Yn 
+s» | det a ee re + det a31 t G3n 
ani ann Ont Gan 


Q@11 d Qin 
+--+ det 
Qn—1,1 °° Qn-l,n 
anyi e LnYn 


Hence det(A + szy*) = a+ bs for some a and b, for any s. 


(b) Since for any s, det(A + szy*) = a + bs as in (a), we have a = det(A) 
and 


aii Qin 
Tiyr ° TiYn 
Gai ee A L2Y1 T2Yn 
b = det an + det a31 aA3n 
Qn1 ann 
Qni Qnn 
a11 Alin 
+--+ det 
Qn—11 *** Gn-in 


TnY1 °° LnYn 


n n n 
= So ayy Ay + So toy; Aa FF So 2n¥jAnj 
j=l j=l j=1 


n n 
= DDE? X yj Aaj , 
i=1 j=1 


where A;j is the algebraic cofactor of a;j. If det A # 0, 


A l Au = a 


et(A) 


Ain at Ann 
Thus 


n n 
b = Yaz; X jij 
t=1 j=1 


Ai © Ani 


yr 


Ain ses Ann 
y* (det(A) - A7')z 
det({A) - y* Ain. 

(c) If det(A) = 0, a = det(A) = 0. 


i 


I 
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Let A is an n x n real matrix with distinct (possibly complex) eigenvalues, 
Ay, 42;°++, An, and corresponding eigenvector v1, v2,---,v,. Assume that A, = 
1 and that [A| < 1 for 2 < j < n. Prove that lim Av exists. Define 
T :@” —@” by T(v) = lim A”v. Find the dimensions of the kernel and 
image of T and give basis for both. 


(Courant Inst.) 
Solution. 


Let P = (v1, 02,°++,Un). Since Ay, A2,--+, An are distinct, P is an invertible 
matrix in M,(€) and PHAP = diag{Aj, 2,---, An}. 
For any v E”, 
jim A"v = lim Pdiag{At,Az,---, An} Pol.y 
P -diag{1,0,---,0}-P7* 


(Since im a (Xn Yn) = Jim, Xn- lim Yn). Let (e1,e€2,-°-+,€n) be the standard 
órthonormal basis of a”. “Then the matrix of T with respect to this basis is 
P’~"diag(1,0,---,0)-P’. Let 


fi ei 
: =P. ; 
fa en 
Then (fi, fo,---, fn) is a basis of C” and 
diag(1,0,---,0) = P’- P’~* . diag(1,0,---,0)P’P’~} 


is the matrix of T with respect to the basis (f1, fe,--+,fn). Hence {fı} is 
a basis of Im(T), {f2,---, fa} is a basis of ker(T), and dim(Im(T)) = 1, 
dim(ker(T)) = n — 1. 


1113 
Let A be a matrix. Define 
sin(A) = aa + aA 


For 
A= 


BLA 

eS 
| 

oo N 

~ ! 
w 

NE 


express sin(A) in closed form. 


(Courant Inst.) 
Solution. 


Denote 


Then B is similar to 


and ‘ 
1 1 4 0 tp. ot ee 7 —3 
1 -1 0 10 1 —1 -3 7 
Obviously, 
-1 
i i T 
at) a 
2 2 
Hence 
sin(A) 
_ [f1 1 x (4 0 sa"), 4 0 
E 1 -1 4 0 10 3! \4 0 10% 
Lyms (4 0 i. eyes 
+5 (E) (4 we )- (i a) 
1 1 2 2 
oe A a) 
where 
Sal) Gear T -1 0 
P= a 
0 BEY cay (gay? 
So, 
; _ 1 sinr 0 x l 
aa = (1 AL) (07 cine) CE 4) 


II 
vie oee eA 
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Let A be the 9 x 9 tridiagonal matrix 


All entries not shown are zero. 


(a) Show that 
a? Ar = —(2j + (z2 — £1) +-+ (zo — zg)” + z3). 


(b) Use part (a) to show that A has all negative eigenvalues. 


(c) Let B be the following 10 x 10 tridiagonal matrix, which agrees with A 
except in the first row and column: 


1 -3 
-3 -2 #1 
1 -2 1 


1 


Let Amax(B) be the largest eigenvalue of B. Show that Amax(B) > 1. 

(d) Show that B has 9 negative eigenvalues. 

(Courant Inst.) 
Solution. 

(a) A direct verification shows that (a) is true. 

(b) Since zT Az < 0 for all z € IR? and zT Az = 0 if and only if z = 0, all 
the eigenvalues of A are negative. 

(c) Obviously, the symmetric matrix AmaxJ — B is semi-definite positive. 
Then for any Y € R?°, Orel — B)Y > 0, this is, YT BY < AmaxYTY. 
Taking YT = (1,-1,0,---,0), we have YT BY = 5 < \max +2. Thus Amax > 1. 

(d) Let Vi = {(0,21,--+,29) | zi € IR} C R". Then for any Y € V, 
YT BY < 0 and YT BY = 0 if and only if Y = 0. If B has more than two non- 
negative eigenvalues. Let \, and àz be two of them, we have y1, y2 € IR!? such 
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that yıLyz, yTy = Y7 yz = 1 and By; = iyi (i = 1,2). Let Vo = (y1, y2), 
the subspace spaned by yı and y2. Then for any y = ayı + azy2 E Vz, 
y7 By = ajdy + a3 + àz > 0. 

Since 


dim V; + dim Vz = 9 + 2 = 11 > 10, 


there exists 0 # y € Vi N V2. Then we have yT By < 0 (y £ 0, y € Vi) and 
yT By > 0 (y € V2), a contradiction. Thus B has 9 negative eigenvalues. 


1115 


Let T be a real symmetric, positive-definite, n x n matrix with distinct 
eigenvalues Àı > Az > ++: > An. Show that 


Ag = max min ——., 
V «ev—{o} |z| 

where V ranges over all two dimensional subspaces of IR” and |z| is the Eu- 
clidean norm of z. 

Hint. Show = by showing < and > separately. You may wish to express T 
in a basis of eigenvectors. 

(Courant Inst.) 

Solution. 

By assumption, there exists an nxn orthogonal matrix P such that P'TP = 
diag(à1, à2,***, An). Since for any orthogonal matrix H and any y € R”, 
|Hy| = |y|, we have 


\T2x| | |P’'diag(Az, àz,- Àn) Potz] 
min on eras = min Fe ee a eg ee eee 
reV—{o} |z] zev- {o} |z| 
2 \diag(Ai,---,An)- P72 
~ reV—{0} |P-1z| j 


If V is a 2-dimensional subspace, P7ŁV is also two-dimensional. Hence 
: [Tz : |diag(A1, +++, An) “| 

ax min ——= 2 

V zev-{o} |z] V ceV—{0} |z| 
when V ranges over all two dimensional subspaces of JR”. 

Now let {e1,€2,---,@n} be the standard orthonormal basis of JR", and 
V = (e1,€2). Then 
|diag(A1,---,An)2| 
reV —{0} |x| 


Aza? + A302 
À ai + à5a3 vea lo + (a1, a2) E IR? 
vai taz 
= àz (Ai >A2>0). 
It follows that 


_ |e 
max mm —— > dg. 
V gseV-{0} jz] 


On the other hand, for any two dimensional subspace V of IR”. we can 
find an orthogonal basis {f1, f2,---, fn} of IR” such that V = (fi, f2). Let 


(Fis fast, fa) = Q(e1,€2,:*+, €n). 
Then Q = (qi; )nxn is an orthogonal matrix, and if 0 4 £z = aif; +a2f2 E V. 


Idiag(A1,-++, An) + 2| 
[z] 


n 
Y (Airarqik + A2@29q2%)? 


_ k=4 
7 Ja? + a3 + az 
n 
2A 19797, + 2 30395, 
r yes ye k=1 i 
Va? + a3 


ra 
Ayaq + Vàiai + VARA 


ya? +a? 


So, 
it \diag(A1,---, An) | 
zeV-{0} jel 
/\2 /x2 
< Aiai T Aza3 lo # (a1a2) E€ IR? < àÀ2, 
V ay 24 az 
and 
\Tx| 
max min —— < dA. 
V ceV—{o} |z| 
Thus 


[Pe] _ 


max min = Àz 
V sev-{o} el 


when V ranges over all two dimensional subspace of JR”. 
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For any n x n matrix P, consider the sum 
[oe] 

R(P) = > PF. 
k=0 


(a) Prove that if > ||P*|| < co, then (I—P)7! exist and R(P) = (I—-P)}. 


(b) Assume that JPI < 1 in a matrix norm induced by a vector norm. 


Prove that ||(I — P)~+|| < IPT: 


(c) Use part (a) to compute the inverse of 


ereo 


0 
1 
1 
0 


(Courant Inst.) 
Solution. 


(a) First, we claim that the norms of all eigenvalues of P are < 1. Let 
Ai, 42,°++,An be the n eigenvalues of P and 


Ay * 
QPR = l 
0 Àn 
be the Jordan form of P. Denote 
Pml) =1+r+ e +r”. 
Then ¢m(A1), m(A2), +, m(Àn) are the n eigenvalues of 
Sm = E+P+P?4---+P™ 


and 


om(A1) * 
Oo = ea 
0 bm(An) 


oo 
Since }> ||P*|| < co and the norms over vector space are all equivalent, 
k=0 


oo 
R(P) =) P* = lim Sm 
k=0 
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is convergent. Since 
lim QOS .0=:0-" ( lim Sa) Q, 
m= MO 


Co 
im dm(A;) exists, that is, }) AP is convergent (i = 1,2,---,n). Hence 


m=0 
AJ <1 (l<i<n). 
Thus all the eigenvalues of J — P are non-zero, and (I — P) is invertible. 
Since 


Sn(I-P) = I- PH, 
lim Sm = lim (I— P™*t1\(I—- P)! 
moo m0 


= (I= lim pm) (T-P) 


= (I-0\(I- P)! 
= GaP). 
Thus 
o 
R(P) = >> P* = (I — P) 
k= 
(b) By definition, 
IPI] = sup {! Tt = v non-zero vector \ ` 


Since ||P|| < 1, for any non-zero vector u, ||Pul| < ||P|| - llul] < Ijul] for the 
corresponding vector norm. 

Now suppose (I — P)-u = 0 for some vector u. Then ||u|| = |Z -uļ| = ||Pull. 
We must have u = 0. The matrix I — P is therefore invertible, and we can 
write (I — P)-1 = I + P(I — P)~?. Then we have 


IZ = P) < E+ PI = P = 1+ P E -= PI 


Thus ||(J— P)“*||< z IFT since ||P|| < 1. 


(c) Denote 
0 —1 0 0 
0 0 -1 0 
por 0 0 0 -i 
0 0 0 0 
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Then A = I — N. So 


Alo = (I-N)1=I+N+N?+N?+- s I+AN+N? +N? 
1 -1 1 -1 
=o Fe ke -1 A 
= |o 0o oP. ıı 
00 0 1 
1117 


Let G be a p group and G x V — V be a linear action of G on a finite 
vector space over a finite field Fp». Using Sylow theory, prove that there exist 
a basis of V in which all the transformation v — ø - v(o € G) are unipotent 
matrices. 

(Columbia) 
Solution. 
Let 
G = {V > V,v >o- vo EG}. 


Then G’ is a p-group, since there is a surjective homomorphism G — G’ 
(< Endr(V)). We fix a base of V over Fp». Then G’ is isomorphic to a 
subgroup H of GL(m, Fp), where m = dimr,, V. 

It is well known that 


|GL(m, Fp»)| = (p"™ — 1)(p"™ — p”) (p"™ — prlm-2)) 


nm(m—1) ui in 
=p? [0-1 
j=1 


and 
1 * 


0 1 
is a Sylow p-subgroup of GL(m, Fp»). By Sylow’s Theorem, there exists some 
P € GLa(m, Fp») such that PHP~* C U. Thus, if we change the base of V 


via P, the corresponding matrices of the linear transformations in G’ are in U, 
which are unipotent matrices. 


1118 


Let S be an endomorphism of a finite dimensional vector space V over a 
field F whose characteristic polynomial is not equal to its minimal polynomial. 
Show that there is an endomorphism T of V so that T commutes with S but T is 
not a polynomial in S (T is a polynomial in S if T = agp I+a,S$+a2$7+---+a,S* 
for some k and a; € F.) 

(Stanford) 
Solution. 
Let 
FIS] = {f(S):V = V | FO) € FI} 


Then as F-vector space, dimp F[S] = deg m(A), where m(A) is the minimal 
polynomial of S. Since the minimal polynomial of S$ is not equal to its char- 
acteristic polynomial, dimp F[S] < dimp V. 

On the other hand, let dı(à), d2(A),--+,ds(A) be the invariant factors £ 1 
of S and let n; = deg d;(À), then by Frobenius theorem, the dimension of the 
vector spcae over F of matrices commutative with the matrix of S is 


N =X (2s — 2j + 1)ny. 
j=1 


Obviously, 
8s 
N > Son; = dimp V. 
j=1 
So there is a linear transformation T of V such that T commutes with S but 
T is not a polynomial in S. 


1119 


Let A be an n x n real matrix, all of whose (complex) eigenvalues are real 
and positive. Show that for any integer m > 1, there exists at least one n x n 
real matrix B with B™ = A. 

Hint. Make use of the Jordan form S$ + N of a conjugate of A, where S is 
diagonal and N is strictly triangular. 


(Stanford) 


23 


Solution. 
Suppose first that 


a 1 0 
0 a 1 

A= a. ey, 
00 --- a 1 
00 --- 0 a 


be a Jordan block with a real and positive. For any integer m > 1, let b= Ya 
and 


b 1 0 
0 b 1 
B= 
00 - b 1 
0 0 b 
It is easy to see that 
pm Gipm-t Cay Lue Ce tyne 
0 pm Glpm=1 Na Corey att 
B” = 
: fe. Chom! 
0 eee eats e.. b™ 


Obviously, AE — A and AE — B™ have the same invariant divisors {1,---,1,(A— 
a)"}, A and B™ are similar. Thus 


A= QTIB™”Q = (Q-*BQ)™ 


for some invertible n x n real matrix Q. 
Now let A be an n x n real matrix, all of whose eigenvalues are real and 
positive. Then there exists an n x n invertible real matrix P such that 


P'AP = diag(Ji, J2,+--, Je) 


where J; (1 < i < k) are Jordan blocks with diagonal elements real and 
positive. As proved in the above, for any integer m > 1, any 1 < ìi < k, there 
exists real matrix B; such that BP = J; (1 < i < k). Hence 


P'AP = (diag(B1, B2,---, B,))” 
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and 


Bz 


where 
B = P™' . diag( B1, Bo,---, Bg) - P. 


1120 


Let V be a finite dimensional vector space over an algebraically closed field 
K, and let T : V — V be a linear transformation. 

(a) Show that there are T-invariant subspaces V; C V and elements of 
a; € K such that V is the direct sum of the V; and (T — a;l) : V; — V; is 
nilpotent. (A transformation N is nilpotent if N” = 0, for some n > 1.) 

(b) show that there are polynomials S(T), N(T) € K[T] such that T = 
S(T)+N(T), S(T): V — V is diagonalizable, and N(T) : V — V is nilpotent. 

Hint. Use the chinese Remainder Theorem. 

(Stanford) 

Solution. 

Viewing V as a module over the polynomial ring K{A] via T. Let (A — 
a)n yey (A—a1) m ; (A-—az2)*?? setts (A—az)°?"2 ; (A-an)®™, see, (A—an) 


be the elementary divisors of Vgjaj, where œ1,@2,**-,@n are distinct and 
0 < e11 < €12 < +++ < errit O < eni < ena S++ L enr,- 
By the structure theorem of finitely generated modules over PID, we may write 


V = Kf\jun®@---@ K[]wir,  K[A]Jw P- 8 K[A]wor, 
®::-@K[Alun1 9- a K[A]wnr,, 


where all the wi; € V and 
Ann(wij) = ((A — a)” ). 
Denote Vi; = K[A]wi;. Then 


V=Vi1 -O Vin OO Var 9- @ Varn 
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The V;;’s are T-invariant subspace and (T —a;I) : Vij — Vj; is nilpotent. Thus 
(a) is proved. 
Since 
(A = @1) n, (A — a2) ®?72, ++ (A — an)» 


are pairwise relatively prime, there exists some S(à) € K[A] such that 
S(A) = a;( mod (A — a;)®:),  (l1<i<n), 
by Chinese Remainder Theorem. Then 
S(T) + wig = Qi + Wij 


for all w;; and it is easy to see that S(T) : V — V is diagonalizable. Let 
N(A) = à — S(A). Obviously, T = S(T) + N(T) and A — a; | N(A) for any 
1 <i<n. So the minimal polynomial m(A) | N(A)" for some positive integer 
h. Thus N(T):V — V is nilpotent. Thus (b) is proved. 
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SECTION 2 
GROUP THEORY 


1201 


Let G be the group of real 2 x 2 matrices, of determinant one. Describe 


the set of conjugacy classes of elements of G. 
(Harvard) 


Solution. 
Let g € G, A1 and Àz be the eigenvalues of g viewed in M2(Z7). Then 


àrt Ag = 1. 
i) If Ay = Az, then Ay = Ax = 1 or Ay = A2 = —1. g is similar to 


D(a (F S)eo(S eo( 4) 
in GL( R). 


In case a), g= ( 5 aE 


In case b) g = ( 0 -1/)3 


In case c), let A be an invertible 2 x 2 matrix with real entries such that 


—ı_ f1 1 
AgA =(4 OE 


We take N = d-?-Aifd=detA>0, or 
-if —-1 0 
N = (-d) ( i 1) 


if d = det A < 0, then N € G and 


nds a Ae dl 
Nan =e d 


2p nf al 
NgN ais 1 ‘ 


or 
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) is not 


Hence g is conjugate to ( 1 : ) or ( i Fi ) in G. But ( 


© e 
Pe 


Q11 412 
where A = ( á 2 ) E G, then we have a2, = 0, ai. = —a22 and 
21 22 


det A = —a?, = 1 which is a contradiction. Thus in case c), we have two 


; cl decd a 1 —1 
conjugacy classes 01 0 1 ; 


a = in GL2(JR). As in case c), g is 


wd : -1 1 -1 -1 \. —1 1 
similar (conjugate) to ( 0 -1 ) or ( 0 -1 ) in G and ( 0 -1 ) 


is not conjugate to 


In case d), g is similar to 


in G. Thus in case d), we have two conjugacy 


wel ja 2) 


ii) If \y Æ A» and A; € IR (i = 1,2), then g is similar to ( a 3! ) in 


GL2(R). 
There exists M € GL2(JR) such that 


-1_f Ai 0 
MgM =(4 bee ys 


We take N = d~?-M if d = det M > 0 or 


N=(- -a# (4 Ta | ) at 


if det M = d < 0. Then N € G and 
ai fà 0 
NgN =(% Oe 


a K ) in G. Soin this case, we have the conjugacy 
2 


(G h berea) 


Thus g is conjugate to ( 


classes 
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ii) If Ay Æ Az and A; E C\R (i = 1,2), we denote 41 = cos# + isin and 
Az = cos@ — isin (since 41-2 = 1 and trace (g) = 41 + A2 € IR), where 


ANSES cos@ + isinð : 
|0| < 7, 0 # 0. g is similar to ( 0 Sab isinð ) in GL.@), 
and also similar to ( Gea ce ) in GL2(€). 


As it is well known, that two matrices A, B € M2(iR) are similar in Mz C) 
implies that A and B are similar in M2(JR). So there exists M € GL2(IR) such 
that 


mam~ = ( cos 6 ay 


—sin@ cosé 


As in the above, we conclude that g is conjugate to 


cos sinô 
—sin cos 


or 
cos@ —sin8 
sinô  cos@ 
in G. But 
cos sin@ 
—sin@ cos@ 
and 
cos@ —sin# 
sinô cos 


are not conjugate in G, for if 


A= ( Qil @i2 EG 
a21 422 


such that 
cos sin -1_ [f cos@ —sinð 
a( ~sin@ cos )A ~ ( sin@ cos T 
then Q12 = Q21, 411 = —A22 and 


det A = —(ajı + a21) = 1, 


which is a contradiction. So in this case, we have the conjugacy classes 


cosð sinô 
—sin@ cos 
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and 
cos —sin@ 
sinô cos ` 


To sum up, the set of conjugate classes of elements of G is 


{{( M )] [Ar Az € Wand Ay Az = i} 
s (O S- 
EAIA 


1202 


Let G = GLn(F;), the group of invertible n x n matrices over the finite 
field Fy with q = p”, p a prime, U = U,(F,), the subgroup of upper triangular 
matrices with 1’s on the diagonal 

a) Calculate the orders of G and U. Deduce that U is a Sylow p-subgroup 
of G. 

b) Deduce that every p-subgroup of G is conjugate to a subgroup of U. 

c) Determine the number of G-conjugates of U. 

d) Show that g € G has p-power order iff g = I+ N with N” = 0. 

e) Show that G contains elements of order q” — 1 

Hint. Make use of Fyn. 

(Columbia) 
Solution. 

a) When forming a matrix in GLa(Fy), we may choose the first row in 
q” — 1 ways (a row of zeros not being allowed), the second row in q” — q ways 
(no multiple of the first row being allowed), the third row in g” — q? ways (no 
linear combination of the first two rows being allowed), and so on. Thus we 
can conclude that the order of GL, (Fy) is 


-I-A —@2)-- (qh? -a" = a TY - 0) 


n 
rn(n—1l - 
p 2 . [[e” — 1). 
#=1 
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When forming a matrix in U,(F,), we may choose the first row in g”~! 


ways, the second row in g"~2 "=a 


Hence the order of U,(F,) is 


ways: the third rows in q ways and so on. 


n- —2 n(n—1 rn(n-l 
q 1, q” eq =q 2 =p 2 5 

So U = U,(F,) is a psubgroup of G = GL, (F,). Since p } [G : U] = 

(p"' — 1), U is a Sylow p-subgroup of G. 


os 


b) It follows directly from Sylow’s Theorem. 

c) By Sylow’s Theorem, the number of G-conjugates of U is equal to [G: 
Ng(U)| where Ng(U) is the normalizer of U in G. 

Suppose g = (9:; nxn E€ Nc(U), or gUg-1 =U. Then for any 1 <i<j< 
n, there exists some 


1 u12 eee eee Uin 
0 1 uzg ++: Un 

u= 0 0 1 + Usn EU 
0 0 O se 1 


such that g(I + E;;) = ug where E;; is the matrix with a lone 1 in the (i, j) 
place, 0’s elsewhere. Checking the last row of g(I+Ei;) and ug, we get gni = 0. 
So gni = 0 if i < n. Then checking the (n — 1)th row, we get gn-1, = 0 if 
i < n— 1. By this way, we get gi; = 0 if i > j. Hence g € T = Ta(F;), the set 
of matrices (aij) E G with aj, =0(0<j <i<n). 

Conversely, if g € T. It is easy to see that gUg~? C U (by matrix multi- 
plication). So g E€ Ng(U) and we have Ng(U) =T. 


oo 
We can define a map 0: T > FU x--- x F% by mapping a matrix onto its 
principal diagonal, matrix multiplication shows that @ is a group epimorphism 
whose kernel is precisely U = Un(F,). So the order of T is 


aa =) r n 
(q1) -0 7 =('-1)"-p ? 


Hence the number of G-conjugates of U is [] (¢ — 1)/(q — 1)”. 
i=1 


d) Suppose g € G has p-power order. ‘Then (g) is a psubgroup and (g) 
is conjugate to a subgroup of U by b). There exists an h € G such that 
hgh) € U. Denote hgh! = I+ M where M is a matrix with zero on and 
below the diagonal. Obviously M” = 0 and g =I+h"-'Mh=1+N where 
N =h71Mhand N” =h71M"h=0. 
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Conversely, if g = I+ N with N” = 0, the Jordan canonical form for N is 
a matrix with zero on and below the diagenal. Thus g is similar (conjugate) 
to some matrix in U. So the order of g is p-power. 

e) Consider the finite field F,» as an extension of the field F} and as a vector 
space over Fy. For any a(# 0) € Fyn, we have a linear map a; : Fy, > Fyn, 
a(x) = ax (over Fy) which is invertible. We fix a base of Fyn over F}, then 
we can obtain a group homomorphism o : Fj, + G = Ga(Fy), o(a) = a. 
Obviously, ø is injective. It is well known that Fy, has an element with order 
q” — 1. It follows that G contains element of order q”? — 1. 


1203 


(a) Let G be a finite group and H a subgroup. Prove that if G = |) gHg7} 


JEG 
then H = G. 

(b) Recall that a subgroup M of a group G is said to be maximal if the 
only subgroups H satisfying M C H C G are H = M and H = G. Let G be a 
finite group with the property that all of its maximal subgroups are conjugate. 
Prove that G is cyclic of prime power order. 


3 


(Indiana) 
Solution. 

(a) Let S be the set of all subgroups of G. Then we have an action of G on 
the set S defined to be g: K = gKg™! for any g € G and K € S. Obviously, 
the stabilizer of H under this action is the normalizer N(H) of H in G, and 
the length of the orbit defined by H is [G : N(#)]. 

If G= U gHg~", then 


JEG 
IG| = ||] 9Eg97*| < [G : N(#))- (E| - 1) +1. 
JEG 
If H is not normal in G, then [G : N(H)] > 1. Hence 
IG] < [G:N(H)]:|H|- [G :N(H)] +1 
< [G:N(H)]-|HE| 
< [G: H]; |H|= |G]. 


This is a contradition. So H is normal in G. Hence 


G= U gHg =H. 
gEG 
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(b) First we claim that G is cyclic. Suppose that G is not cyclic. Then for 
any a € G, (a) < G. So (a) is contained in some maximal subgroup of G (since 


G is finite). Let H be a maximal subgroup of G. Then we have G = |) gHg7} 
JEG 
by assumption. By (a) G = H. This contradicts the maximality of H. Hence 


G is cyclic. Now, it is easy to see that G is cyclic of prime power order since 
all of its maximal subgroup are conjugate. 


1204 


Suppose that H and K are normal subgroups of a finite group G and that 
G/H ~K. 

(a) Give an example to show that G/K need not be isomorphic to H. 

(b) Show that if H is simple, then G/K ~ H. 

(Columbia) 
Solution. 

(a) Let G = Qs = {+1, +i, +j, Łk} be the Hamilton’s Quaternion group 
and H = (i) = {+1, i}, K = (—1) = {+1} be the subgroups of G generated 
by i and —1 respectively. Obviously, we have H AG, K dG and G/H is cyclic 
of order 2, so it is isomorphic to K. But G/K = {1,1, j,k} ~ Kg (Klein four 
group), K is not isomorphic to H. 

(b) Let {1} = Ko < Kı <- < Kn-1 < Kn = K be a composition series of 
K. Since G/H ~ K, there exist subgroups H; such that H; D H, H;/H ~ K; 
(¢=0,1,--+,n) and H; < Hipi (i = 0, -n — 1). 

Suppose H is simple, then 


{1} <H <a Hı <- < Hr-1 < Hnr = 


is a composition series of G with composition factors H and H;/Ħ;i-ı ~ 
K;/K;-1 (i= 1,2,---,n). On the other hand, 


{i} = Kod Ki <4- <aKn-1 19K 9G 


is a normal series of G with factors K;/K;-, (i = 1,2,---,n) and G/K. By 
the Jordan-Hélder Theorem, we have the isomorphism G/K ~ H. 
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Prove that if G is a finitely generated infinite group then for each positive 
integer n, G has only finitely many subgroups of index n. 
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Hint. Let H < G and define He = (N) g-1Hg. Show that if H < G 
gEG 
(finite index) then there exists a homomorphism of G/Hg into Sig:H), where 


Sn denotes the symmetric group on n letters. 
(Columbia) 
Solution. 
Let H be any subgroup of G such that [G : H] = n. Then GxG/H — G/H, 
g- (eH) = (gx)-H defines an action of G on G/H, where G/H denotes the 


set of all left cosets zH(x € G). The kernel of this action is Hg = () g7!Hg. 
gEG 
Hence the group G/ Hg is isomorphic to a subgroup of Sn, the symmetric group 


on n letters. This induces a homomorphism G — Sn with Hg as its kernel. 


Since G is finite generated, there are only finite number of homomorphisms 
from G to Sn. It follows that the set 


{He|H < G,[G: H] =n} 


is finite. Since G/Hg is finite, G/Hg has only finitely many subgroups of 
index n. Thus G has only finitely many subgroups of index n. 
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Let 
G= {( e ) Jac mre mel C GL(2, R). 


Show that G is solvable but not nilpotent. 
(Columbia) 


Solution. 


Let 9 be the map G — IR* x IR* mapping ( 


a 
0 


(a,a~*). Matrix multiplication shows that 6 is a homomorphism, and 


wo={(3 5) peat. 


Obviously, N = ker@ (~ (JR,+)) is an abelian subgroup of G, and G/N ~ 
IR* x IR* is also abelian. Hence G is a solvable group. 


( í po ) € C(G), 


a ) to its diagonal 


Suppose 
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the center of G. Then for any ( 4 ) EG, 


(oo )(G G G ot): 


So ay+ba~! = zb + ya™! for any z #0, y € IR. It follows that b = 0, a = +1. 


= aaf A 


A direct discussion as above shows that C(G/C(G)) = {1}. Hence 
C(G) = C2(G) =---=C,(G) =--- £G 


where Cj41(G)/C;(G@) = C(G/C;(G)) (Co(G) = 1). So G is not nilpotent. 
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Let p be a prime and let V be an n-dimensional vector space over Fp. Let 
G=GLr,(V). Recall that |G] = (p" — 1)(p" — p) -+ (p° — p"~'). 

(a) Recall that a linear transformation is called semisimple if its minimal 
polynomial is separable. Prove that a transformation T € G is semisimple if 
and only if T?”-1 = 1 for some positive integer m. 

(b) Let H be a subgroup of G of order a power of p. Show that H can be 
simultaneously upper triangularized, that is, there is a basis of V with respect 
to which all of the elements of H are upper triangular. 

Hint. Find a Sylow p-subgroup of G. 

(Indiana) 
Solution. 

(a) Let T € G and f(A) be the minimal polynomial of T over Fp. Then À 
| f(A). If T is semisimple, that is, f(A) is separable (remark: here separability 
means that f(A) has no multiple roots), then f(A) = f1(A) fe(A)- ++ fe(A) for 
some distinct irreducible polynomials f; (1 < i < k). Denote n; = deg fi(à) 
and m = nı- nz- ng. Let E be a splitting subfield of AP” — À over Fp and 
Ei = F,[A\/(fi(A)) (1 < i < k). Then |E| = p™ and &; is a field of order 

p”. Since n;|m, E; is isomorphic to a subfield of E. So E contains an element 
r; whose minimal polynomial over F, is fi(z). Since r; # 0 and r? “Sre l, 
FOJO” 1-1), (1 <i < k). Hence f(A) = F(A) f(A) = fe)" -2 1). 
Thus T?”~! = 1. 
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Next suppose TP™-1 = 1 for some positive integer m. Then FAO tS 
1). Since (A?"~1 — 1)’ = —\?"—? 4 0, f(A) has no multiple roots. Thus T is 
semisimple. 

(b) Let U = Up, (V), the subgroup of upper triangular matrices with 1’s 
on the diagonal. Then 

= i n(n—1) 
[U] =p" -p"?--- pap a 

(when forming a matrix in U, we may choose the first row in p®~! ways, the 
second row in p”~* ways and so on). Since 


IG] = (p*-1)@" -p)---(p* — p°) 
n(n—3) n n— 
Spe (peelings Depa), 

U is a Sylow p-subgroup of G. 

Now let H be a subgroup of G of order a power of p. By Sylow’s Theorem, 
H is contained in some Sylow p-subgroup K of G and K is conjugate to U. 
Hence there exists an element g in G such that gHg~1 C gKg-! = U. Thus 
we have proved that H can be simultaneously upper triangularized. 
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Let p and q be distinct prime numbers. Let G be a group of order p? -q such 
that its commutator subgroup K is of order q. Let H be a p Sylow subgroup 
of G. 

(a) Show that H is abelian and G= HK. 

(b) Show that there are elements h € H and k € K such that hk £ kh. 

(c) From (b) show that p divides q — 1. 

(Indiana) 
Solution. 

(a) Since K is the commutator subgroup of G. K is normal in G and G/K 
is abelian. So H - K = KH is a subgroup of G. Since |K| = q, |H| = p°, 
HNK = {e} and |HK| = p? -q = |G|. Hence G = HK and H ~ H/(e) = 
H/H AK x HK/K ~ G/K is abelian. 

(b) Suppose that for any elements h € H and k € K holds hk = kh. Since 
K is abelian and H is abelian, G = HK is abelian. This contradicts the fact 
that the commutator subgroup K of G is of order q. This proves (b). 

(c) First we claim that H is not normal in G. Otherwise, for any h € H 
and k € K, hkh-1k-4 € HAK = {e} and so hk = kh. By Sylow Theorem, 
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the number of p-Sylow subgroups of G is greater than 1 and divides q. So it is 
q. Again by Sylow Theorem, pig — 1. 
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(a) Let p, q be primes, p >q > 2. Let G be a group of order pq”. Show G 
has a subgroup of order pq. 

(b) What can you say if g = 2 (and p > q)? 

(Indiana) 
Solution. 

(a) Let rp be the number of Sylow p-subgroups of G. Then, by Sylow’s 
Theorem, r,|g? and pir, — 1. Since p,q are primes and p > q > 2, it is easy to 
see that r, = 1. So G has only one Sylow psubgroup H, which is normal in 
G and of order p. By Cauchy’s Theorem, G also contains an element of order 
q. So G has a subgroup K of order q. Thus H - K is a subgroup of order p-q 
since H is normal in G. 

(b) If q = 2, G may not contain a subgroup of order p-q. For example, Aa, 
the alternating group of degree 4, is a group of order 3-27. A4 does not have 
a subgroup of order 6. 
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Let A be the abelian group on generators e, f, and g, subject to the relations 


9e+3f4+6g = 0, 
3e + 3f = 0, 
3e — 3f + 6g = 0. 


Give a decomposition of A as a direct sum of cyclic groups of prime order or 
infinite order. 
(Stanford) 
Solution. 
Let F be the free abelian group Ze, @ Lez Zez, K be the subgroup of F 
generated by fı = 9e1 + 3e2 + 6e3, fo = 3e1 + 3e2 and fz = 3e1 — 3e2 + bez. 
Obviously A ~ F/K. Denote 


9 3 6 
M=| 3 3 0 | €M3(Z). 
3 —3 6 
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It is easy to get the normal form diag{3,6,0} of M in M3(Z) and to find 


and 


such that QMP = diag{3,6,0} (P and Q are invertible matrices in M3(Z)). 
Let 
(e1, €2,637 = P~*(e1, €2,63) 


and 
(Fi fa, F3) =Q- (fi, fa, fs)’: 
Then 
F = Ze, @ Ze, OZe3 
and 
K=2Zf,4+2f2+Zf3 = Wei, @ 6Ze,. 
So 
A = F/K =Ze;, Ze, 6 L£e,/3Ze, & 6Ze, 


2/3) 82/6) @% 
Z202 O43 9Z. 


l2 


2 
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Let M be an n x n matrix of integers. Suppose that M is invertible when 
viewed as a matrix of rational numbers, i.e., that there exists an n x n matrix 
N with rational entries so that MN equals the n x n identity matrix. View 
M as an endomorphism of Z”. 

a) Show that Z” /MZ” is finite. 

b) Show that the order of Z” /MZ” is equal to the absolute value of the 
determinant of M. 


(Stanford) 
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Solution. 

a) It follows directly from b). It is also obvious from the facts that the 
map g : Z"/MZ" — Z"/|M|Z", 6(X) = M*X is injective, where |M] is 
the determinant of M, M* is the adjoint of M, and the fact |Z" /|M|gz"| = 
(|det M|)”. 

b) Let D = diag{dj, dz2,---,d,} be the normal form of M in M,(Z), where 
the dj # 0 and d,|dj41 (i = 1,2,---,n — 1), and P,Q € M,(%) be invertible 
matrices in M,(Z) such that D = QMP. Obviously 


det D = dı -dy---d, = detQ-det M - det P = det M or — det M. 


Let {e1,€2,---,€n} be a base for the free module Z”. Denote 
(eh, e3, FI seny = P~! (e1,€2, ie En). 
Then {e{,e5,°--,e/,} is another base of Z”. Let 


(ft, fostes fn)’ = M - (e1,€2,°++,€n)' = MP - (e},€9,°°,€n)- 


Then MZ” is generated by {f1, fo,---, fn}. Since Q is invertible in M,(Z), 
MZ” can be generated by {f{, f5,---, fa} where 


(fis fares fa) = Q- (fis foss fay. 
Obviously, 
(fis faye Fey = Q- (fis fz fn)’ 
= QMP -(e},€,°-+,€n)’ 
= diag{di, d2,--- dn} $ (e1 €z" Gs En) 


Hence 
Z°/MZ"” = Ze, ®Ze, @®--- Zel /(d1e1, d263,::-, dneh) 
~ Z/(di:) ©2Z/(dz2) ®-+- @Z/(dn). 
It follows that the order of Z"/MZ” is |d,|- |d2|----- |d,| = |det M|. 
1212 


Let D = Z[E] with € = =E Calculate the order of the additive group 

G = D?/K where K is the D-submodule of D? generated by (26+ 1, — 1), 
(€ + 2,€ — 4) and (21,21). Then express G as a product of cyclic groups. 

(Harvard) 
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Solution. 

Since £ is a root of the irreducible polynomial z?+2+4+1, D=Z|é|=Z@ZE 
(as additive group). 

Let {e1,€2} be a base of the free D-module D?. Then 


D? = De; ® Dez = Ze Q Zei Zez OZEe2, 


{e1, £¢1, €2, €€2} is a base of D? as Z-module, and {(1+ 2£)e1 +(—14+ ez, (2+ 
E)ey + (—44+ E) -e2, 21-e1 + 21-e2} is a generating subset of the D-submodule 
K of D?. For any a+ bé € D, 
(a + dg) [(1 + 2€)e1 + (—1 + E)ea] 
= ale; + 2€e; — ez + e2) + b(—2e1 — £e1 — ez — 2€e2), 
(a + dE)[(2 + E)er + (—4 + £)ea] 
= a(2e; + £e — 4e2 + €e2) + b(—e1 + £e1 — e2 — 5ĉe2), 
(a+ bé)(21e, + 21e2) 
= a(2l-e,+0-€e,+21-e2 +0: €e2) 
+b(0-e; + 21- fe, +0 -ez + 21- £e2). 
It is easy to see that {e, + 2fe1 — e2 + £e2, —2e1 — e1 — ez — 2 eo, 2e; + Eei — 
4ez + Eez, —€1 + Ee, — ez — 5€e2, 2ley + leg, 21fe, + 21€e2} is a generating 
subset of K as Z-module (additive group). 


Denote 
1 2 -1 1 
2 1 1 2 


2 1 -4 1 
da -1 1 -1 -8 
21 0 21 0 


0 21 0 21 


It is routine to get the normal form 


oooccocr 
ocoro 
coo cowo oc 


0 0 


for A in Mex4(Z) and to find invertible matrices P € Me(Z) and Q € M4(Z) 
such that PAQ = N. It follows that D?/K ~ Z/(3) @Z/(21) and the order of 
D?/K is 63. 
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Prove that SL(2,Z) is generated by ( ; T ) and ( ps ) where 


SL(2,Z) is the group of 2x 2 matrices with integral coefficients and determinant 
ails 
(Stanford) 


Solution. 


Suppose that M = ( : ) E€ SL(2,Z). 
0 


T 2 1 0 —1 1 b 
Ia = Oor b= 0, then M has the form ( °, a d ae i.) 


and ( Fi w where b, d E Z. 


; is a prodct of the 


If both a and c are nonzero, we claim that ( $ 


matrices in SL(2,Z) with the form 


G1) GD. G2) 


for some b',c’,d' EZ. 
Since det M = ad — be = 1, a and c are relatively prime. It is easy to know 


SS o 
Raa 


Ifa >c > 1, there exist some q, a, € Z such that 1 < a; < cand a = qc+a1. 


ab\_ fi. a a, V 
cdj} \0 1 c d 
for some b' E Z. 


Similarly, if c > a > 1, let c = ha + c1, 1 < cı <a, then 


a a) 


and ifc = 1, 


Hence 


for some d’ E Z. 
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According to the above discussions, it can be derived that M = ( E , ) 
is a product of the matrices in SL(2,Z) with the form 


Gip (et) Ge) 


for some b’,c',d' EZ. 
So to prove that SL(2,Z) = (( a = ) { i T )). the subgroup 


generated by ( 1 and i En , it suffices to prove that all 


1 b 1 0 0 —1 0 1 -1 % 
0 1 J? d 1)?’ 1 d : -1 d J’ 0 —i 
are in (( i Fi ajila 7 )) where b’,c',d’ EZ. 


It is easy to check this by the property of the elementary matrices. This 
completes the proof. 
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Let G be a finite group, K a normal subgroup of G and P a Sylow subgroup 
of K. If N is the normalizer of P in G (ie., N = {g € G | gPg~* = P} then 
show that G= K.N. 

(Indiana) 
Solution. 

For any g E€ G, we have gPg~1 C gKg~} C K since K is normal in G. 
Hence gPg~ is also a Sylow subgroup of K. By Sylow Theorem, there exists 
h € K such that gPg-1 = hPh-!. Hence h-'gP(h-'g)-1 = Pandh'g EN. 
So we have g=h-h-1g € K-N. Thus we have G= K-N. 
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Let P be a Sylow subgroup of a finite group G. Let N = {z € G | zP“! = 
P}. Let H be asubgroup of G, H D N. Prove: Ify € G such that yHy~' = H, 
then y € H. 

(Indiana) 
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Solution. 

Obviously, P is a Sylow subgroup of H. Since yPy~1 C yHy—1 C H, 
yPy~} is also a Sylow subgroup of H. So there exists an h € H such that 
yPy-'=hPh-!. Hence h-'yP -(h~ty)-! = P and h71y C N. So 


y=h-h'yEH- NCH. 
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Let G be a finite group. The probability of G to be commutative is defined 
by 
_ l{(a,b) E G x G | ab = ba}| 
= IG x G] i 


(a) If G is not commutative, prove that P(G) < 5/8. 
(b) Give an example such that P(G) is exactly 5/8. 


P(G) 


(Stanford) 
Solution. 
(a) Let C(G) be the center of G and Ce¢(a) = {b € G | ab = ba} be the 
centralizer of a in G for any a € G. If G is not commutative, then, obviously, 
IG/C(G)| > 4. 


Since 


\{(a, b) € G x G | ab = ba} | 


> lCe(a)| 


acG 


= |C(G@)|-Iel+ SY) Cela), 


ac€G—C(G) 


C(G Cela 
pa) = DI, yr [ate 


lI 


a€G—C(G) 


1 1 
Z ai (ons 2 wea) 


a€G—C(G) 
1 


1 
jaj! eO +5 (IG! -1e@)l 


(98 


1 5 
se Cae 


1 
2 
1 
2 


& 


(b) Let G be the dihedral group D4 = {zy |0 <i<1,0<j <3,2? = 
y* =1,zy = y?r}. Then |G| = 8 and C(G) = {1,y}. For any a € G — C(G), 
obviously, 3 < |Cg(a)| < 8, and so |Cg(a)| = 4. It is easy to see that P(G) = 
5/8. 


SECTION 3 
RING THEORY 
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a) Prove the ring Z[,/—2] is Euclidean. 
b) Using a), find all integer solutions to the equation y? + 2 = 2°. 
(Harvard) 
Solution. 

a) It is readily known that Z[/—2] is a subring of Ç, hence an integral 
domain. For any a = m + ny—2 € Z[V-2], we define 6(a) = m? + 2n?. So we 
have a map ô :Z[./—2]* > IN, a+ (a). 

Suppose that a,b # 0 € Z[/—2]. Then ab™! = p + v./—2 where p and v 
are rational numbers. We can find integers u and v such that |u — u| < 1/2 
and |v — v| < 1/2. Then 


a 


b(u + v/—2) 
(ut u — u) + (v +v — v)v=2] 
= bg+r 


where q = u + vy—2 is in Z[V—2] and 
r =a -— bq = b(p — u) + b(v — v)V-2. 
Obviously r € Z[V—2] and 


ê(r) 


5(b) + (læ — ul? + 2[v — vl?) 


5(b) - G +2. i) < 6(b). 


IA 


Hence Z{,/—2] is Euclidean. 

b) By a), Z[—2] is a unique factorization domain. {1,—1} is the set 
of units of Z[,/—2]. Suppose (zo, yo) be an integer solution to the equation 
y?+2= 23. In the ring Z[/—2], we have (yo + /—2)(yo — V—2) = 28. Since 
the integral divisor of yo + /—2 or yo — /—2 can only be +1, zo is not a 
prime element in Z[/—2]. If a = m+ nv/—2 is an irreducible divisor of zo, 
a = m — nV-—2 is also an irreducible divisor of zo, and if alyo + /—2, then 
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alyo — /—2 from which it follows that a3|yo + /—2, @|lyo — V/—2. So without 
loss of generality, yo + /—2 is of the form (m+n V/—2), m,n € Z. Hence 


yo = m? — 6mn? 
1 = 3m?n — 2n? = (3m? — 2n?)-n, 


Thus it is easy to conclude that the integer solution to the equation y?+2 = 2° 
are 
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Let p be a prime. Show that for any element a € Z/pZ, there exist b,c € 
Z/pZ such that a = b? + œ. 

(Harvard) 
Solution. 

When p = 2, it is trivial. 

Assume that p # 2. Let S be the set {b? | b € Z/p%}. Then S = 
{0,1, P(t} has exactly ptl elements. On one hand for any i Æ j, 
0<5 5,055 <5 8,0 -7 = i475 7-5 400 < its <p- l, 
0O<i-j< bo ifi >j), {0, 1, 2,---,(®5+)?} are PEL elements in S. On the 
other hand, for any 7? € S where et <n<p0<p-n< bot and 7? = 
a = (nop? = nap’. Thus S' = (8? | be Z/pz} = {0,1,2,---, (55) } 
has exactly ptl elements. 

Now for any element a € Z/pZ, the set a — S := {a — b? | b € Z/pT} has 
exactly ptl elements. Since a — S C Z/p% and Z/pZ has only p elements, 
(a- S) NS #0. Hence there exist b,c € Z/pZ such that a — b» = c?, that is 
a=b +e. 
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For a ring R, R* denotes its multiplicative group of units, M, (R) the ring 
of n x n matrices over R, and GL,(R) = M,(R)*. 

(a) If a € R is nilpotent (a™ = 0 for some m) then 1 — a € R*. 

(b) Let J be a nilpotent ideal of R (J™ = 0 for some m). 


Show that GL,(R) — GLa(R/J) is surjective, with kernel 
I+ M,(J) = {A€ M,(R)|A=I mod M,(J)}. 


(c) Let F} denote the finite field with q = p” elements (p prime). What is 
the order of GL3(F,)? 


(d) Show that J = ( 


oor 
Cora 


b 
c ) a,b,c E n) is a p-Sylow subgroup 
1 


of GL3(Fq). 
(e) Show that GL3(F,) contains an element of order g? — 1. 
(£) Find the order of GL3(Z/25Z), and describe a 5-Sylow subgroup. 
(Columbia) 
Solution. 

(a) Since (1—a)(1+a+---+a™~1) = (1+a+---+a™~!)(1—a) = 1-a" = 1, 
1-ae R*. 

(b) Let A = (Gij)nxn € GLn(R/J) and B = (bij )axn = A’, where 
A= (aij )m and B = (bij nxn € M,(R). AB = BA=I= diag(i, 1,---, 1) 
implies that I — AB € M,(J) and I — BA € M,(J). So there exist integers 
m , and mg such that (I — AB)™! = (I — BA)™? = 0. Then it is easy to find 
some X and Y € M,(R) such that AX =I and YA = I. Thus A € GL, (R) 
and GL,(R) > GLn(R/J) is surjective. 

Obviously, the kernel of this map is 


{A = (aij) ] A= diag{1, T; mas I} 
{A € M,(R)|A=I mod M,(J)} 
= [+M,(J). 


(c) By calculating the possibility of the row vectors of A in GL3(F,), it is 
easy to see that 


|GL3(Fq)| = (a — IP -a — 4°) = aa? — D? — 1) - 1). 
(d) |U| = g. Since U is a subgroup of GL3(F,) with order p*” and 
|GLa(F,)| = p” P” — D” — D - 1), 


U is a p-Sylow subgroup of GL3(F,). 
(e) We consider the field extension F} C F,s. There exsits a € Fys. Such 
that Fis = (a). Obviously, Te : Fys — Fas, £ +> ag is an invertible linear 
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transformation over Fz. Let A € GL3(F,) be the matrix of T, relative to 
some base for F,s/F,. Since o(a) = q? — 1, the order of A in GL3(F,) is g? —1. 

(f) Let R = Z/25Z and J = 52/257 < R. Then J? = 0 and R= R/J ~ 
Z/5Z. By (b), the kernel of the surjective homomorphism 


GL3(Z/25Z) + GL3(Z/52Z) 


is I + M3(J). Obviously 
|I + M3(J)| = 5° 
and 
\GL3(Z/5Z)| = 5°(5? — 1)(5? — 1)(5 — 1) = 27- 3-53-31. 
So 
|GLa(Z/25Z)| = 27 -3 . 51? - 31. 
Let 


P = {A = (aij)3x3 E€ GLa(Z/25Z) | o(A) E U C GL3(Z/5Z)} 


where ø is the homomorphism GL3(Z/252) > GL3(Z7/5Z). Then P/ kero ~ U 
and |P| = |kero|-|U| = 51°. Thus P is a 5-Sylow subgroup of GL3(Z/252/). 
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Describe an infinite set of integral solutions (a,b) of the Pell’s equation 
z? — 2y? = 1 (i.e., a,b E€ Z such that a? — 2b? = 1). 

(Indiana) 
Solution. 

Suppose that (a,b) is an integral solution of z? — 2y? = 1. Then a must be 
odd and b even. Let a = 2a’ + 1 and b = 26’. Then we have b? = Lety, So 
alati) must be a square number. Hence either both g and a' + 1 are square 
numbers or a’ and att are square numbers. 

If g and a’ + 1 are square numbers, say a’ = 2b, a’ + 1 = aĝ for some 
integers ao, bo, then b'? = 62 - a2, (ao, bo) is a solution of z? — 2y? = 1, and 
a= 2a? — 1, b = +2agbo. 

From the above consideration, it is easy to see that if (ao, bo) is a solution of 
z? —2y? = 1, then (a = 2a2 — 1, b = 2aobo) is another solution of zg? —2y? = 1. 

Obviously, (3,2) is an integral solution of x? — 2y? = 1. So if we take 
ao = 3, bo = 2 and a; = 2a?_, — 1, b; = 2a;-1b;-1 (i > 1), we get an infinite 
set of integral solutions {(a;,b;) | 4 > 0} of the pell’s equation x? — 2y? = 1. 


Remark. Ifa’ and att are square numbers, say a’ = aĝ, a’+1 = 262, then 
(ao, bo) is an integer solution of z? — 2y? = —1 and a = 2a2 + 1, b = +2aobo. 
Conversely, if (ao, bo) is an solution of æ? — 2y? = —1, then (a = 2a + 1,b = 
+2aobo) is an solution g? — 2y? = 1. For example, from the solution (7,5) of 
z? — 2y? = —1, we get a solution (99, 70) of z? — 2y? = 1. 


1305 


Let p be a prime. Let R be a commutative ring in which a? = a for all 
acR. 

(a) If R is an integral domain, prove that R is isomorphic (as a ring) to 
2/ pe. 

(b) In the general case (i.e., R not necessarily an integral domain), prove 
that R is isomorphic (as a ring) to a subring of a direct product (not necessarily 
finite) of rings each of which is isomorphic to Z/pZ. 

(Indiana) 
Solution. 

(a) Suppose that R is an integral domain. For any a (# 0) € R, since 
a? —a = a(a?-1—1) = 0, aP} = 1. Hence R is a field, and for any a € R, a is 
a root of the polynomial z? — x = 0. It follows that R has at most p elements. 
Since p is a prime, Char(R) = p and R ~ Z/pZ. 

(b) Since for any a € R, a? = a, the nil radical of R is 0, that is, the 
intersection of all prime ideals of R is 0. Hence 


RG Il R/P. 
all prime P 


For any prime ideal P of R, R/P is an integral domain and for any a € R/P, 
a? = aP =G. By (a), R/P ~ Z/pf. Thus we have proved that R is isomorphic 
to a subring of a direct product of rings, each of which is isomorphic to Z/pZ. 


1306 


Let R be a commutative ring with 1. If R satisfies the a.c.c. (ascending 
chain condition) for finitely generated ideals then show that R satisfies the 
a.c.c. for all ideals. Give example (without proof) of such a ring which is an 
integral domain but not a p.i.d. 

(Indiana) 
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Solution. 

If R satisfies the a.c.c. for finitely generated ideals, then for any ideal I of 
R, I is finitely generated. For otherwise, we can construct a strictly ascending 
chain of finitely generated subideals of I. Hence R is a Noetherian ring, i.e., 
R satisfies the a.c.c. for all ideals. 

Z[z], the polynomial ring over Z, satisfies the a.c.c. for all ideals, but not a 
p.i.d. 


1307 


Let R be a commutative ring. Let A be an ideal of R. 

(a) Show that S = {1 +a |a € A} is a multiplicatively closed subset of R. 

(b) Show there is a one-to-one correspondence between the prime ideals of 
STIR and those prime ideals P of R such that P+ A# R. 

(c) If A is contained in every maximal ideal of R, what is S~}R? 

(d) If A is a maximal ideal of R, what can you say about the structure of 
SIR? 

(Indiana) 

Solution. 

(a) Obviously, 1 = 1+0 € S. For any 1 +a and 1 +b, a,b € A, 


(1+a)(1+b)=1+(a+b+ab) Es. 


It follows that S is a multiplicatively closed subset of R. 

(b) It is well known that there is an one-to-one correspondence between 
the prime ideas of S-1R and those prime ideals P of R such that PN S = 0. 
Obviously, P N S Æ 0 if and only if P + A £ R here. This is what we need to 
prove (b). 

(c) If A is contained in every maximal ideal of R, then A C J(R), the 
Jacobson radical of R. So every elements in S is invertible in R. Hence 
So R= R. 

(d) If A is a maximal ideal of R, then S -1A is the unique maximal ideal 
of S-1R by (b). So S~'R is a local ring, and it is easy to see that STIR is 
isomorphic to Ra, the localization of R at the maximal ideal A. 


1308 


Let J be a nilpotent ideal in a ring R, let M and N be R-modules, and let 
f:M — N be an R-homomorphism. Show that if the induced map 


f:M/IM — N/IN 


is surjective, then f is surjective. 


(Harvard) 

Solution. 

Since 

f:M/IM — N/IN 
is surjective, f(M)+IN = N. It follows that 
I- N/f(M) = IN + f(M)/f(M) = N/f(M). 

Hence 

N/f(M) =I- N/f(M) = I?-N/f(M) = +++ =I". N/f(M) = ++ =0, 


because I is nilpotent. So N = f(M) and f is surjective. 


1309 


Let F be a finite field containing 5 elements. Let t be transcendental over 
F. Explicitly construct one non-archimedean absolute value | | on F(t). If f(t) 
is the completion of F(t) with respect to | |, show that the set of a(t) € F(t) 
satisfying |a(¢)| < 1 is a local ring. 

(Columbia) 

Solution. 

Let p = p(t) =t— 1 € F[t]. We define Vp : F(t) — IR by V,(0) = œ and 
Vp(f(t)) = k if 0 # f(t) = p(t)? - b(t) /c(t), where b(t), c(t) € F[t] and 


(0), p(t)) = 1 = (c(t), p). 


Obviously, we have 

i) V,(f(#)) = œ if and only if f(t) = 0, 

ii) Vp( F(t) -9(t)) = VCF (E) + Vp(g(t)) and 

ii) VpS) + g(t)) > min( Vol F(E)), Vp(9(t)))- 
Then, by defining |f(t)|p = 27V 0®), we get an absolute value | |p (called 
p-adic absolute value) on F(t). Obviously, | |, is non-archimedean (|f(t) + 


g(t)Ip < maxi |f) ll} 


Suppose F(t) is the completion with respect to | |p. Let R = {a(t) | a(t) € 


FŒ), |a(t)|p < 1} and M = {a(t) € R | |a(t)| < 1}. Since 
la(t) + B(t)|p < max{le(t)|p, Bl} 
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and 
lL) = letl lel, 
R is a subring of the field F(t) and M is an ideal of R. 
For any a(t) € R\M, we have |@(t)|p = 1 and |a(t)~+|, = 1 where a(t)~1 € 
F(t) is the inverse of a(t). So, a(t)~1 € R and a(t) is invertible in R. Thus R 
is a local ring with maximal ideal M. 


1310 


Prove that the ideal generated by Xj1,---,X, in the polynomial ring C[X,, 
--, Xn] cannot be generated by fewer than n elements. 
(Stanford) 

Solution. 

Suppose that {¥Yi,¥2,---,¥m} is another generating subset of the ideal 
(X1, X2, +>, Xn) of the ring C[X1, X2,---, Xn]. We have to show that m > n. 

We can write 

Xi = ain¥, + +++ + GimYm + fi 

for any X; where @j1,@j2,---,@im E C, and fi is a sum of monomials in 
Yi,---,Ym of degree two or greater. In the same way, we also have 


Y; = bjiXı + bj2X2 +: + bjnXn +9; 


for j = 1,2,--+,m, where bj1,--+,bjn E C, and g; is a sum of monomials in 
X1,X2,°-+,Xn of degree two or greater. 
So 
m 
Xi = (È an) + fi 
j=1 
m n 
= So aij (Eear +a) + fi 
j=l k=1 
n m 
= X ais bye X, + (terms in X1,---X, of degree > 2) 
k=1 \jg=l 
(t= 1,2,---,n). 


Since X1, X2,---,Xn are algebraically independent over €, 


So aij bje = Six (i,k = 1,2,---,n). 
j=1 
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It follows that 


ai 442 Qim bir biz > bin 
a21 422 Gam bor b22 tts bon 
Ani Qn2 Anm bmi bm2 bmn 
Hence m > n. 
1311 


= nxn 


Let A be a commutative ring, and let I and J be two (proper) ideals such 
that every prime ideal of A contains either I or J but no prime ideal contains 


both J and J. Prove that 
Ar Ai x Aa 


for some (nontrivial) rings A, and Ag. 


Solution. 


(Stanford) 


Since every prime ideal of A contains either I or J but no prime ideal 
contains both I and J, we have IJ C N(A) (the nil radical of A) and J+J = A. 
There exist a € I, b € J such that a+ b = 1, and since ab € IJ C N(A), there 
exists an integer n such that (ab)” = a” -b” = 0. Let I, = (a”) and Iz = (6"). 


Then J, and I, are proper and I, + In = A, since 
1=(a+6)" € (a") + (O") =ht+h. 
By Chinese Remainder Theorem, we have 


L Nk = qi +L = (a”) $ (b”) = (a"b") =0 


and thus A œ A/I, x A/I2 where A/Iı and A/Iz nontrivial. 


1312 
Define f : [0,1) — [0, 1) by 


f(a) = { 


Find all z such that 


22, if0<2r <1, 
Qe—-1, wl<22< 2. 


FFFF(F(F(2)))))) = z- 


(Indiana) 


Solution. 
For any real number a, [a] denotes the largest integer < a (Gauss function). 
We denote {a} = a — [a] here. Then it is clear that 


f(z) = 2z — [2z] = {22} 
for any z € [0,1). Hence 
FECE) ++) = {2+ {2 {2 {2 {2- {22} --}. 


Since for any real number a and positive integer n, we have 


{n-{a}} = n{a}-[n: {a}] = n(a — [a]) — [r(a — [a))) 


na — n - [a] — [na — n[a}] = na — nfa] — ([na] — nfa]) 


= na- [naj = {na}, 


F(F(F(F(F(F(2)))))) = {2a} = {640}. 


Notice that x = {64r} = 64x — [64 - 2] if and only if 632 = [642]. Since 
z € (0,1), 63x = [642] = [63x + z] (to be an integer) if and only if 


LE fees g 02 
°63'63’ ° 63 f" 


Thus f(f(F(F(F(F(@)) =) = z if and only if z = &, 0 < k < 62. 


1313 


Let T be the ring of all real trigonometric polynomials 


N 
f(z) = ao + 5 An cosnz + bn SiN NE. 
n=1 
Define deg f(x) = N where ay or by # 0. Show that deg f -g = deg f + degg. 
Use this result to prove that T is an integral domain which is not a unique 
factorization domain. 
(Columbia) 
Solution. 
By using the orthogonality of the set {1,cosnz,sinnz |n € IN}, it is easy 
to see that 


N 
f(z) = ao + San cos ng + bn sinnz = 0 


n=l 
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if and only if all the coefficients of f(z), i.e., @0,@1,---,an and bo, bi, 
are zero. 
Let 
N 
f(z) = ao + Noan cosnz + bn sin ng 

nol 
and 

M 

g(z) = co + Xo Cm COs MT + dm Sin MT. 
m=1 


Suppose that deg f(x) = N and deg g(x) = M. Since 


(an cosnz + bn sin nz) - (Cm cosmz + dm sin mz) 
Anm — bnd andm + balm 


= E AA cos(n + m)z + ee cats sin(n + m)z 
nom bndm = dm bn . 
finde L Pn cos(n — m)r + inie Eai sin(n — m)z, 
f(z) -9(z) 
N+M 
7 = > AanCm — bndm 4 D AnCm + bndm pages 
2 2 
k=0 n+m=k |Jn—m|=k 
andm + bncm —Andm + Dnem 
(5 maja, y seats 
n+m=k n-m=k 
>23 andm = brem z cn ) sin kz]. 


sN 


The coefficients of cos( N + M)z and sin(N + M)z in f(x) g(x) are ewe —bNeat 


and ey dan ON tay respectively. If both of them are zero, then 


2 2 
Qn ` CM -dM = bn -dm = —bney, 


and so by(c3, + d3,) = 0. Since c?, + d3; # 0, bv = 0. Then we have 


ancy = andy = 0. Hence ay = 0, which is contrary to ay or by £ 0. 
Thus we have proved that 


deg( f(z) - g(z)) = N + M = deg f(x) + deg g(z). 


Now f(x) - g(x) = 0 can happen only if either f(x) = 0 or g(x) = 0 by the 


above degree relation. So T is an integral domain. 


If f(z)- g(x) = 1, then the degree relation implies that deg f(z) = 0 = 


deg g(x). Hence the units of T are {+1}. 
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Obviously, in T we have 


cos2x = (cosx+sinz)(cosz — sin z) 


(1+ V2sin z)(1 — V2sinz). 


Again by the degree relation, all the factors cosg + sing, 1+ /2sinz are 
irreducible, and cos z + sin z and 1+ /2sinz are not associates. Thus cos 2x 
in T does not have an essentially unique factorization into irreducible elements. 
Hence T is not a unique factorization domain. 


1314 


Let A be a Noetherian integral domain integrally closed in its field of frac- 
tions K. Let L be a finite separable field extension of K. If B is the integral 
closure of A in L, outline a proof that B is Noetherian. 

(Stanford) 
Solution. 

First, we claim that the trace function Trz;g # 0. Let p = Char(K) 
and n = [L : K]. If p = 0 or (p,n) = 1, it is easy to see that Trz/x £ 0 
(Trz/;«(b) = nb for any b € K). Now, suppose that p # 0 and p | n. Since 
L D K is a finite separable extension, L = K[a] for some a € L. Denote 
Qa = Q1,2,+++,@, be the set of the conjugates of a. For any f(a) € L, 


Trrx(f(@)) = 3 f(aj). Let z” — cig”! + cg"? —--- 4+ (—1)” -cn be the 
i=1 


= 
minimal polynomial of a over K and j be the minimal positive integer such 
that p| j and cj # 0. Then by using Newton’s identities on the elementary 
symmetric polynomials, we get 


Trax (o) = (—1)"47*? . j -cj #0. 


Thus Try/K £ 0. 

Let uy, U2,***, Un be a basis of L over K contained in B. The bilinear func- 
tion (z, y) > Trz/x (xy) is non-degenerate since Trz/g #0. Let v1, v2,--+, Un 
be the dual basis of uy, uz, ***, Un (the elements in L satisfying Trp/x(u;vj) = 
6;; for all i, j). Then, for any z € B, z has the form kivi + kava +--+ kava 
(ki € B). Since zu; € B, k; = Trz/x(zuj) € A for any i. Hence B C 
Av; + Avg + -+-+ Avn. Since A is Noetherian, B is Noetherian. 


1315 


If A is a commutative ring and A[[z]] is the ring of formal power series over 
CO 
A, show that if f = >> anz” is nilpotent, then all the elements a; € A are 


n=O 
nilpotent. If A is Noetherian, prove the converse, i.e., that if all the elements 
a; are nilpotent, then f is nilpotent. 
(Stanford) 


Solution. 


oe) 

Suppose that f = J anz” is nilpotent. It is easy to see that f™ = 0 
n=0 

implies that af’ = 0. So, first we get that ap is nilpotent. Assume that 


Go,01,-°+,@% is nilpotent. Since A is commutative, ao + a£ +--+ + agz® is 
nilpotent and 


CO oo 
f-(@otayzt+---+a,e*) = 5 anz” = ght} ( D cnet tt} 


n=k+1 n=k+1 


co 
is nilpotent. Hence $> ang”™¥+ti is nilpotent and so a,41 is nilpotent. By 


induction, all the dene a; are nilpotent. 

Conversely, suppose that A is Noetherian and all the elements a; are nilpo- 
tent. Let I be the ideal generated by {a; | 0 < i < oo}. Since A is commu- 
tative Noetherian, J is finitely generated and nilpotent. If I” = 0, that is, 
biba- +- bm = 0 for any 51, b2,---,bm E I, then it is easy to see that f” = 0. 
Hence f is nilpotent. 


1316 


Let F be a field, and for n > 1 let R, be the subring of the ring of 
polynomials F{x} consisting of polynomials 
fot fiz + faz? +--+ fex" € Fla] 
such that fi = fe =*= fn = 0. 
(a) Show that R, is a Noetherian ring. 
(b) Show that the field of fractions of Rp is F(z), and determine the integral 


closure of R, in its field of fractions. 
(Stanford) 
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Solution. 
(a) Since F[z] is Noetherian and 


F|z] = Ra + Raz + Raz? +--+ Rar” 


is finitely generated as Rn-module, Rn is a Noetherian ring by Artin-Tate 
Lemma (or Eakin’s Theorem). 
(b) Observe that 
a(x)  x”+tta(z) 
b(z)  z”+ib(z) 
for any a(x)/b(x) € F(x). It is clear that the field of fractions of Ry is F(z). 
Obviously, x is integral over Rn, since x is a root of X"t+1— 2"t1 € Ra[X]. 
Hence F[z] is integral over Ra. On the other hand, if a(x)/b(x) € F(x) is 
integral over Ry, a(x) /b(x) is integral over F[z]. Since F[z] is an integrally 
closed domian, a(z)/b(z) € F{z]. Hence F{z] is the integral closure of Rn in 
its field of fractions. 


1317 


Describe all subrings of Q. (A subring contains 1 by definition.) 
(Stanford) 


Solution. 
Let R be a subrings of @. Then R DZ by definition. Let 


S= (04 pez |= ER). 


Obviously, S is a multiplicatively closed subset of Z containing 1. Let Zs be 
the localization of Z at the multiplicatively closed subset S. For any q/p € Zs 
(qEZ, pe S), i= . F E R. Hence Zs C R. 

On the other hand, for any q/p € R, we may assume that (p,q) = 1 and 
pl+qk = 1 for some l, k € Z. Then 


1 pl+qk _ 


So p E S and q/p E€ Zs. Hence R C Zs. It follows that R = Zs where 


S={0#pEZ]7 ER). 


Thus 
{Zs | S is a multiplicatively closed subset of Z } 


is the set of all subrings of @ (S can be choosed as the complement in Z of the 
union of some prime ideals of Z). 


SECTION 4 
FIELD AND GALOIS THEORY 


1401 


1) Let X be a finite set and G a subgroup of the group of permutations 
of X. Define a relation ~ on X by requiring z ~ y if either z = y or the 
transposition (z, y) (which interchanges z, y € X and leaves all other elements 
fixed) is an element of G. Show the following. 

(a) ~ is an equivalence relation. 

(b) If G acts transitively, then all equivalence classes are distinct and con- 
tain the same number of elements. 

(c) If Card(X) is a prime number and if G acts transitively and contains 
at least one transposition then G must be the whole permutation group of X. 

2) Suppose f € Q[z] is irreducible and has degree p, a prime number. If f 
has exactly p— 2 real roots and 2 complex roots, show that the Galois group of 
f over @ is the symmetric group S, on p symbols. Show that the polynomial 


(z? + 4) -z (z? — 4)(x? — 16) ~ 2 


is irreducible and determine its Galois group over Q. 
(Columbia) 
Solution. 
1) (a) By the defintion of ~, ~ is reflexive and symmetric. Since 


(x, u)(y2)(2,y)"* = (2,2), (2 #y,y #2), 


it is easy to see that ~ is transitive. Hence ~ is an equivalence relation. 

(b) Let {21,22,-++,2n} and {y1, Y2," **, Ym} be two equivalence classes of 
~ determined by z = zı and y = yı respectively. Since G acts transitively on 
X, there exists o € G such that o(z) = y. For any 1 < i < n, we have 


(o(21), 0(z;)) = o(21, ti)o~* EG. 


Thus {o(21),o(22),---,o(2@n)} are n distinct elements belonging to the equi- 
valence class determined by yı = o(21). Hence m > n. Similarly, we have 
n > m. Thus m = n. So all equivalence classes contain the same number of 
elements. 


(c) Suppose G acts transitively and contains at least one transposition. 
Then, by (b), all the equivalence classes contain the same number of elements, 
say n, and n > 1. So Card(X) = m-n, where m is the number of distinct 
equivalence classes determined by ~. Since Card(X) is a prime, m = 1 and 
n = Card(X). Thus for any z,y E€ X, z ~ y, le. (x,y) E G. It follows 
that G is the whole permutation group of X, which is generated by all the 
transpositions. 

2) Suppose 


f(z) = IIe =) 


in@[z]. So E =Q(ri,---, rp) is a splitting field of f(x) over @ contained in C. 
Identify G = Gal(E/Q) with a permutation group of the set X = {ri,---,rp} 
of the (distinct) roots by 7 > n|x. For any 7;,7; E€ X, since f(x) is irreducible 
and f(r;) = 0 = f(r;), there exists an isomorphism of Q(r;)/Q into Q(r;)/Q by 
sending r; to rj. Since E =Q(r1,-:-,7p) is a splitting field of f(x) over Q(r;), 
and also over Q(r;), this isomorphism can be extended to an automorphism 7 
of E/Q. Then 7 € Gal(E/Q) and n(r;) = rj, which shows G acts transitively 
on X. 

Consider the conjugation automorphism on@. This maps f(x) to itself. Let 
rı and rz be the two non-real roots of f(z). Thus the conjugation interchanges 
rı and rg = Tı and fixed all other real roots. Hence the restriction of the 
conjugation to E is an element of G and it is a transposition. Thus the Galois 
group G of f(x) over Q is the symmetric group Sp on {r1;, +, Tp} 

By Eisenstein criterion, 


f(x) = (a? + 4)a(x? — 4)(x? — 16) — 2 
is irreducible over Q. Let 
g(x) = (z? + 4)a(x? — 4)(x? — 16). 
The real roots of g(x) are 0, +2, +4, and the graph of y = g(x) has the form 


Fig.1.1 


61 


Since |g(n)| > 2 for any odd integer n, it is easy to see that f(z) = g(x) —2 
has five real roots and two non-real roots. Hence the Galois group of f(z) over 


Q is S7. 


1402 


Let p be an odd prime. Let ¢, be a primitive pt? root of unity and g a 
primitive root ( mod p) (i.e., g is a generator for (2/pZ)*). Fix e, a divisor of 
p— land put f = (p — 1)/e. Define 


f-1 ay? 
n= > Ge 
j=0 


Show that, for any i, n; generates a subfield of Q(¢,) of degree e over Q. 
Hint. Use the generator o : Çp — (¢p)9 of the Galois group of Q(¢,) over Q. 
(Columbia) 
Solution. 
Since g is a primitive root ( mod p), o : Çp + (Cp)? is an automorphism of 


Q(Cp) over Q and 
G = GalQ(¢)/Q) =< o >= {o, o7, +++, 0P-?, oP] = 1}. 


Obviously, {0(¢,),07(¢p),-++,0? (Cp) = Cp} is a base for O(¢,)/Q. 
Let H =< of >< G. Then |H| = f, 


WG) : Inv] = |H| = f 
and [Inv(H) :Q] = e. Since H is normal in G, Inv(H)/@ is a Galois extension 


and Gal(Inv(H)/Q) = G/B. 
TA de 
a: | (G) ) 
j=0 


Now for any 2, 
f-1 
= ø otc) 
j=0 


f-1 
= Settee) 
j=0 


= ‘)Rhi+1 


a(n) 
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and 


I 


a° (ni) 


f-1 

o® (5: ig 
j=0 
fel 

= 5 ofGtDH C) 
j=0 


f-1 

= DG) +o HG) 
— 

= F Gta) 


j=l 
j-i 

= Do) 
j=0 

= Ni. 


It follows that n; € Inv(H) and {n0, 1,+++,e—-1} is the orbit Gal(Inv(H)/Q) 
(ni) of n: for any i. Since {o(¢,),07(p),---, 0? “*(Gp)} is a base for Q(¢,)/Q, 


To = alp) +o (Cp) +: FFG), 
nı o* (Cp) +o t*(6,) + e HoF DH C), 


ll 


Ne-1 o** (Cp) + ai CO) qeti at -Dte-1(¢,)(= aP? (Cp)) 


esI 
are distinct. Hence [] (z~ nj) is the minimal polynomial for 7; over @ (for any 
j=0 
i). It follows that n; is a primitive element for Inv(H)/Q, i.e., Inv(H) = Q(m) 
for any t. Thus n; generates a subfield of Q(¢p) of degree e. 


1403 


Let K be a field and x be an element of an extension of K such that 
z is transcendental over K. Put G = Aut(K(zx)/K), and let H denote the 
subgroup of G consisting of the substitutions z — z + b with be K. 

(a) Let A,B € K[X], AB ¢ K, gcd(A, B) = 1, and put y = A(x)/B(z). 
Show in succession that the polynomial A ~ yB € K(y)[X] is not 0, that z is 
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algebraic over K (y), that y is transendental over K, that A— yB is irreducible 
in K(y)[X], and that 


(K(x): K(y)] = max{deg A, deg B}. 


(b) Show that the elements of G are given by the fractional linear substi- 
tutions x — az + b/cx +d with a,b,c,d E€ K and ad — bc £ 0. 

(c) Show that when K is infinite, then G is infinite and the fixed field of G 
is K. Find the fixed field of H. 

(d) Show that when K = IF} and put 


oS (2? = zit /(29 7” r) +1, 


then ordG = q? — q and the fixed field of G is IF,(z). Conclude that F,() 
is a Galois extension of a given field L with F} C L C FF, (x) if and only if 
L D IF,(z). Find the fixed field of H. 
(Columbia) 
Solution. 
(a) Since gcd(A, B) = 1, there exist S,T € K[X] such that AS+ BT = 1 
in K[X]. Suppose A — yB = 0 in K(y)[X]. Then 


y = ASy+ BTy = A(Sy+T). 


It follows that deg A = 0 and deg B = deg(A) = 0, which is contrary to 
AB ¢ K. Thus A—yBZ0. 

Since A(z) — yB(x) = 0, z is algebraic over K (y). If y is algebraic over K, 
x must be algebraic over K, which is contrary to the assumption. Hence y is 
transendental over K. 

Again, since gcd(A, B) = 1 in K[X] (C K(y)[X]), A — yB is irreducible in 
K[y][X] = K[X][y]. Thus A — yB is irreducible in K(y)[X]. Thus the minimal 
polynomial of x over K (y) is the monic polynomial which is a multiple in K(y) 
of A — yB and 


[K(z): K(y)] = deg(A — yB) = max{deg A, deg B}. 

(b) By (a), y = A(x)/B(z) is a generator of K(x)/K (i.e., K(y) = K(z)) if 
and only if max{deg A, deg B} = 1, or if and only if y has the form az+6/cx+d, 
ad — be £ 0. 

(c) By (b), it is easy to see that G ~ GLa(K)/K* - Iz, where 


K* - Ip = {diag(a,a) | a € K*}. 
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If K is infinite, so is G. 

Obviously, K C Inv(G), the fixed subfield of G. On the other hand, if 
there exists some y = f(x)/g(x) € Inv(G)\K, then by (a), K(z)/K(y) is a 
finite dimensional simple extension. Hence Auty) K(x) is finite, which is 
contrary to the facts that G C Autx,y)K(zx) and G is infinite. Thus we have 
Inv(G) = K. 

Similarly, we have Inv(H) = K, since H is also infinite. 

(d) Suppose K = Fy. Then 


F 2 2 
ordG = Es a) | oe Se) a 
Fy $ Iz q- 1 
and 
[F,(x) : Inv(G)] = Go Sq, 
For any 


g:trrar+b/cx+d, (ad-— bc #0) 


in G, it is routine to check 
o(z) = o((x? — x)It! /(x1 — x)? +1) =z. 
Hence F(z) C Inv(G). On the other hand, we have 
(x? — XJ (X1 - X) +H 
+1 

= Ore 1 

g (X9 -— X) (Xd — X)P-4 
(14+ Xt 4 XD 4 ...4 Xl Daja 

(X1 -— X)? ` 


ii 


Denote 
A=(1+X71 +X? 4...4 XDI) 


and 


B=(X1 - X)’, 
Then gcd(A, B) = 1 and 
max{deg A, deg B} = q? — q. 


Hence we have [F,(x) : F,(z)] = 4? —q. Thus Inv(G) = F,(z) and F,(z) 
is a Galois extension of a given field L with Fy C L C F,(z) if and only if 
LD F(z). 
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Similarly, we have [F,(x) : Inv(H)] = q since |H| = q. Let A= X1- X 
and B = 1 in F,[X] and let z’ = z1 — z € F(x). Then z' € Inv(#) and by 
(a), [Fy(2) : Fy(z!)] = q. Thus 


Inv(H) = F(z’) = F(z? — 2). 


1404 


Let E = C(Y) with Y an indeterminate, F = @(Z) with Z = Y” + Y`”, 
and ¢ = e?*#/n, 

(a) Show that there are unique automorphisms ø and r of E/€ such that 
o(Y) =CY and r(Y) = Y~!, and that the subgroup G of Aut(E) which these 
generate is isomorphic to Dn, the Dihedral group of order 2n. 

(b) Show that Y is a root of a polynomial of degree 2n with coefficients in 
F. 

(c) Show that E/F is a Galois extension with Galois group G. 

(Columbia) 
Solution. 

(a) Since Y is a generator of E over @, there are unique homomorphisms 
o and r of E to E over @ such that o(Y) = CY and r(Y) = Y~}. Obviously, 
o”? = 1 = 7°. Hence o and 7 are automorphisms of E/€. Since ord(o) = n, 
ord(r) = 2 and ro = o'r in G, G =< o,T >œ Dn, the Dihedral group of 
order 2n. 

(b) Since 


XK" _Z-X+4+1 


X” (y"+Y") +1 
= (X"-Y")(X" -Y~") € FIX], 


Y is a root of X?” — ZX +1. 

(c) Obviously, E/Inv(G) is a Galois extension with Galois group G and 
[E : Inv(G)] = 2n. Since o(Z) = o(¥" + Y~") = Z and 7(Z) = Z, we have 
Z € Inv(G) and F =@(Z) C Inv(G). It is readily verified that X?” — ZX +1 is 
irreducible over F (Z is transendental over @ and X?” — ZX +1 is irreducible 
in @[Z][X],for example, using 1403). E is a splitting field of X?” — ZX +1 


since 


X” 7X41 = (X-Y)(X—-CY)---(X-C¢"1Y) 
(Car Ca ee) 
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in E. It follows that E/F is Galois and [E : F] = 2n. Hence we have 
F = Inv(G) and E/F is Galois with Galois group G. 


1405 


Let F = Q(x) be the field of rational polynomials in one variable z over 
Q (i.e., the quotient field of the polynomial ring Q[x]). Consider the elements 
o, T in Autg(F) (i-e., field automorphisms of F) given by a(z) = 2 — z and 
T(z) = -5 

(a) Find the subgroup G (of Autg(F)) generated by o and r. 

(b) If K is fixed field of G in F, find a finite subset S of F such that 
K =Q(S). 

(c) How many subfields lie strictly between K and F? How many of these 
are Galois over K? Justify your answers. 

(Indiana) 

Solution. 

(a) Since o?(x) = z, 7?(z) = z and to(x) = =? = or(z), we have o? = 1, 
T? = 1 and or = rø. Hence 


G =(0,T) ~ Ka, 
where Ky, is the Klein 4-group. 


(b) Obviously o(z — 1) = 1 — z and r(x — 1) = —L. It is easy to see that 


x-1° 


z -— 1)? + s € K, the fixed field of G in F. Denote 7 = (x — 1)? + —4y. 
(x-1) (x-1) 
Then Q(n) C K C F. Let 
f(t) =t* — nt? +1 €Q(n) ft). 


Then f(t) is irreducible in Q(7)[t] and F is a splitting field of f(t) since 


f(t) = (ta ++ 2=1)-( - 5) (++ 1 ) 


in F[t]. Hence @(7) C F is a Galois extension and [F :@(7)] = 4. On the other 
hand, K C F is a Galois extension and [F : K] = |G| = 4. It follows that 


K =O) =0 (e-+) 


(c) By the fundamental theorem of Galois theory, there are exactly 3 sub- 
fields lying strictly between K and F which correspond to the three proper 
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subgroups of G œ K4. Since all the subgroups of K4 are normal, all these 3 
subfields are normal over K (finite dimensional and separable). Thus all these 
3 subfields are Galois over K. 


1406 


Consider Q(t), the field of quotients of the polynomial ring @[t]. Let o and 
T be elements of Autg(Q(t)) given by o(t) = $7} and T(t) = —t. Let G be the 
subgroup of Autg(Q(t)) generated by o and 7. 

(a) Identify G. 

(b) Let H be the subgroup of G generated by o? and 7. Find a € Q(t) such 
that Q(a) is the fixed field of H (Justify your answer). 

(Indiana) 

Solution. 

(a) Obviously, 7?(t) = t, 0? (t) =o (+) = —}, 0 (t) = -tH and o(t) = 
t. It is easy to see that 7? = 1, of = 1 and to = g?r. It follows that G is 
isomorphic to the Dihedral group Da. 

(b) Since 


1 1 1 
r(@+3) =o? (#+3) =+ Cia € InvH, 
the fixed field of H. Hence, 
1 
Q G F >) C InvH CQ(t) 


and obviously 
Q(t) : InvH] = |H| = 4. 
On the other hand, 


f(z) ot (Prz) 


(ce —t)(2 +4) (2-7) (2+) 


is irreducible over Q (t? + 4) and Q(t) is a splitting field over @ (t? + $) of 
separable polynomial f(x). So 


Q(t) 2Q G + >) 


t2 


l 


| 
~ 
& 
N 
| 
of} 
N 
S” 
aN 
8 
N 
| 
Sle 
Nin 
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is a Galois extension and 


It follows that 


inva Q (e + z)| =, 


1 
InvH =@ (2 + =) 


that is, 


1407 


Let @ denote the field of rational numbers. let K =@Q(q), where a is a root 
of f(z) = z? — 3241. 

a) Prove that f(x) is irreducible over Q. 

b) Prove that K/Q is Galois. 

Hint. Consider a? — 2. 

c) Find a generator of the Galois group Gal(K/Q). 

(Indiana) 
Solution. 

a) If f(z) = z? — 32 + 1 is reducible over Q, then f(x) has a factor with 
degree one in Q(x], that is, f(z) has a root in @. Since f(x) = z? — 3x +1 is 
monic, the rational roots must be integral factors of 1. But +1 are not roots 
of f(z). This is a contradiction. Thus f(a) is irreducible over Q. 

b) Let 6,7 be the other two roots of f(x) = z? — 3z + 1 in a splitting field 
of f(x) over K. Obviously, a+ 8 +7 = 0, aBy = —1 and the discriminant A 
of f(z) is 3*. Hence 6 + y = —a@ and 


(a— f)(B—y)(y-@) 
(a — B)(y — a) 
VA 
—a? + (6+ 7)a — By 

V81 + 
3(1 — 2a) 
v81 
3(1 — a?) 


B-71 


H 
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It follows that a, =+ = —a? 


eas —a+2and — z4; —a =a? — 2 are the roots of 
f(x). So K is a splitting field of f(x). Hence K/Q is Galois since Char(Q) = 0. 
(We may check a? — 2 is a root of f(z) directly by using the hint). 


c) From a) and b), it is easy to see that the Galois group Gal(K/Q) ~ As. 


o: K=Q(a)-K 


ara? —2 


is a generator of Gal(K/Q). 


1408 


Let K be a field and z an indeterminate. 

(a) Show that the rational functions fg = 
pendent over K. 

(b) As K-modules, K[z] and K(x) have what dimensions? 

(c) Let G denote the additive group of K, acting on K(z) by a € G sending 
ztox+a. Assume that K is infinite. Let f € K(x). Show that the G-orbit 
of f spans a finite dimensional K-module if and only if f € K[z]. 


1 
T-a 


(a € K) are linearly inde- 


(Columbia) 
Solution. 

(a) Suppose that {fa = = | a € K} is linearly dependent over K. 
There exist some non-zero elements @1,---,Q@n E K and some distinct ele- 
ments @1,@2,°+-,@, E K such that 

n 
Y aifa; =0. 
i=1 
Hence 
Soa (e ~an) =0 
i jżi 
and 


(x - a)| J] - a), 
aft 
which is not true. Thus {fa = z |a € K} is linearly independent. 
(b) dimx K[z] = dimg K (z) = æ. 
(c) Suppose 


f(z) = anz” + Gye" 1 +--+ aiz + ao € K[z}. 
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We claim that for any n+ 1 distinct elements a1,@2,:-+,@n41 in K (note 
that K is infinite), f(a + a1), f(z + a2),---, f( + &n41) spans the subspace 
generated by the G-orbit of f. 

For any a € G, we take (61,82, *'-,Bn+1) E K"*? to be the solution of the 
equation system 


1 1 1 zı 1 
T a 
&l Q2 On+1 2 A 
2 2 2 EA 
ai Q2 Ont1 sic (nal (i 
n n n 
Ay A © Anes Ln Gn 


Then it is clear that 
(z +a)” = fy (@ + a1)” + Bo(x + a2)” +- + Bngi(@ + Anyi)” 
and also 
(x +a) = By (a + 01)! + palt + a2)' +--+ + Bngi(e + ngs)" 
for l<i<n. Hence 


f(a+a) = Bi f(z +01) + Bof (£ + a2) + +++ + Bagif(e t+ On41)- 


This shows that {f(z +a;)|1<it<n-+1} spans the subspace generated by 
the G-orbit of f. 

On the other hand, suppose f(z) € K(x), and the G-orbit of f, {f(z +a) | 
a € K} spans a finite dimensional K-module. We write f(x) = g(z)/h(z) 
where g(x), h(x) € K[z] and (g(x), h(x)) = 1. Let f(z@+or), f(zt+er),--+,f(e 
+an) (a; E K) span the subspace < {f(z+a) |a € K} >. Then for anya € K, 
there exist 61, 82,-+:,8n in K such that 


g(x +a) 
h(x + a) 


= 2 Pie +a;) 


2 vate 


h(x + a&i) 


f(z +a) 


T Pig(z + a;) [I h(x + a) 
i=1 jti 


T] A(z + ai) 
t=1 
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Since (g(x + a), h(x + a)) = 1, we have 
h(x + a)| [] A(z + a4) 
tar 


for any a € F. Since K is infinite, an easy discussion in a splitting field of h(x) 
over F will lead to deg h(x) = 0. Thus we have 
9(z) 


f(z) = hays 


1409 


Let E be a finite Galois extension of F and let f(x) be an irreducible 
polynomial in F [x]. Show that all the irreducible factors of f(z) over E are of 
the same degree. 

(Columbia) 
Solution. 

For any o € G = Gal(E/F), we still denote o to be the isomorphism 
E[z] — E{a] which extends o on E and maps z to z. Since f(x) € F[z], 
o(f(z)) = f(a). Let e(z) be a monic irreducible factor of f(x) over E. Then, 
for any o € G, o(e(zx)) is an irreducible factor of f(z) over E. 

We prove in the following that all monic irreducible factors of f(x) over 
E arise in this way. Thus all the irreducible factors of f(x) over E are of the 
same degree. 

Suppose e'(x) is another monic irreducible factor over E. Let œ and a’ 
be roots of efx) and e’(x) in some extension field of E. Then, a and a’ are 
roots of f(x), which is irreducible over F. Hence we have an isomorphism 
n: F(a) — F(a’) which sends a to a (a € F) and a toa’. 

Since E/F is Galois, we can write E = F(8), where @ is a root of g(z), 
a separable irreducible polynomial over F. Obviously E is a splitting field of 
g(x). Then E(a@) = F(a)(8) and E(a’) = F(a’)(@) are splitting fields of g(x) 
over F(a) and F(a’) respectively. Hence 7: F(a) — F(a’) can be extended 
to an isomorphism 7 of F(a) onto E(a’). Note that 4(8) may not be 6, but 
n(B) is a root of n(g(z)) = g(x). It follows that nlz : E - E is in G. 

Now, since @ and a’ are roots of the monic irreducible polynomial e(z) and 
e’(z) over E respectively, 7 : E(a~) > E(a’) is an isomorphism and 7(a) = a’, 
we must have (7|z)(e(z)) = e’(z) and deg e(x) = deg e' (z). 
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1410 


(a) Let K be a field of characteristic p > 0. Show that the polynomial 
tP — t — c in K[t] is either irreducible or splits completely into p linear factors 
over K. 

Hint. If u is a root of t —t—c then so is u+1. 

(b) Let F be the splitting field of the polynomial 8? — 1 over Z;. Show 
that [F : Zs] = 3. 

Hint. First prove that the zeroes of 
62. 


t8? — 1 form a cyclic group G of order 


(Indiana) 
Solution. 


Suppose that t? —t—c = f(t)-g(t) in K[é] where f(t) is a monic polynomial 
of degree n, 1 < n < p— 1. Let E be a splitting field of t? — t — c and let u € E 
be a root of this polynomial. Then for any m € Zp, the prime field of K, 


(u+ mP —(u+m)—c= uP +m? —u-m—c=uP-u-c=0. 


Hence we have 


f(t)-o(t) = [[ @-u-m) 


mez» 


and there exist 71,72,-++,%, E Zp such that 
f(t) = (@-u—-a)(¢-—u—itg)---(t-u—t,). 


Comparing the coefficients of the term of degree n — 1, we obtain n-u+ t+ 
ta+-+-+tn E K. So we have n-u € K. Since p-u = 0 and there exist integers 
v and w such that v-n+wp=1,u=(v-n+wp)-u=v(n-u) € K. Thus we 


have 
P—t—c= I[ @-u-™ 
mea, 


in K[t]. 
(b) Let G be all the zeroes of t8? — 1 in F. Obviously, G is a subgroup of 
F* and G is cyclic of order 62 since 


G1) = 62° = 22° £ 0. 


It follows that 
[F : Zs] > 3. 


73 


Let E be a extension field of Zs such that [E : Z5] = 3. Then E* is a cyclic 
group of order 5? ~ 1 = 124. Let G’ be its unique subgroup of order 62. Then 
all the elements of G” satisfies ©? — 1. So tê? — 1 splits in E and E is a splitting 
field of tê? — 1. Thus we have E ~ F and [F : Z5] = 3. 


1411 


(a) Suppose you are given a field L,@ C L CC, such that L/Q@ is algebraic 
and every finite field extension K/L, K CC is of even degree. Show that every 
finite field extension of L must in fact have degree equal to a power of 2. 

(b) Show that such a field L actually exists. 

(Indiana) 
Solution. 

(a) Let K/L (K CT) be a finite field extension. We have to show [K : L] 
is a power of 2. For this purpose, we may assume that K is Galois over L. 
Let G = GalK/L and |G] = 2" -m where m is odd. By Sylow’s Theorem, 
G has a subgroup H of order 2". If K’ is the corresponding subfield of K/L, 
then [K : K'] = 2" and [K’: L} = m. Since L has no proper odd dimensional 
extension field, we must have m = 1, and so K' = L and [K : L] = 2”. 

(b) Let L be the field of real algebraic numbers, that is, the subfield of IR 
of numbers which are algebraic over@. Then @ C L C@ and L/Q is algebraic. 

Now for any finite field extension K/L, K C C, there exists some element 
a € K such that K = L(a) by Primitive Element Theorem. Let f(x) be 
the minimal polynomial of œ over L. Then f(x) has no real root since f(x) 
is irreducible in L[x]. So, f(x), when decomposed in JR[z], is a product of 
irreducible polynomials of degree 2. Hence, 


[K : £] = [L(a) : L] = deg f(2) 


is even. By (a), it is in fact a power of 2. 


1412 


Let K be a field of characteristic p # 0. The set {x? | z£ € K} is a subfield 
of K that is denoted by K? (no proof required). 

(a) Let L be an intermediate field between K? and K. If [L : K*] is finite, 
prove that it is a power of p. 
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(b) A subset B of K is called p-independent if for any finite set b1, b2,---, bm 
of distinct elements of B 


[KP (b1, b2,---, bm) $ K?) =p”, 


Prove that if K? # K, then K contains a maximal p-independent subset B. 
(c) Prove that the set B of part (b) satisfies K?(B) = K. 


(Indiana) 
Solution. 


(a) If [L : KP] is finite, there exists a finite set of elements {b1, b2,---, ba} 
such that 
K? (b1, b2,-++, bn) = L. 


Without loss of generality, we can assume that b; ¢ K?(b,---b;-1) for any 
1<i<n (K?(b,---,b:-1) = KP when i= 1). Since 


bP € K? € K?” (bi, -+ ,bi—1) 


and 


bi ¢ K?(b1,---, bi—1), 
t? — b is irreducible in K?(b1,---,6;-1)[t]. Hence 


[K?(b1,---, bi) : K? (b1, -+ -,bi—1)] =p. 


It follows that 


[L: KP] = [K?(by, b2, -, bn): L] 
= [KP 0- bi) : KP, biz) 
= p”. 


(b) If K? # K, there exist p-independent subsets. For example, if b € 
K\K?, B = {b} is a pindependent subset of K. Now suppose that {B; | ¢ € I} 
is a chain of p-independent subsets of K. Let B = U B;. Then for any 

ie 
finite set {b1,---,bm} of distinct elements of B, there exists some 2, such that 
{by, b2,---, 6m} C Bi. Since B; is a p-independent subset, 


[K? (bi, b2,- --, bm) : K?) =p”. 


It follows that B is p-independent. By Zorn’s Lemma, K contains a maximal 
p-independent subset. 
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(c) Let B be a maximal p-independent subset of K. Suppose K?(B) C K. 
Let b € K\K"(B). Then BU {b} is pindependent. The reason is that, for any 
distinct elements b1, b2,---, bm in BU {b}, if b ¢ {b1, b2,---, bm}, then 


{b1,b2,---, bm} C B 
and 
[K?(by,-++, bm) : K?] =p", 
and if b € {bi,b2,--+,bm}, say, b = bm, then {b,,---,bm—1} C B and we still 
have 
[KP (b1, bm): K?] 
[K? (b1, i - bm) : K? (bi, -+bm—1)] . [K?(bi,- z *,bm—1) : K?] 


m—1 


= pp’ =p”. 


II 


Since B C BU {b}, the independency of BU {b} contradicts the maximality of 
B. Thus we have K?(B) = K. 
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Let K be a finite field with p” elements (p a prime) and n be a positive 
integer. If m is an integer which divides n and f(t) € K[t] is an irreducible 
polynomial of degree m, show that f divides tP” — t. 

(Indiana) 
Solution. 

Let E be a splitting field of t?”” —t over K. Then |E| = p"” and [E : K] =n. 
Let a be a root of the irreducible polynomial f(t) in some extension field of 
K. Then |K(a)| = p™ and [K(a): K] = m. 

Since m | n, E contains a subfield L such that K C LC E and L ~ K(a). 
Hence there exists an element 8 € L C E such that f(@) = 0, that is, f(t) is 
the minimal polynomial of 8. Since 6?"" — p = 0, we have f(t) | (t#?” —t). 


1414 


Let K/F be a finite extension of fields and let L and E be intermediate 
fields, with E/F Galois and [K : L] = p, a prime. Prove that if p does not 
divide [E : F] then E C L. 

(Indiana) 
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Solution. 
Let f(x) be a separable irreducible polynomial over F such that £ is its 
splitting field. Let 
E-L=E(L)=L(E) 
be the composite of E and L in K. Then E. L = L(E) is a splitting field of 
f(x) over L. Hence E - L is Galois over L. Let a € E be a root of f(z). Then 
E = F(a) and E- L = L(E) = L(a). For any 


o € Gal(E . L/L) = Gal(L(a)/L), 
it is clear that o|g € Aut(E/LN E). And further, we have 
Gal(E- L/L) ~ Ga(E/LNA E). 


Now suppose E Z L. Then E- L = K, since LC E- L and [K : L] = p, a 
prime. It follows that 


p = |Gal(E - L/L)| = |Gal(E/LN E)| 


dividers |Gal(E/F)| = [E : F], contrary to the assumption. Thus we have 
ECL. 
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Let K; be the subfields of @ defined as follows: Ko =Q. Ifi > 0, Kj41 is 
the smallest subfield of @ containing the set 


{9 ET | 6" € K; for some n > 0}. 


Let 


(1) Prove K is a field. 
(2) Let f(z) € K[z] be irreducible. Prove that deg(f) > 5. 
(Indiana) 
Solution. 
(1) Since 
Ko OC KiC ee CKC Kip 


is a chain of subfields of Ç. It is clear that K; is a subfield of @. 


t=1 
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(2) (Remark: deg f(z) may be 1). 

Let f(x) € K[x] be an irreducible polynomial with deg f(x) > 1. There 
exsits some 7 such that f(x) € K;[z]. Suppose deg f(r) < 4. By the formulas 
for the roots of quadratic, cubic and quartic equations and 


Ki41 = {9 ECT |0” € K; for some n > 0}, 


f(z) splits in K;43[z], hence in K{z]. Contradicts the irreducibility of f(z). 
Hence deg f(z) > 5. 
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Let K be an extension field of F,, the field with p elements. Let a be an 
algebraic element in K. Prove that (F(a) : Fp] is the smallest positive integer 
m such that a9(™ € Fp, where 9(m) = a. 

(Indiana) 
Solution. 


Let n = [F,(a) : Fp]. Then |F,(a)| = p” and a?”~1 = 1. Since (al9(™))p-1 = 
a1 = 1, a") € Fy, 
On the other hand, if a9™) € F,, for some positive integer m, then 
| aP”! = (q™)p-1 = 1, 
so a is a root of 2?” — x. Let E be a splitting field of 2?” — x over F, and 
a € E. Then [E : Fp] = mand Fp C F(a) C E. Hence 


n = [F,(a): Fpl|[E : Fp] = 


Thus [Fp(a) : F] is the smallest positive integer m such that al™) € F. 


1417 


Let F D K be a field extension of finite degree m. Let f € K[t] be an 
irreducible polynomial of degree n. If m and n are coprime then show that f 
remains irreducible in F [t]. 

(Indiana) 
Solution. 

Suppose that f(t) is reducible in F[¢] and let f(t) = g(t) - h(t) in F[t] where 

g(t) is a irreducible polynomial in F[t] of degree k, 1 < k <n. Let E = F(a), 
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where œ is a root of g(t) in some extension field of F. Then [E : F] = k since 
g(t) is irreducible in F[t]. So 


[E : K] = [E : F][F : K] = k-m. 
On the other hand, 
[E : K] = [E : K(a)]-[K(a): K] = [E : K(a)]-n, 


since & is a root of f(t) and f(t) is irreducible in K[t]. It follows that n | k-m, 
which contradicts (m,n) = 1 and 1 < k < n. Thus f(t) is irreducible in Ff[t]. 


1418 


Find a Galois extension E over @ with Gal( E /@) cyclic of order 16. 
(Stanford) 
Solution. 

For any positive integer n, the cyclotomic field @(z„) over @ is a Galois 
extension and @(zn) : @] = ¢(n) where z„ is an n-th primitive root of the 
unit, ġ(n) is the Euler ¢-function. It is easy to see that |Gal(Q(z;)/Q)| = (n) 
and Gal(Q(zn)/Q) ~ Aut(G) where G is the cyclic group of order n. When n 
is prime, Aut(G) is cyclic of order n — 1. 

So if we take n = 17, E = Q(z17), then E is a Galois extension of @ with 
Gal(£/Q) cyclic of order 16. 


1419 


Find a Galois extension E over @ with Gal( E/Q) cyclic of order 32. 
(Stanford) 

Solution. ; 

As in 1418, for any positive integer n, the cyclotomic field @(zn) over @ is 
a Galois extension and [Q(z,) :@] = ¢(n) where zp is an n-th primitive root of 
the unit, ¢(n) is the Euler ¢-fur ction. It is easy to see that |Gal(Q(z;)/Q)| = 
(n) and Gal(Q(zn)/Q@) ~ Aut( 7) where G is the cyclic group of order n. 
When n = 2™ and m > 3, it is well known that Aut(G) ~ Z2 @Zom-2. 

By the Fundamental Theorem of Galois Theory, if we take E = Inv(Z2), 
then Q C E is a Galois extension and Gal(E£/Q) ~ Zom-2. 

Taking m = 7, then@ C E is a cyclic extension of order 32. 
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1420 
Let E/F be a finite Galois extension, G = Gal(E/F) and a € E. Consider 


the F-linear map M, : E — E, M,(z) = az. Show that its trace is given by 
Trp(M,) = >> o(a) where o varies over G. 


(Columbia) 
Solution. 
Let z be a primitive element of E/F, [E : F] =n and 
G= Gal(E/F) = {o1,02, us +, On}. 
Then 
f(z) = e-a) 
t=1 
= r” +a” lt. 
is the minimal polynomial of z over F, and 01(z), 02(z),---,on(z) are distinct. 


Now, for any a € E, a has the form 
Op + arz +: + an-12°7! (ai €F), 


since {1,z,-:-,z"~+} is a base for E/F. To prove that 


Trr(M,) = dala); 


it suffices to prove that 


for any 1<k<n-l1. 

Obviously, f(z) is also the minimal polynomial of the F-linear map M, : 
E— E, M,(z) =z- x. Since f(z) has distinct roots o1(z), 72(z),+++,@n(z) in 
E, the matrix of M, (€ M,(F)), say, relative to the base {1,z,--+,2"~"}, is 
similar to diag{oi(z),---,on(z)} in M,(E). Anyway, we have 


Trr(M.) = X oilz) 


i=1 
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and for any l<i<n-1, 


Trr(M,») = Trr((M.)*) 
= a(z)" + 02(z)* +--+ + on(z)* 


= 2al) 


This completes the proof. 


Part I] 


Topology 


SECTION 1 
POINT SET TOPOLOGY 


2101 


Let A and B be connected subspaces of a topological space X, such that 
ANB #9. Prove that AU B is connected. If A and B are path connected, 
need AU B be path connected? 

(Indiana) 
Solution. 

Let f be any continuous map from AU B to $° = {—1,1}. Since A is 
connected, f|a must be constant. Without loss of generality, we may assume 
that A C f~1(—1). By the same reason, f|g is also constant. Let zo E€ ANB. 
We have f(z) = —1. Since f is continuous, there exists a neighborhood of zo, 
say U, such that U C f~1(—1). But since zp € B, there is a point of B which 
belongs to U. Therefore we have B C f~*(—1). Hence f is not surjective. It 
means that AU B is connected. 

The following example shows that if A and B are path connected then 
AU B needs not to be path connected. Let 


A= {(0,0)} C R? 


and i 
B= {(z,sin =) l0<z<1}. 


Then A and B are path connected and AN B = A, but AU B is not path 
connected. 


2162 


Suppose that A and B are compact subspaces of spaces X and Y respec- 
tively, and that N is an open neighborhood of 


AxBCXxY. 


Prove that there are open sets U C X and V C Y such that 
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AxBCUXxVCN. 


(Indiana) 
Solution. 


Let'z be a point of A. For any y € B, since (z, y) belongs to A x B and N 
is an open neighborhood of A x B C X x Y, there exist open sets Uy(x) C X 
and V,(z) C Y such that 


(x,y) E€ U(x) x Vy(x) C N. 


Therefore the family of open sets {V} (x), y € B} covers B. Since B is compact, 
p 
there is a subcover {V}; (æ), i = 1, -+ +, p} such that B C U Vy,(z). Let U (z) = 
t=1 


Pp 

A U, (x) and V(x) = U Vy;(z). It is obvious that U(x) and V(z) are open 
=1 

Selk of X and Y respectively and that 


{x} x BC U(a) x V(x) CN. 


On the other hand, {U(x),z € A} is an open cover of A. Since A is also 
q 
compact, there exists a subcover {U (z;), j = 1,---,q} such that AC Y U(2;). 


Let U = U U(z;) and V = A V(z;). It is easy to see that U and V are open 
j= 
sets of x Bad Y respectively ahd that Ax BCUXKVCN. 


2103 


Let X be a locally compact Hausdorff space. Let A and B be disjoint 
subsets of X, with A compact and B closed. Does there exist a continuous 
function f : X — [0,1] such that f|4 = 0 and fjg = 1? 

(Cincinnati) 
Solution. 

If X is compact, then X is normal and the existence of f is obvious. Hence 
we may assume that X is noncompact. We denote by X* the one-point com- 
pactification of X. Since X is locally compact and Hausdorff, X* is compact 
and Hausdorff, and consequently is also a normal space. Let X* = X U {oo}. 
It is easy to see that A and F = BU {oo} are two disjoint closed subsets of X*. 
Then by the Urysohn Lemma there exists a continuous function f : X* — [0,1] 
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such that fl A = Qand fl F = 1. Therefore, the restriction of f on X, f, satisfies 
the requirements that f|4 = 0 and f|g = 1. 


2104 


No proofs, only the correct answers to the question asked, are required for 
this problem. 
If X and Y are topological spaces, the join of X and Y is the quotient 
space 
X*Y=(X xY x [0,1])/ ~, 


where 


z= 7x andt=t' = 
(z,y,t) is equivalent to (x’, y,t’) if and only if ¢ or 
y=y andt=?t=1. 


(a) S° x S? and S! * S° are homeomorphic to familiar spaces. What space 
are they? 

(b) Describe X + S° for a general space X. 

(Indiana) 

Solution. 

(a) S? x S? is homeomorphic to the unit circle St, and $1 * S° is homeo- 
morphic to the unit sphere $°. 

(b) Generally, X * S° is homeomorphic to the quotient space X x [0, 1]/~ 
obtained from the cylinder X x [0,1] by collapsing X x {0} and X x {1} to 
two points p and q respectively. 


2105 


(a) Define quotient map. 

(b) Show that if X is compact, Y is Hausdorff and f : X — Y is continuous 
and onto, then f is a closed map. 

(c) Show that if f satisfies the condition of (b) then f is a quotient map. 

(Indiana) 

Solution. 

(a) Let X be a topological space and ~ be an equivalence relation on X. 
Define by X/ ~ the space of equivalence classes under ~. By the quotient 
map 1: X — X/ ~ we mean the map which assigns to z € X the equivalence 
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class containing z. The quotient space X/ ~ may be topologized by defining 
a subset U C X/ ~ to be open if and only if 7-1(U) is open in X. Under 
this topology, r becomes a continuous map. More generally, if f : X — Y is 
a continuous map, there is naturally associated an equivalence relation on X 
such that zı ~ z2 if and only if f(z1) = f(z2). If Y is homeomorphic to X/ ~ 
under the map 7: X/ ~—Y and f =io7 then we call f a quotient map. 

(b) Let A be a closed subset of X. Since X is compact, A is compact too. 
It follows from the continuity of f that f(A) is a compact subset of Y. Since 
Y is Hausdorff, f(A) is closed in Y. Hence f is a closed map. 

(c) Let ~ be the equivalence relation on X associated to the map f. Denote 
by [x] the equivalence class containing z. Then we define a map i : X/ ~—> Y 
by i([z]) = f(x). Since f is onto, i is obviously a 1 — 1 map. By the result of 
(b), the quotient space X/ ~ is compact. Hence i is a continuous 1 — 1 map 
from the compact space X/ ~ to the Hausdorff space Y, and, therefore, is a 
homeomorphism. It is clear that f = ior. So f is a quotient map. 


2106 


Let f: X — Y be a continuous function from a space X to a Hausdorff 
space Y. Let C be a closed subspace of Y, and let U be an open neighborhood 
of f-1(C) in X. 

(a) Prove that if X is compact then there is an open neighborhood V of C 
in Y such that fV} CU. 

(b) Give a counterexample to show that if X is not compact, then there 
need not be such a neighborhood V. 

(Indiana) 
Solution. 

(a) Let W = X — U, then W is closed in X. Since X is compact, W 
is compact too. Since f is a continuous function, f(W) is a compact set of 
Y, and consequently is a closed set of Y because Y is a Hausdorff space. 
Let V = Y — f(W). Then V is an open neighborhood of C in Y. Since 
W c f-*(f(W)), we see that 


fV) =X -Ff¢(W)) CX -We= wv. 


(b) Let X = Rand Y = S!. f : X — Y is the continuous function defined 
by f(t) = e?" for t € R. Take C = {1} € S1. It is obvious that 


f (C) = {n |n ed}. 
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Let U = |J Un be the open neighborhood of f-1(C) in X, where 
nes 


1 1 
Un = GF +n, n+ z) 


Since ‘ 
lim |Un| = — = 0, 
n= n 


one can easily prove that there does not exist such a neighborhood V. 


2107 


Let X be a normal topological space and A C X a closed subspace. 

(a) Show that the quotient space Y obtained by collapsing A to a point is 
normal. 

(b) Does this result hold if normality is replaced with regularity? 

(Indiana) 
Solution. 

(a) Let r : X — Y be the identification map and yo € Y be the point 
which A collapses to. Let U and V be two nonempty closed sets in Y such 
that U NV = 0. Then 7~1(U) and 1-1(V) are two nonempty disjoint closed 
sets in X. If yo É U UV, then, by the normality of X, it is clear that there 
exist two disjoint open sets Wy and W2 in X containing m~1(U) and 171(V) 
respectively such that W;NA = @ for i equal to 1 and 2. Thus we see that 7(W}) 
and 1(W2) are two disjoint open sets in Y and contain U and V respectively. 
If yo € U (or V), we only need to take the sets W, and W3 without the 
restrictions that W; N A = 0. 

(b) Let X be a regular space which is not a normal space. It means that 
there exist two disjoint closed sets A and B in X such that they cannot be 
separated by disjoint open sets in X. Then the quotient space Y obtained by 
collapsing A to a point yo is not regular, because one can prove that the point 
yo and the closed set (B) in Y cannot be separated by disjoint open sets in 
Y. 


2108 


Let p: E — B be a covering map with E locally path connected and simply 
connected. Let X be a connected space, let f : X — B be a continuous map, 
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and fy, fo: X — E be two lifts of f. Prove that there is a deck transformation 
g : E — E such that fo = gfi. 

(Indiana) 
Solution. 

Take a point zo € X and let fi(zo) = eo € E. Then eo € p™+(bo), where 
bo = p(eo). Let f2(z0) = e1. Since pfı = pfz2 = f, we see that e1 € p-4(bo). 
By the assumptions p : E — B is the universal covering map. Thus there exists 
a deck transformation g such that g(eo) = e1. Therefore, gfi(zo) = f2(xo). 
Let 


A= {x EX | gfi(z) = fo(x)}. 


It is obvious that A is not empty. 
It is not difficult to prove that A is both-open-and-closed in X. Thus, by 
the connectedness of X, we see that A = X, which means fp = gfi: X =~ E. 


2109 


Let p: X — X be an n-sheeted covering projection, n < oo. Suppose that 

X is compact. Prove that X is compact. 
(Indiana) 

Solution. 

Suppose that U = {U}, à € A} is an open covering of X. For any point 
z € X, let p(x) = {%1,---,Z,}. Let W(x) be an elementary neighborhood, 
i.e., W(x) is an path-connected open neighborhood of z such that each path 
component of p~!(W(z)) is mapped topologically onto W(x) by p. Let 


p*(W(2)) = LU Wi(z) 


t=1 


where W,(z) is a path component of p~!(W(z)) such that ; € W;(x). Choose 
a U; € U such that z; € Uj. Let V;(x) be the path component of W; (z) N U; 
containing £;. It is obvious ga each V;(x) is open and V;(xz) N V; (2) = @ for 


i # j. Since pis an open map, A pV; (z)) is an open neighborhood of z in X. 
Choose another elementary iieighbaehiogdl V(x) of z such that 


V(z) c [| plz). 


i=l 
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Let 


p(V(2))= (2), 


t=1 
where V; (z) is the path component of p-1(V(z)) for any i. Then it is easy to see 
that V(x) c Vi(x) C U; for i= 1,---,n. It follows that p-1(V(z)) C U UG. 
i=1 


That is, we have proved that for any point z € X there exists an elementary 
neighborhood V(x) of z such that p~1(V(a)) can be covered by a finite number 
of sets in U. Since X is compact, X can be covered by a finite number of V (z;), 
i= 1,---,m, and consequently X can be covered by a finite subcover of U. 


2110 


Let T and U be two different topology on X such that X is compact and 
Hausdorff with respect to both. Prove that T ¢ U. (Recall that T C U means 
that every set in the topology T is contained in U.) 

(Indiana) 
Solution. 

We use the reduction to absurdity. Suppose that T C U. Let (X,T) and 
(X,U) denote the topological spaces of X with respect to T and U respectively. 
h : (X,U) — (X,T) is the identity map of X. Then h is a 1 — 1 map from 
the compact space (X,U) to the Hausdorff space (X, 7). We claim that h is a 
continuous map. For any point zo € X. Let U be any open neighborhood of 
zo in (X,T). Since T C U, U is also an open neighborhood of xo in (X,U). 
It is obvious that h(zo) = zo and h(U) = U. Hence h is continuous at zo. 
Thus h is a homeomorphism from (X,U) to (X,T), which means U = T. This 
contradicts the assumption. 


2111 


Let X be a topological space and let A C X. Show that if C is a connected 
subset of X that intersects both A and X — A, then C intersects BdA. (Recall 
that BdA = AN(X — A).) 

(Indiana) 
Solution. 

We use the reductio ad absurdum. Suppose that CM BdA = @. Take 

U =CnA and V = Cn(X — A). Since CNACU and CN(X - A) CY, 
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from the assumption, we see that both U and V are nonempty subset of C. 
It is clear that C = U UV and both U and V are closed subsets of C, and 
consequently, that both U and V are open sets of C. But 


, 


UAV =CNAN(X — A) =CNBdA = 9, 
which is a contradiction to the connectedness of C. 
2112 


Let (X,d) be a metric space. For any subspace A C X and real number 
€ > 0, let 


0.(A) 
C.(A) 


{x € A: d(a,a) < e for some a € A}, 
{x € A: d(a,a) < « for some a € A}. 


il 


(a) Prove that O,(A) is an open subspace of X. 

(b) If A is compact, show that C. (A) is closed in X. Must C,(A) be closed 
for a general subspace A of X? 

(Indiana) 

Solution. 

(a) Let zo be any point of O. (A). By the definition of O,(A), there exists 
a point a € A such that d(z0,a) < €, i.e., 6 = € — d(£0,a) > 0. Then, for any 
z € Os/4(Zo), 


ô 
d(z,a) < d(x, £o) + d(zo,a) < a (e -—8) <e, 


which means that Os/4(£0) C O,(A). Thus O,(A) is an open subspace of X. 

(b) Let zo be any cluster point of C,(A). Then there exists a sequence 
{zn} in C,(A) such that £n # zo for any n and £n — zo as n — oo. By the 
definition of C,(A), for each x, there exists an a, € A such that d(£n, an) < €. 
Since A is compact, without loss of generality, we may assume that a, — a for 
some a € A. Thus we have 


d(zo,a) = lim d(£n,@n) < €, 


which means x € C,(A). So C,(A) is closed in X. If A is not compact, we 
give a counterexample as follows. Take X = [0,2] C R and A = (0,1). Then 
C1(A) = [0, È) is not closed in X. 


91 


2113 


Suppose that X is a dense subspace of a topological space Y. Prove or give 
counterexamples to the following assertions: 

(a) If X is Hausdorff, then Y is Hausdorff. 

(b) If X is connected, then Y is connected. 

(Indiana) 

Solution. 

a) This assertion is not correct. We give a counterexample as follows. Let 
Y = {a,b,c}. The topology on Y is determined by the family of open sets 


T= {{a, b, c}, {a, c}, {b,c}, {c}, 0}. 


Since any neighborhood of the point a always contains the point c, Y is not a 
Hausdorff space. But it is easy to see that the subspace {c} is dense in Y and 
is Hausdorff. 

b) This assertion is true. We give a proof to it as follows. If Y were not 
connected, then there would exist a nonempty proper subset U of Y which 
is both-open-and-closed in Y. Let A = X MU. Since X is dense in Y and 
U is open in Y, A would be a nonempty open set of X. On the other hand, 
X —A=XN(Y — U) would be an open set of X, because Y — U is open in 
Y. Thus A would be a nonempty subset of X, which is both-open-and-closed 
in X. Since X is dense in Y and Y — U is open in Y, X — A is nonempty. It 
means A + X. This contracts the connectedness of X. 


2114 


Let X and Y be topological spaces, X = U U V, and f: X > Y bea 
function so that fly and f|y are continuous. 

a) If U and V are open in X, show that f is continuous. 

b) Give an example where U and V are not open in X and f is not con- 
tinuous. 

(Indiana) 

Solution. 

a) Let N be an open set of Y. Since f|y and fy are continuous, f~|y(N) 
and f—1|;-(N) are open in, respectively, U and V. But U and V are open in 
X, therefore, f~*|y(N) and f—*|y(N) are also open in X. Thus 


F(N) = FuN) UF |v (N) 
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is open in X, and consequently, f is continuous. 


b) Let X = [0,2], U = [0,1) and V = [1,2]. f : X — R is defined by 
_jf2x «eu, 
a=; zEV. 


Then f|y and fly are continuous, but f is not continuous. 


2115 


Let q : X — Y be a quotient space projection from a topological space X 
to a connected topological space Y. Assume that q~1(y) is connected for each 
yEY. 

a) Show that X is connected. 

b) Is X necessarily connected if the map q is not assumed to be a quotient 
mapping? Justify your assertion. 

(Columbia) 
Solution. 

a) Suppose that X is not connected. Thus, there exist two disjoint non- 
empty open subsets of X, U and V such that X = UUV. Then q(U)Nq(V) = 0. 
For otherwise, let y € g((U) Mq(V). Therefore, 


qilu) = (a (y) NU) U(q7*(y) NV), 


and it is obvious that g~1(y) NU and q-*(y) N V are both nonempty open 
subsets of g~*(y), which contradicts the connectedness of q~*(y). Since q is 
a quotient mapping, V = g7+(q(V)) and U = q71(q(U)), q(U) and q(V) are 
disjoint nonempty open subsets such that Y = q(U) U¢q(V), which contradicts 
the connectedness of Y. Thus X must be connected. 

b) The following example shows that the assumption that q is a quotient 
mapping is necessary for X to be connected. Let X = U UV, where 


U = {(z,0) E€ R?|0<z <1} 
and 
V={(1,y)€ R |1<y<2}. 


The topology of X is induced from the topology of R?. Let Y = [0,1], the unit 
interval of R, and q : X — Y be the map defined by q(z,0) = z for (2,0) € U 
and g(1,y) = 1 for (1,y) E€ V. Then q is continuous but is not a quotient 
mapping. For each y € Y, q~(y) is connected. But X is not connected. 
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2116 


Let X and Y be topological spaces, with Y compact. Let p: X x Y + X 

be the usual projection onto the first factor. Show that p is a closed map. 
(Cincinnati) 
Solution. 

Let U C X xY be a closed subset and xo € X —p(U). Then, for any y EY, 
(to,y) ¢ U. Since U is closed, there exist an open set Wz, (y) of X and open set 
Vy(zo) of Y such that (zo, y) € Wz, (y) x Vy (£0) and (Wz, (y) x Vy(£0)) NU = 0. 
Since Y is compact, there must exist a finite number of V}, (zo), -+ , Vy, (£0) 
such that a 

Y = |] Vy: (z0). 
i=1 


Let 
W(zo) = N Wro (y:). 


i=l 
Then W (zo) is an open neighborhood of zo in X. Since (W (zo) x Y) NU = 9, 
we see that W (zo) N p(U) = Q, i.e., W(z0) C X — p(U). Thus X — p(U) is an 
open set of X, and consequently, p(U) is closed in X, which means that p is a 
closed map. 


2117 


Let Y be a connected subset of the topological space, and let Z be a set 
such that Y is a subset of Z and Z is a subset of the closure of Y. Prove that 
Z is connected. 

(Minnesota) 
Solution. 

According to the assumptions, we have Y C Z CY. Let f : Z — S° be any 
continuous map, where S? = {—1, 1} is the 0-dimensional sphere with discrete 
topology. Since Y is connected, without loss of generality, we may assume that 
F(Y) = {1}, i.e., Y C f7*(1). Taking closures of these two sets with respect to 
Z and noting that f—1(1) is a closed subset of Z, we get (Y)z C f-1(1). But 
as well-known, (Y)z = Y N Z = Z. Thus we have Z C f~1(1), and it follows 
that f is not surjective. It means that there does not exist any continuous 
surjective map from Z to S° and therefore Z is connected. 
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2118 


Let A be a connected subspace of a connected set X. If C is a component 
of X\A, show that X\C is connected. 

( Cincinnati) 
Solution. 

We first prove that if X is a connected space, U is a connected subset of X, 
and if V is a both-open-and-closed subset with respect to X\U, then U UV is 
connected. Suppose that U UV is not connected. Then let U UV = W, U W3 
where Wj and W3 are two disjoint nonempty both-open-and-closed subsets of 
UUV. Since U is connected, without loss of generality, we may assume that 
U C W2. Thus W, is a both-open-and-closed subset of V, and, consequently, 
a both-open-and-closed subset of X\U. Hence W, is a nonempty both-open- 
and-closed subset of (U UV)U(X\U) = X, which contradicts the assumption 
that X is connected. So the above statement is proved. 

Now suppose that X\C is not connected. Let X\C = U UV where U 
and V are two disjoint nonempty both-open-and-closed subsets of X\C. Since 
A C X\C and A is connected, we may assume that A C V. By the above 
fact, C UU is connected because C is connected. Since CUU C X\A and 
COU = 0, we see that CUU is a connected subset of X\A containing C, which 
contradicts that C is a component of X\A. Hence X\C must be connected. 
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1) A metric space X has property S if for every £ > 0 there is a cover of 
X by connected sets each of which has diameter < e€. 

a) Prove a metric space X has property S if X has a dense subset with 
property S. 

b) Suppose X is a subset of a metric space. Suppose the closure of X has 
property S. Must X have property S? 

(Cincinnati) 

Solution. 

a) Suppose that X has a dense subset A which has property S. Then, 
for any £ > 0, there is a cover {Va,& € T} of A by connected sets such that 


each Vą has diameter < ¢€/2. Since each Va is connected, Va is also connected 
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and obviously has diameter < €. Since A = X and A = U Va, we see that 
aer 
{Va,a ET} is a cover of X by connected sets each of which has diameter < €. 
Thus X has property S. 
b) We give a counterexample as follows. Let R denote the euclidean real 
line, X be the set of all rational numbers. Then X = R has property S, but it 
is easy to see that X does not have property S. 


2120 


Let X be the topologist’s sine curve defined by 


X = {(z,sinz/z)|0<z<1}U{(0,9)|-1 <y <2} 
U{(2, 2) 10 <z <1}U{(1,y), 0 <y <2} C R. 


(i) Sketch X. 
(ii) Let f : X — X be continuous. 
Show that either f(X) = X or else there exists 6 > 0 such that 


MX) {(ay) |0< -5 sys). 


( Toronto) 
Solution. 
(i) X is shown in the Figure below. 


Y 
02) 
(0,19 

0 Lo” 
CLO 
Fig.2.1 
(ii) Let 
A= f(X)AN{(z,sin7/z)|0 <z <1} 
and 


6 = inf{z | (z, sin m/z) € A}. 
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If 6 = 0, we claim that f(X) = X. To prove it, we first note that since X is 
path connected, f(X) is also path connected. Hence in this case there exists 
a ĝo, 0 < 69 < 1, such that 


{(e,sin 1/2) |0 < z < ô} C f(X). 
Therefore it is easy to prove that the set 
{((0,y)| -1 <y <1} c F(X). 


Once again, using the fact that f(X) is path connected, we see that f(X) = X. 
If 6 > 0, then it is obvious that 


A(X) Ae) 0< 2 <6,-3 <y SS} =O. 
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Let T = S! x S! denote the torus. 

(i) Show that T can be covered by 3 contractible open subsets. 

(ii) Show that T cannot be covered by 2 contractible open subsets. 

( Toronto) 

Solution. 

(i) It is well-known that the torus T can be identified to the quotient space 
of a square X obtained by identifying opposite sides of the square X according 
to the directions indicated by the arrows as shown in the Figure below. 


Fig.2.2 


Thus let U1 = X — {a U b}, U2 = X — I and U3 = X —II. (See the Figure 
above.) Then U1, U2 and U3 are contractible open subsets and T = U;UU2UU3. 
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(ii) Suppose that T could be covered by 2 contractible open subsets. From 
the Van Kampen theorem it would follows that the fundamental group 71(T) = 
0. It contradicts the known fact that m(T) ~Z @Z. 


2122 


Let U = {Ua}aez be an open cover of the space X. 

a) Give the definition for “U is locally finite”. 

b) If U is locally finite show that, for any subset K C J, L) Ug is closed. 
BEK 


( Toronto) 
Solution. 
a) By definition, U is said to be locally finite, if each point p € X has a 
neighborhood which intersects only a finite number of Ua. 
b) For any point p ¢ [J Us, since U is locally finite, there is an open 
PEK 


neighborhood W of p which intersects only a finite number of sets in U, partic- 
ularly, only a finite number of Ug for € K, say, Ug,,---,Ug,. Since p ¢ Ug, 
for each (;, there is an open neighborhood V; of p such that V; NU,, = 0. 
Then let V = WOViN---NV,. It is clear that V is an open neighborhood of 


psuch that VA( U Us) =0. Hence U Ug is closed. 
Bek BEK 
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Let S be a set and let F be a family of real valued functions on § such 
that f(s1) = f(s2) for all f € F implies sı = s2. Prove that there exists 
a weakest topology in S amongst all those for which all members of F are 
continuous. Show further that the resulting topological space satisfies the 
Hausdorff separation axiom. 

(Harvard) 
Solution. 
Let 


U = {f7 ((a,b)) | (a,b) is any open interval of R and f € F}. 


Then there exists a unique topology T on the set S of which U is the topology 
subbase. It is easy to see that T is the weakest topology on S amongst all 
those for which all members of F are continuous. Suppose that sı and s2 are 
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two distinct points of S. By the assumption there exists at least an f € F 
such that f(s1) # f(s2). Hence we may take two open intervals (a1, b1) and 
(az, 62) such that f(s;) E€ (ai, bi) for i = 1,2 and (a1, b1) N (a2, b2) = 0. Then 
U; = f-*((a1, 61)) and Uz = f~1((a2,b2)) are two disjoint open sets of (S,T) 
such that s; € U; for i= 1,2. So (S, T) is Hausdorff. 
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SECTION 2 
HOMOTOPY THEORY 


2201 


a) Give generators and relations for the fundamental groups of the torus 
and of the oriented surface of genus 2. 

b) Compute the fundamental group of the figure 8 and draw a piece of its 
universal covering space. 


(Harvard) 
Solution. 


a) 


Fig.2.3 


As is well-known, we can present the torus T as the space obtained by 
identifying the opposite sides of a square, as shown in Fig.2.3 (b). Under the 
identification the sides a and b each become circles which intersect in the point 
zo. Let y be the center point of the square, and let U = T — {y}. Let V 
be the image of the interior of the square under the identification. Since V is 
simply connected, by the Van Kampen theorem, we conclude that 71(T, 21) 
is isomorphic to ™1(U, 21) modulo the smallest normal subgroup of 71(U, z1) 
containing the image ¢.(m1(UNV, x1)), where ¢, is the homomorphism induced 
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by the inclusion map ¢: UNV — U. It is easily seen that aUb is a deformation 
retract of U. Hence 71(U, zo) is a free group on two generators a and 3, where 
a and 8 are presented by circles a and b, respectively. It is also clear that 
m1(U,21) is a free group on two generators a’ = 6-1a6 and (’ = 671£6, 
where 6 is the equivalence class of a path d from xp to zı. (See Fig.2.3 (b).) 
On the other hand, it is easy to see that mı(U N V,21) is an infinite cyclic 
group generated by y, the equivalence class of a closed path c which circles 
around the point y once, and, consequently, that ¢,(7) = a'B’a’—16’-1. The 
smallest normal subgroup of 71(U, x1) containing ¢,(71(U N V, 21)) is just the 
commutator subgroup of 7(U,21). Thus 7(T,21) is a free abelian group on 
two generators a’ and p’. Changing to the base point xo, we see that 11(T, zo) 
is a free abelian group on two generators a and p, which are presented by 
circles a and b, respectively. 

In a similar way, we can see that the fundamental group of the oriented sur- 
face of genus 2 is a free group on four generators a1, 81, @2, 82 with the single re- 
lation [a1, Ai][a2, 82], where a1, 61, a2, 82 are presented by circles a1, b1, a2, be, 
respectively, and [a;, Bj} denotes the commutor a;ßia7 1G; *. (See Fig.2.3 (a).) 

b) 


a 
To 
Fig.2.4 
Let X denote the figure 8 space, as shown in Fig.2.4. Let U = X — {q}, V = 
X — {p}. By the Van Kampen theorem we can prove that mı(X, zo) is a free 
group on two generators œ, 8, where œ,ß are presented by circles a and b, 


respectively. 
The following picture is a piece of its universal covering space. 


Eos 


Fig.2.5 


Under the covering map 7, each level segment is mapped on the circle a 
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according to the direction indicated by the arrow, and each vertical segment 
is mapped on the circle b according to the direction indicated by the double 
arrows. 


2202 


Let A be a connected, closed subspace of a compact Hausdorff space X, 
and suppose f : A — A is a continuous map. For each positive integer n let 
f"(A) = fofo- o f(A). 

n times 
(i) Show that B = ‘fy f(A) is connected. 


ii) Suppose y : S! = x- B is a nullhomotopic map. Show that there exists 
a positive integer n such that y(S1) C X — f” (A) and such that the induced 
map y' : S! + X — f” (A) (y'(s) = y(s) for s € S*) is also nullhomotopic. 
(Indiana) 
Solution. 
i) Since X is compact and A is closed, A is also compact. Thus it is easy 
to see that f” (A) is compact, closed and connected. Noting that prri(A) C 


f"(A) C A for any n, and that A is compact, we see that B = À f"(A) 


is a nonempty closed subset of A. Suppose that B is not REET EED Then 
B = U UV, where U and V are disjoint nonempty closed subsets of B. It is 
obvious that U and V are also closed subsets of A. Since A is obviously compact 
and Hausdorff, A is a normal space. Therefore, there exist disjoint open subsets 
of A, Wi and W2 such that U C Wi and V C We. Thus it follows that 
B CW, UW, = W, which is an open subset of A. We claim that there exists 
a positive integer N such that f(A} C W. For, otherwise, there would be a 
squence in A, {£n}, such that zn E€ f"(A) but 2, ¢ W for every n. It means 
that 2, E A—W for every n. Since A — W is closed in A and, consequently, is 
a compact subset, there exists at least a limit point xo of the sequence {£n}. 
Noting that f"(A) is compact for every n and f"*'(A) C f"(A), we can see 
that ro € B C W, which is a contradiction. Thus f(A) C W, and therefore, 


fN(A) = (F7 (4) Wi) U (F7 (A) n W2), 


which contradicts the fact that f(A) is connected. 
ii) Let F : S! x I + X — B be a homotopy between y and the constant 
map. Since F(S1 x I) is compact and X — B is open, F(S* x I) is also closed in 
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X. Since X is normal, there exists open sets U and V such that F(St x I) CU 
and B C V. From the proof for i), it follows that there exists a positive N 
such that f%(A) C V. Therefore, 


F(S'x I)CUCX — f*(A). 


Particularly, 7(S1) C X — f(A). The remainder of ii) is obvious. 


2203 


Let RP” be the real projective n-space and T™ be the m-torus S! x--+x St 
(m factors). Prove that any continuous map RP” — T™ is null-homotopic. 
(Indiana) 
Solution. 
It is well-known that R™ is a universal covering space of T™. Let P : 
R™ — T™ be the universal covering map. It is also well-known that 


m(T™") SZO- 7 (m times) 


and that mı( RP”) % Z2. Therefore, for any continuous map f : RP” — T™, 
the induced homomorphism f, : mı( RP”) — m,ı(T™) is trivial. Thus there 
exists a lifting of f, say f, such that pf = f. Let po be a fixed point of R”. 
Define H : RP” x I — R™ by 


H(z,t)=(1- t) f(x) + tpo. 
Then H is a homotopy between f and the constant map po. So f is null- 


homotopic and consequently f is also null-homotopic. 


2204 


Let X be the quotient space obtained by collapsing {pt.} x 81 C S! x S! 
to a point 
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Compute 71(X) and H,(X). 
(Columbia) 


Solution. 


Fig.2.6 


X may be identified with the space shown in Fig.2.6, which is obtained by 
identifying the sides of a 2-gon. Let y be the center of the 2-gon, U = X — {y}, 
and V be the interior of the 2-gon. Then, U and V are open subsets, U, 
V, and UNV are path connected, and V is simply connected. Thus, by 
the Van Kampen theorem, 71(X,21) is isomorphic to the quotient group of 
m1(U,21) modulo the smallest normal subgroup of 71(U,21) containing the 
image ¢.(71(U OV, 21)), where ¢, is the homomorphism induced by the inclu- 
sion map ¢: UNV — VU. It is easy to see that a is a deformation ratract of U. 
Therefore, 7,(U,x,) is an infinite cyclic group on the generator 6~1a6, where 
6 is the equivalence class of a path d connecting zp and xı. (See Fig.2.6) It 
is also clear that 1,(U NV, 21) is an infinite cyclic group on the generator y, 
where y is the equivalence class of a closed path c which goes once round the 
point y. It is easy to see that ¢.(7) = 1,,(u,72,)- Therefore we conclude that 
11(X) =Z. 

To compute H,(X), we may apply the Mayer-Vietoris sequence to the pair 
(U,V). The conclusion is that H;(X) is an infinite cyclic group for 2 equal to 
0,1, 2 and is zero otherwise. 


2205 


(i) Suppose n > 2. Does there exist a continuous map f : S” — S! which 
is not homotopic to a constant? 
(ii) Suppose n > 2. Does there exist a continuous map f : RP” — S! 
which is not homotopic to a constant? 
(iii) Let T = S? x St be the torus. Does there exist a continuous map 
f :T — S! which is not homotopic to a constant? 
( Toronto) 
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Solution. 

(i) Let m : R — S! be the universal covering map defined by x(t) = e?*, 
and f : S” — §1 be a continuous map. Since 71(S") = 0 for n > 2, we see that 
there is a lifting of f, f: S” — R such that af = f. Since R is contractible, 
f must be homotopic to a constant map Č: S = R, hence f is homotopic to 
to = C, which is also a constant map from $” to St, i.e., there does not 
exist any continuous map f : S” — $1 which is not homotopic to a constant 
map. 

(ii) Since mı(RP”) = Z2, any continuous map f : RP” — S! induces 
a trivial homomorphism fs : m(RP”) — m1(S"), and, consequently, has a 
lifting f: RP” — R such that 70 f = f. By the same argument as in (i), f 
must be homotopic to a constant. 

(iii) Denote T = $1 x S! by T = (e771, e272), < ty, t2 < 1. Define 
f:T — S! by 

f(e? Atta) = emt E€ Ss). 


It is easy to see that the induced homomorphism f, : Hı(T) + Hi(S') maps 
one generator of Hı(T) to the generator of Hi(S1), and another generator 
to zero. Hence f, is not trivial, which means that f is not homotopic to a 
constant. 
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A continuous map of topological spaces: p : E — B is called a fibration if it 
has the homotopy lifting property — that is, for any pair of continuous maps 
I—G:XxI— Bandh: X x {0} — E such that ph = G|x x {0} there exists 
a continuous map H : X x I — E such that H|xx{0} = h and pH = G. Let 
p: E > B bea fibration, bọ € B be a base point, F = p~*(bo) (the “fiber”), 
and eo E F. Let i: F — E denote the inclusion map. 

(i) If F is path connected, prove that py : 71(£,e9) —> 11(B, bo) is surjec- 
tive. 

(ii) Prove that in general the 3-term sequence 


mF, €0) = mE, eo) z= 11(B, bo) 


in which the homomorphisms are t and py, respectively, is exact. 
(Indiana) 
Solution. 
(i) Let a = [f] € 7ı(B, bo), where f : I — B is a closed path at bo 
which represents a. Let G : I x I — B be a continuous map defined by 
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G(t,s) = f(st) for (s,t) € I x I, and h : I x {0} — E be the constant map 
such that h(t,0) = eo. It is obvious that ph = Gly, 10}. Therefore there 
exists a continuous map H : I x I — E such that H|rx{o} = h and pH = G. 
Particularly we have pH(t,1) = f(t). Let C : I — E be a path in E defined 
by e(t) = H(t,1). Then pe = f. Let c(0) = e, and c(1) = eg. It is clear that 
eı and ez belong to F. Since F is path-connected, we may choose two paths 
gi and g2 in F such that gi(0) = e2, gi(1) = e1, g2(0) = e1 and g2(1) = e1. 
Thus f = g2*c*gi * i is a closed path at e1, where re is the inverse path 
of g2. Noting that pg1, pg2 and pga are all constant path at bo, we have 


palf] = [Pf] = [p92] - [pe] - [pos] - [p92 *) = [pc] = [f] =, 


which means that py is surjective. 

(ii) Let a = [f] € m1(F,e0). It is obvious that py -iz(a) = [pf] = [bo], 
where bo is the constant path at b9. Hence imy C kerpy. On the other hand, 
suppose that & = [f € ker p. Then there exists a homotopy G : I x I — B 
between pf and the constant path bo such that G(t, 0) = (pf)(t), G(t,0) = bo, 
and G(0, s) = G(1, s) = bo for any s. By the homotopy lifting property, there 
exists a continuous map H : I x I — E such that PH = G and H(t, 0) = f(t). 
Let cı = H|toyx1, c2 = H|rx{1} and c3 = H|ta}x7- Then ci, cz and cg are 
paths in F and c1(0) = eo, c1(1) = c2(0), c2(1) = c3 (0) and c3 (1) = €0. 
Hence c = cy X c2 X ce is a closed path in F with base point eg. It is easy to 
see that f is homotopic to C. (See Fig.2.7.) Therefore, & = [Ñ = [e] = i [c]. 
i.e., ker py C imiy. Hence the sequence mentioned above is exact. 


2207 


Is the canonical map q : S* — RP? (which identifies antipodal points of 
S?) nullhomotopic? Why or why not? 
(Indiana) 
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Solution. 

It is well-known that q is also the universal covering map from $? to RP?. 
Suppose that q is nullhomotopic. Then q is homotopic to a constant map 
c: S? — RP?, and therefore q has a lifting ¢ : S? — S? which is also homotopic 
to the lifting of c, a constant map ¢ : 8? — $?. But it is obvious that ¢ is 
the identity map or the antipodal map from S? to S?. Hence degg = +1. On 
the other hand, we have degg = deg č = 0. This is a contradiction. Thus we 
conclude that g is not nullhomotopic. 
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Let p: E — B be an universal cover with E and B path-connected and 
locally path-connected. Let T : B — B be a map so that T” = Id and so that 
T(b) = b for some b € B. (Here T” = ToT o---oT, n times.) Show that there 
is a map T: E — E so that po T = T o p and T" = Id. 
(Indiana) 
Solution. 
Choose e9 € p~*(b) and consider the map Top: E — B. We have 
T o p(eo) = T(b) = b. Since m,(ẸE) is trivial, there is a lifting of T o p, T.: 
(E,e9) > (E, eo) such that po T =T op. Since 


per. (peT)oT = Fel) =i Top 


and 7 

T" (eo) = T"~(T(e0)) = T" (e0) = +++ = T(eo) = eo, 
we see that T” is a lifting of T” o p at the base point eg. On the other hand, 
since T” = Id, it follows that identity map Id: (E, eọ) — (E, eo) is obviously 
a lifting of T’p at the base point e9. Therefore, by the uniqueness of lifting, 
we conclude that T” = Id. 
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Let T? = S! x $1, and let X C T? be the subset St x {1} U{1} x S1. Prove 
that there is no retraction of T? to X. 
(Indiana) 
Solution. 
We use the reduction to absurdity. Suppose that there is a retraction of T? 
to X, denoted by r. Let i: X — T? be the inclusion map. Then roi: X > X is 
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the identity map. Hence r,o7, : 71(X) — 11(X) is the identity homomorphism. 
It is well-known that 7;(T?) is abelian and that 7(X) is an non-abelian free 
group on two generators denoted by a and b. Hence we have ab Æ ba and 
i, (a)ix(b) = i. (b)i«(@). Therefore we have 


ab = r,1,(ab) = Ta (i, (a)t.(b)) = re (tx (b)t.(@)) = rats (b)74%.(@) = ba, 


which is a contradiction. 
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Let A C R? be the union of the z and y-axis, 
A= {(2, y, z) | (y? + z7)(x? + z’) = 0}, 


and let p = (0,0, 1). 

a) Compute H(R? — A). 

b) Prove that 1(R* — A, p) is not abelian. 

(Indiana) 
Solution. 

Let X = {(z,y,z) | z? +2? = 1} be a circular cylindrical surface. pı and 
p2 denote the points (1,0,0) and (—1, 0,0) respectively. Then it is easy to see 
that X — {p1, p2) is a deformations retract of R? — A. It is also clear that 
X — {p,, p2) is homotopically equivalent to the space Y as shown in Fig.2.8. 


d ce 
R*-4~Y=p 
a b 
Fig.2.8 


a) Y has a structure of a graph with 4 vertices and 6 edges. The Euler 
Characteristic K(Y) = 4 — 6 = —2. Hence the rank of Hı(Y) is equal to 
1 — (—2) = 3. Therefore we conclude that Hi(R*— A) x Hi(Y) xZ eZ eZ. 

b) Let e be a point on the arc ab different from a and b. Take U = Y — {c} 
and V = Y — {e}. Then we have Y = U UV. It is easy to see that U has the 
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same homotopy type as S1 and that V has the same homotopy type as the 
“eight figure space”. Since UNV is contractible, by the Van Kampen theorem 
we see that 1,(Y) is a free group generated by 71(U) and 7,(V). Therefore we 
conclude that mı(R? — A, p) + 71(Y) is a free group on three generators and, 
consequently, that 71(R* — A, p) is not abelian. 
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Let p: (Y,9) — (Y,y) be a regular covering space; that is, pa(1(¥,9)) 
is a normal subgroup of 71(Y,y). Suppose that f : X — Y is a continuous 
function from the path-connected space X to Y with f(zo) = f(z1) = y, and 
that there is a lifting of f, fo : (X, zo) > (Y,9). Show that there is a second 
lifting, fi: (X,21) > (Y,9). (fi need not be distinct from fo.) 

(Indiana) 
Solution. 
Let fo(a1) = F. Since 


PW) = pfolt1) = f(21) =y, F €p*(y)- 


Since p is a regular covering space, there is a deck transformation y such that 
¥(y’) = y. Then let 
fi =yo fo :X >Ý. 
Therefore 
fils) = (fol) = 17) = 7. 


Hence fi is the lifting of f we want. 


2212 


Let X be the identification space obtained from a unit 2-disk by identifying 
points on its boundary if the arc distance between them on the boundary circle 
is 2, Compute the fundamental group of X. 


(Indiana) 
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Solution. 


Take a point y in the open disk. (See Fig.2.9.) Let U = X — {y} and let 
V be the open disk. Then both U and V are path connected subsets of X 
and X =U UV. Since V is simply connected, by the Van Kampen theorem, 
%1(X) is isomorphic to the quotient group of 71(U) with respect to the least 
normal subgroup containing ¢,(71(U N V)), where ¢: (UNV) > mm(U) is 
the homomorphism induced by the inclusion ¢: UNV — U. Take a point 
zı € UNV as the base point. (See Fig.2.9.) It is clear that m1(U NV, zı) is 
an infinite cyclic group generated by yo the closed path class of a closed path 
c which circles around the point y once. Since the circle a is a deformation 
retract of U, it is clear that 7,(U, zo) is an infinite cyclic group generated by 
a’ the closed path class of a. Therefore 71(U, 21) is an infinite cyclic group on 
la'y, where y is the path class of a path d from zo to 2. 
It is also clear that ¢.(y.) = 3a. Hence the least normal subgroup containing 
¢4(%1(U N V)) is isomorphic to 32. It follows that m1(X) + Z/3% = £3. 


generator @ = y7 
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Sketch a proof of the Fundamental Theorem of Algebra (every nonconstant 
polynomial with complex coefficients has a complex zero) using techniques of 
algebraic topology. 

(Indiana) 
Solution. 

Let Ç denote the complex plane and f(z) be a polynomial of positive degree 
with complex coefficients. We may consider f to be a continuous nonconstant 
map f :C —@. Note that |f(z)| — oo as |z| — œœ; hence, we may extend f 
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to a map of the one-point compactification of Œ 
FPS 


by setting f(oo) = œ, where oo denotes the north pole. Then we may first 
prove that if f(z) = z*, k > 0, then the degree of the extension f : S? — S? is 
equal to k. Furthermore, we may prove that if f is any polynomial of degree 
k > 0 then the degree of the extension f : S? — S? is still equal to k. Noting 
the fact that if a continuous map f : S? > S? is not surjective then the degree 
of f is zero, we may prove the Fundamental Theorem of Algebra by means of 
the reduction to absurdity. 
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Let X denote the subspace of R? that is the union of the unit sphere S?, 
the unit disk D? in the z-y plane, and the portion, call it A, of the z axis lying 
within $?. 

(a) Compute the fundamental group of X. 

(b) Compute the integral homology groups of X. 

(Indiana) 
Solution. 


(a) 


p 
P Ss? y 
ee = = 
KD 
gq 


Fig.2.10 


It is clear that X has the homotopy type of the one point union X1 V X2 
where Xı and X2 are each homeomorphic to the union of the unit sphere 
and the portion of the z axis lying within S?. (See Fig.2.10.) To compute 
mı(Xı V X2), we take U = X1 V Xo — {p} and V = Xi VX: — {a}. Then 
we have U UV = X1 V X2. Since UNV is contractible, by the Van Kampen, 
mı(Xı V X2) is a free product of the groups mı(U) and mı(V) with respect to 
the homomorphisms induced by the inclusion maps. It is obvious that 


mı(U) 7% m(V) ww] m™1(X1) Z m1(X2) Z m1(S*). 
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Therefore, 7,(X) is a free product generated by two generators. We can take 
as generators the closed path classes which are determined by the closed paths 
omp and omg respectively. (See Fig.2.10.) 

(b) Applying the Mayer-Vietoris sequence to the pair (U, V), we see that 


H;(X) x% H;(U) ®@ H;(V) x% H;(X1) p H;(X2). 


Noting that H;(X1) % H:(X2) which are infinite cyclic for i equal to 0, 1,2 and 
are zero otherwise, we conclude that 


204, i=1,2, 
H:(X)= 4 Z, i=0, 
0, otherwise. 
2215 


Let X be a path-connected space, f : X — Y a continuous function, and 
£zo,£1ı E X. Suppose that the induced homomorphism 


fa : ™1(X, z0) > T1 (Y, f(z0)) 


is surjective. Show that 


fa: 11(X, 21) > r(Y, f(z1)) 


is also surjective. 
(Indiana) 
Solution. 

Since X is path-connected, there exists a path C : [0,1] — X such that 
c(0) = zo and c(1) = 21. Then ¢ = f oc is a path connecting f(zo) and f(z1) 
in Y. For any [a] € r(Y, f(z1)), where a is a closed path at f(x1), Cac} is a 
closed path at f(zo). By the assumption, there is a closed path h at zo such 
that f,([h]) = [ča]. It means that f oh and ¢aé~* are homotopic. Thus 
f o (othe) and a are homotopic, and, consequently, f,({e~he]) = [a]. Hence 


fat ™1(X, 21) > 1(Y, f(21)) 


is surjective. 
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Let B denote the “figure eight space”. Let p: X — B and q : Y — B be 
2-fold covering maps, where both X and Y are connected. Prove that X and 
Y are homotopy equivalent, but not necessarily homeomorphic. 

(Indiana) 
Solution. 


Fig.2.11 


For any 2-fold covering map p : X — B, let p™t(zo) = {e0,e1}. (See 
Fig.2.11.) Since the automorphism group A(X, p) % Zz and X is connected, it 
is not difficult to see, by considering the liftings of the circles a and b in X, that, 
in substance, X has only two different types as shown in Fig.2.11. Then it is 
easy to see that they are homotopy equivalent to an 3-leaved rose G3. But the 
spaces X and Y shown in Fig.2.11 are not homeomorphic. Otherwise, suppose 
that f : X — Y is a homeomorphism. Then X — {eo} is homeomorphic to 
Y — {f(eo)}. Since X — {eo} is contractible and Y — {f(eo)} is obviously not 
contractible, we come to a contradiction. 
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Calculate the fundamental group of the space RP? x S?. 
(Indiana) 
Solution. 
By the formula 
wi(X x Y) x% m1(X) @ m(Y), 


we see that 


Tı(RP! x S?) = m(RP?) @ 1(S”) & Zz O {0} 2 Zo. 
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Let Z denote the figure 8 space, Z = X VY, X and Y circles. Let z,y € 
m1(Z, *) be the elements in Z defined by X, Y, where + denotes the vertex 


x yY 
Fig.2.12 


(a) Let h : m1(Z, *) + Z/6Z be the homomorphism satisfying h(x) = 2 and 
h(y) = 3, and let p : Z — Z denote the covering space corresponding to the 
kernel of h. (p.(41(Z, *)) = ker(h).) If A is a path component of p-1(X) and 
B is a path component of p-1(Y), how many intersection points of A and B 
are there? (i.e., what is the cardinality of the sat AM B?) 

(b) If G is a finite group, h : m1(Z,*) — G a surjection, and p: Z > Z the 
corresponding cover, prove that the number of intersection points of a path 
component A of p-'(X) with a path component B of p~*(Y) divides the order 
of G. 

(Indiana) 
Solution. 

(a) Since h(x) = 2 and h(y) = 3 and 71(Z,*) is generated by z and y, it 
follows that the homomorphism A is surjective. Thus 7,(Z, *)/ ker h is isomor- 
phic to the group Z/6% = Ze. Hence the covering space p: Z — Z is a 6-fold 
cover. We denote p~+(«) by 


p*(*) = {e€0,€1, €2, €3, €4, €5}. 


Then, from h(x) = 2, we see that the path component of p~1(X) contains 
exactly the points {e9,e2,e4} of p~1(*) which corresponds to the elements 
{0, 2,4} of Ze respectively. By the same reason, we see that the path component 
of p-1(Y) contains exactly the points {e9, e3} of p~'(*). Since 


p(X) p*(Y) =p" (+), 


we conclude that AN B = {eo}. 
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(b) Since h is a surjection and G is a finite group, the corresponding cover 
p: Z — Z isa finite fold cover. Suppose that h(x) = r and h(y) = s. Then 
r generates a subgroup H; of G and s generates a subgroup of H2 of G. Ina 
similar way as in (a), we see that the number of intersection points of A and 
B is equal to the number of elements in H, N H2. By Lagrange’s theorem, it 
divides the order of G. 
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Let X be the result of attaching a 2-cell D? to the circle S1 by the map 
f : S1 — S! given in terms of complex numbers by z — z6. 
(a) Compute, with proof, the fundamental group of X. 
(b) Compute, with proof, the homology of the universal cover of X. 
(Indiana) 
Solution. 


(a) 


Fig.2.13 


Represent X as the space obtained by identifying the edges of a hexagon, as 
shown in Fig.2.13. Under the identification the edges a become a circle through 
the point zo. Let y be the center point of the hexagon, and let U = X — {y}. 
Let V be the image of the interior of the hexagon under the identification. 
Then, U and V are open subsets, U, V, and UM V are arcwise connected, and 
V is simply connected. Let zı be a point in UNV. It is clear that UNV has the 
same homotopy type with S1, and that 7;(U NV, z1) is an infinite cyclic group 
generated by y, the homotopy class of a closed path c which circles around the 
point y once (see Fig.2.13.) 

Applying the Van Kampen theorem, we conclude that 


p1 : m1(U, 21) > 11(X, 21) 


is an epimorphism and its kernel is the smallest normal subgroup containing 
the image of the homomorphism 


oi: m(U Q V, 21) = m(U, zı), 
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where pı and ¢; are homomorphism induced by inclusion maps. 

It is obvious that the circle a is a deformation retract of U. Thus 1(U, zo) 
is an infinite cyclic group generated by a and, consequently, mı(U, z1) is an 
infinite cyclic group generated by a’ = ¥~1a¥, where 7 is the homotopy class 
of a path d from zo to 24. 

It is obvious that ¢1(7) = a’®. Hence the smallest normal subgroup con- 
taining ¢1(71(U NV, 21)) is isomorphic to 6%. Thus we conclude that 


™1(X) a 2/62 = Ze. 


(b) Since X is a finite 2-dimensional CW complex and 71(X) = Ze, its 
universal covering space X is a 6-fold covering space and is also a 2- dimensional 
CW complex. It is well-known that the Euler characteristic V(X X)= 64 (X). 
But it is easy to see that X(X) = = 1, hence ¥(X X) = = 6. From Ho(X) x Z, 
H,(X) = 0 and H(X) x H(X, X1), where X! is the 1-skeleton of X, we see 
that H (X ) is a free Abelian group of rank 5. So we conclude that 


0, i 

Z ZOLOLZOLO04£, i 
H;(X) = 0, i 
4, a 
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If X is any topological space and $1 denotes the unit circle in the complex 
plane with its usual topology as a topological group with multiplication given 
by the multiplication of complex numbers, then it is known that the set [X, S1] 
of homotopy classes of maps from X to St inherits a natural group structure. 

(a) Define this group operation explicitly and indicate the group identity 
and how inverses are formed. You do not need to prove your assertions. 

(b) Compute this group explicitly for X = point, S1, $?, and T? = S! x 91. 

(Indiana) 
Solution. 

(a) We denote the homotopy class of a map f : X — St by [f] and write 

S! as 
St = {e e€|0<6< 1}. 


Then the multiplication of [X, S1] is defined by [f] - [g] = [f - g], where the 
map f -g : X — S! is defined by (f -g)(x) = f(z). g(x) for any z € X. Here 
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f(x)- g(x) is defined by the multiplication of complex numbers. The identity of 
this multiplication is [e], where the map e : X — S* is defined by e(z) = e?"' 
for any z € X. The inverse of [f] is the homotopy class of a map f, which is 
defined by f(x) = 1/f(z) for any z € X. 

(b) If X = point, then [X, S*] obviously has only one element. So the group 
[X, S}] is trivial. For the case of X = S1, one can easily prove that 


[S?, S1] = 11(S1) xZ. 


For the case of X = S?, it is easy to see that each homotopy class [f] can 
be represented by a map f : S? — S1 which maps the northpole N of S? to 
the point po = e?™ of S1. Then by the facts that S? is simply connected and 
the universal covering space of $1, R is contractible, one can easily prove that 
[S?, S1] = m2(S1) = 0. Now we discuss the case of X = T? = S! x $1. For any 
map f from S$ x S! — S! we define two maps fı and fz from S! — S! by 
fi(@) = f(e?**?, po) and fo(6) = f(po,e?""*) for any e?**? € St, respectively. 
Then let ¢: [X,S'] — Z @ Z is defined by 4([f]) = (deg fı, deg fe). We have 


ACF- lg) = ACF -g]) = (deg(f - 9)1,deg(F -g)2) 
(deg(fi - 91), deg( fe - g2)) 

(deg fı + deg gi, deg f2 + deg g2) 
(deg fi, deg f2) + (deg g1, deg g2) 
CFI) + $([9])- 


Therefore, ¢ is a homomorphism from [X, S1] to Z @Z. Note that fı can be 
extended to a map from X to S1, still denoted by fı, by 


fi (en. ent) = file?™®, po), 
which is homotopic to f under the homotopy map F : X x I > S! defined by 
Fe??? eY t) Z f(e mie etre 
Thus one can easily prove that ¢ is a monomorphism. It is clear that 
y P 


is a epimorphism, and cosequently ¢ is an isomorphism. We conclude that 
[X,S] xZ oZ. 
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2221 


If X is a path-connected space whose universal cover is compact, show that 
11(X, Zo) is finite. 

(Indiana) 
Solution. 

Let r : X — X be the universal cover of X. If w1(X, zo) were not finite, 
then +~?(z9) would be a closed set of infinite points in X. Since X is compact, 
n~1(2o) must have at least a limit point, say Z, such that (7) = zo. Thus it is 
easy to see that r is not a local homeomorphism at £, which is a contradiction. 
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Prove that if X is locally path connected and simply connected then every 
map X — S! is homotopic to a constant. What can you say if we just assume 
that X is path connected, locally path connected and the fundamental group 
of X is finite? 

(Indiana) 
Solution. 

Let exp : R — S? denote the exponential covering map, i.e., the universal 
covering space of S+. Since X is locally path connected and simply connected, 
xı(X) = 0, and f.(71(X)) = 0 for any map f : X — S1. Hence there exists a 
lifting of f, f: X — R such that exp( f) = f. Since R is simply connected, f 
is homotopic to a constant map ¢. Denote the homotopy between f and č by 
H. Then exp(H } is the homotopy between f and c, i.e., f is homotopic to a 
constant map. 

Suppose that 7,(X) is finite. Since 71(S!) ~ Z and f,(m1(X)) is a finite 
subgroup of 71(S*), we see that f,(1;(X)) must be trivial. So the above 
argument still works in this case, and the same conclusion holds. 
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SECTION 3 
HOMOLOGY THEORY 


2301 


Prove the 3 x 3 Lemma. 
Consider the following commutative diagram of abelian groups 


If all 3 columns and the first two rows are short exact, then the last row is also 


short exact. 


Solution. 


To prove the exactness at C3, we show that 72 is injective. Let c € C3 and 
y2(c) = 0. Since 6; is surjective, there is a b € B3 such that c = 6,(b). By 
the commutativity we see f2(b) € kere,. Hence there is an az € Az such that 


£2(a2) = B2(b). Then since 


€2(@1(a2)) = 1(€2(a2)) = 21 (82(b)) = 0 


and Çz is injective, we have a3(a2) = 0, i.e., a2 € ker œ = imag. Thus there is 


an a € A3 such that a2(a) = ae. Since 


B2(52(a) — b) = B262(a) — B2(b) = €2a2(a) — B2(b) = €2(a2) — Bo(b) = 0 


and (32 is injective, we see 62(a) = b. Therefore 
c= 61(b) = 6462(a) = 0. 


Hence yz is injective. 
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Now we prove that ker y1 C imy2. For any c € ker 41, since £1 is surjective, 
there is an b € B2 such that c = e1(b). Thus it is easy to see that 61(b) € ker G1, 
and consequently that there is an a; € A; such that ¢2(a1) = (1(b). Since 
@ 1 is surjective, there is an a2 E€ Az such that a;(a2) = a1. Thus by the 
commutativity, we have b — €2(a2) € ker G1. Therefore there is a b3 € B3 such 
that B2(b3) =b- £2(a2). Then 


2(51(63)) = €162(b3) = €1(6) — €1€2(a2) = ©. 


Hence c € imy2. In a similar way we may prove that imy2 C ker y1. Thus the 
exactness at C2 is proved. 
We leave the proof of the exactness at C to the reader. 
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Prove that if M is a compact manifold of odd dimension, then ¥(M) = 0. 
Show examples of compact 4-manifolds with ¥ = 0, 1,2,3,4. 
(Columbia) 
Solution. 
Since M is compact, M is Z2-orientable. Suppose that dim M = 2m + 1. 


Therefore, 
2m41 


#(M)= > (-1)' dim Hi(M,Z2). 


By the Poincaré duality theorem, 
dim H;(M,Z-2) = dim Hom41-;(M,Z2) 


for any i. Thus, since i and 2m + 1 — i have different parity, they appear in 
the sum with opposite signs. Therefore ¥(M) = 0. 

Let Xo = T? x T?, X; = RP? x RP?. Denote by Up the connected sum of h 
projective planes. Then it is well-known that ¥(U;,) = 2—h. Let X2 = U3 x U4, 
X3 = U3 x Us, and X4 = S? x S?. Using the fact that 


(Mı x M2) = X (Mı) x X (Mə), 


we see that ¥(X;) = i for i equal to 0, 1,2,3 and 4. 
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Let X be a topological space. The suspension XX of X is defined to be 
the identification space obtained from X x [—1,1] by identifying X x {-1} 
to a point and X x {1} to another point. For example the sphere S” is the 
suspension of S"~! with the north and south poles corresponding to the two 
identification points. 

Compute the homology of UX in terms of the homology of X. 

(Illinois) 
Solution. 

Let pi and pz be the identification point respectively. Set U = EX — {pi} 
and V = DX — {p2}. Then U and V are open sets of UX, and UX = UUV. It 
is obviously to see that U and V are contractible spaces and X is a deformation 
retractor of U NV. By Mayer-Vietoris sequence, we have 


H(X), q>0, 
Hex)» { fe cee ee 


where Hy1(X ) denotes the reduced homology of X. 
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Consider the chain complex 


Q 
II 


{Ch|n>0} C, =z 
— Cy-1 defined by 

r,s,t) — (s—t,0,0) n even 
= 


(0,s+t,s+t) n odd. 


Compute H,(C) for all n. 
(Illinois) 
Solution. 
When n is even, (r,s,t) E€ Zn(c) if and only s = t. So Za(c) = {(r,s,s) € 
Cn}, i.e., Zn(c) is isomorphic to Z @Z. 
Noting that imdny1 = {(0,t,¢) € Cn} for even n, we have H,(c) = Z for 
even n. 


121 


When n is odd, (r,s,t) E€ Zp(c) if and only if s+t = 0. So Za(c) is 
isomorphic to Z @Z, and noting imd,41 = {(r,0,0) E€ Ca} % Z, we have 
H,,(c) =Z. 

Therefore, H,(c) + Z for any n. 
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Construct a CW complex which has the following Z-homology groups: 


Ho(X) = Z, 

H(X) = 202/22, 
M(X) = 4£/34, 
H(X) = Z, 

H,(X) = 0, ifn>4. 


(Columbia) 


Solution. 
Denote by X? the “figure eight space” as shown below, 


a 


Let X? be the space obtained by attaching two 2-cells to X1, one by the 
map fı : S! — zo and the other by the map fz : St — a such that fo(z) = z?. 
Therefore, the image of one 2-cell under fı is homeomorphic to $*, the 2- 
sphere. It is well-known that H,(X!) =Z@Z, which has two generators a and 
b, consider the following diagram 


0 M(X?) 45 Hy(X?,X1) 25 M(X!) 5 H(X?) — Hy(X?, Xt) 
T fix T filsix 
0> H,(D?,S1) "3 Hy(St) 40 


The square is commutative and the level rows are exact. Since 


H,(X?, X?) =imfi. @imfo, eZ OZ, 
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imfi|s:+ = 0 and imfz|sıs = 2Z, we may see that imd, ~ 2% and ker 0, ~ Z. 
Since H;(X?, X1) = 0, we have Hi(X?) ~ Z @ Z2. It is also easy to see that 
H» (X?) =Z. 

Now let X be the space obtained by attaching two 3-cells to X?, one by the 
map gı : S? — zo and the other by a map g2 : S? — S? such that deg g2 = 3. 
Then in a similar way as above, we may conclude that the space X satisfies 
the requirements in the problem. 
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Compute H,(S" V S” V--- V 8”), n > 0, for all p. 
(Columbia) 
Solution. 
Denote by S”(q) the space S” VS" V---V S”. When n = 0, S°(q) has 
q times 
q+ 1 points. Then H,($°(q)) is a free abelian group of rank q for p equal to 
0 and is zero otherwise. In fact 


S"(q+1) = S° (a) VS". 


Let a € S"(q) and b € S”. It is easy to see that U = $"(q4+1)— {a} has 
the homotopy type of S"(q) and V = S"(q+ 1) — {b} also has the homotopy 
type of S"(q). It is also clear that S”(q +1) = UUV and UNV has the 
homotopy type of S"(q— 1). Thus, when n > 0, by induction on q and the 
Mayer-Vietoris sequence of the pair (U, V), we may prove that H,(S" (q)) isa 
free abelian group of rank q for p equal to n and is zero otherwise, where F, 
is the reduced homology group. 
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Build a CW complex X by adding two 2-cells to $1, one by the map z — z4 
and the other by the map z — zê. What is the homology of this space? 
(Indiana) 


123 


Solution. 


Fig.2.14 


X is a 2-dimensional CW complex with 2-skeleton K? = X, i-skeleton 
K! = 9! and 0-skeleton K? = {p}. K? is obtained from K! by attaching 
two 2-cells via the maps f and g as indicated in Fig.2.14. K? is obtained 
from K° by attaching one 1-cell. Let K” = K? for n > 3. Then we have 
a chain complex K = {Cy(K),dn}, where C,(K) = Hy(K",K"~") and dy : 
C,(K) — Cn-1(K) is defined to be the composition of homomorphisms, 


H,(K", K"~*) a Hy-1(K"—"*) nzi Hn-1(K®°71, K"~?), 


where 0, is the boundary operator of the pair (K",K"~1) and jn—1 is the 
homomorphism induced by the inclusion map. It is well-known that H,(X) % 
H,,(K). It is obvious that Ha (X) = H,(K) = 0 for n > 3. To compute H2(k), 
consider the following diagram: 


H(K*) > H2(K*) È Ho(K?,K?) °% H,(K1) H, (Kt, K?) 
T fe l T (fls:)» 
H,(E?,S*) 3 H9”) 
The square is commutative and it is well known that f, is a monomorphism 
and ð’, is an isomorphism. Noting f|s: is the map z — z*, we see that the 
image of (f|5:), is 4%. In the same way we see that the image of (g|s1), is 62. 
Since 
H2(K?, K?) = imf, ® imgs, 

it follows that im, is isomorphic to the subgroup 2% of H,(K*), and that 
ker 0, is isomorphic to Z @ Z2. Thus, since jz is injective, we see that 


H,(K’*) 3 imj2 æ ker On ad Zz. 


It is clear that j4 is an isomorphism. Therefore, imd? ~ 2%. Noting that 
kerdı ~ H,(K1,K°) ~ Z, we have Hi(K) ~ Z/2Z ~% Z2. Thus we conclude 
that 

£042, i=2, 

f2, rl, 

Z, i=0, 

0, otherwise. 


H;(X) = 
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Let 
X = {(z,y,z) € R? | zyz = 0}. 
a) Compute H, (X, X — {0}). 
b) Prove that any homeomorphism h : X — X must leave the origin fixed. 


(Indiana) 
Solution. 


a) Let U = D? N X, where 
D? = {(z,y,z) € R? | 2? +y? +2? < 2}. 
It is easy to see that U is contractible. Thus 
H(X, X — {0}) ~ H,(U,U — {0}) © Hy-a(U — {0}) 


for any q. Let S = S? NX, where S? is the unit 2-sphere. Then S is a 
deformation retract of U — {0}. So H.(U — {0}) ~ H.(S). To compute H,(S), 
let 

W, = S — {(0, 0,1), (0, 0, —1)} 


and 


W = S — {(—1,0, 0), (1,0, 0)}. 
Applying the Mayer-Vietoris sequence of the pair (W1, W2), we see that 


ZOLOLOLOLZOLZOL q=2, 
Hy(X,X — {0}) = { 0, otherwise. 


b) Let x be any point of X different from the origin. Similarly we obtain 


_ | £0202, if x is in a coordinate axis, 
H(X, X — {z}) = { Z, otherwise. 


Let h: X — X be any homeomorphism. Since the local homology groups are 
invariant under homeomorphism, 


H(X, X — {0}) ~ H2(X, X — {F(0)}). 


From the above results, it follows that f(0) = 0. 
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a) Write down the Mayer-Vietoris sequence in reduced homology which 
relates the spaces S! x R1, S1 x R! — {p}, and a disk D in S! x R! about the 
point p. (St = 1— sphere) 

b) Use a) to calculate the homology of S! x R! — {p}. 


(Indiana) 
Solution. 


a) The Mayer-Vietoris sequence is 
~ $ ~ ~ 
++ — Hy(D — {p}) > Hy(S* x R? — {p}) © H,(D) 
+, H,(S' x RY) Â Hy s(D — {p}) a+ 
b) Since S! x R! and D — {p} have the same homotopy type with St, it 


follows that 7 n 7 
ii,(S* x RY) ~ Hi,(D — {p}) ~ H,(S"). 


Since D is contractible, the nontrivial part of the Mayer-Vietoris sequence is 


0> Hi(D~{p}) % Hy(S'x R- {p} Ñ (S! x R1) > o, 
zg xg 


which is split exact. Thus we have 


204, i=1, 
H,(S* x R- {p}) = 4 Z, i=0, 
0, otherwise. 
2310 


Let the real projective plane RP? be embedded in the standard way in the 
real projective 5-space RP®. Compute H, (RP5/RP?), where RP*/RP? is 
the space obtained from RP* by identifying RP? to a point. 

(Indiana) 
Solution. 

Since RP® is compact Hausdorff and RP? is a strong deformation retract 

of a compact neighborhood of RP? in RPŽ, we see that 


H, (RP*/RP?) = H,(RP®, RP?) for any q. 
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It is well-known that 


4, q = 0,5, 4, 4=0, 
H,(RP*)=¢ Z2, q=1,3, and H,(RP*)=<¢ Zo, q=1, 
0, otherwise, 0, otherwise. 


Thus, from the exact sequence of the pair (RP*, RP?), it follows that 


Z, q=0,5, 
H; (RP*/RP?)=4 22, q=3, 
0, otherwise. 
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Let 
Y = {(z1,£2) € R? | x1z2 = 0 and zz > 0}. 


Prove that Y x Ris not homeomorphic to R?. 


(Indiana) 
Solution. 


Let 
YxR= {(z1, 22, £3) E R? l 21e2 = 0,22 > 0}. 


Then the point O = (0,0,0) € Y x R. To compute the local homology groups 
Hy(Y x R,Y x R- {0}), i=0,1,2,---, 


we take an open neighborhood of the point O, U = D? N (Y x R), where D? 
is an open ball centered at O. Therefore 


H;(Y x R,Y x R— {0}) ~ E;(U,U — {0}) ~ A;-1(U — {0}), 


because U is contractible. Let X be the space as shown in the following figure 
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It is easy to see that X is a deformation retract of U — {0} and that 
Hy(X) xZ Z. Thus 


H(Y x R,Y x R- {0}) ~Z Z. 
It is well-known that for any point p € R? the local homology group 
H2(R?, R? — {p}) ~Z. 


Since the local homology groups are isomorphic under homeomorphism, it 
follows that Y x R is not homeomorphic to R?. 


2312 


Let A be a nonempty subset of X and X UCA be the union of X with the 
cone of A; that is, X U CA is obtained from the subset X x {0} U A x [0,1] of 
X x [0,1] by identifying A x {1} toa point. _ 

Prove that the reduced homology group Hn(X U CA) is isomorphic to 
Hy(X,A), for every n. 

(Indiana) 
Solution. 

Let Y = X x {0} UA x [0,1] and B = A x {1}. Then X UCA = Y/B. 
Let +: Y — Y/B be the identification map and yo denote the point (B) in 
Y/B. Let U = Ax [$,1] C Y. Then yo is a strong deformation retract of 
m(U). Thus, in the exact sequence of the triple (Y/B, 7(U), yo), 


-- — Hn(x(U), yo) > Hn(Y/B, yo) 
— H,(y/B,1(U)) + Hy_i(*(U), yo) >- 


it follows that H,(7(U), yo) = 0. Hence, the inclusion map of pairs induces an 
isomorphism 
H.(¥/B, yo) ~ H,(Y/B, =(U)). 


Let V = Ax [3, 1]. By the excision property, we have an isomorphism 


H,(Y,U) ~ H,(Y — V,U — V). 


Since B is a strong deformation retract of U, it follows from the exact sequence 
that 
H,(Y, B) x H,(Y,U). 
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Thus, we have 
H,(Y,B) ~ H.(Y — V,U — V). 


In a similar way the set 1(V) may be excised from the pair (Y/B,7(U)) to 
give an isomorphism 


H, (Y/B, yo) % H.(Y/B,x(U)) = H.(Y/B—2(V),x(U) — x(V)). 


Now the restriction of the map 7 gives a homeomorphism of pairs 


m:(Y—-V,U-—V) > (Y/B —r(V), t(U) —2(V)), 


and so an isomorphism of their homology groups. All of these combine to give 
an isomorphism 


H,(Y/B, yo) © H.(Y, B). 


Since Y admits obviously a strong deformation retraction onto X x {0} 
which maps B onto A x {0}, we have 


H,(Y, B) + H.(X, A). 


On the other hand, from the exact sequence of the pair (Y/B, yo), it follows 
that 7 S 
H.(Y/B, yo) © Æ, (Y/B) = Ñ, (X UCA). 


Therefore, H,(X U CA) is isomorphic to H,,(X, A) for every n. 


2313 


For any topological space X let UX denote its (unreduced) suspension. 
(ZX is the quotient space (X x [0,1]/ ~, where ~ denotes the equivalence 
relation generated by requiring that (z,t) ~ (y,s) ifs = t = 0 or s =t = 1.) 
If f:X —Y isa map, let Df : UX — LY be the map of suspensions induced 
by the map (x,t) — (f(x), ¢) of X x [0,1]. 

(i) Prove that if f : X — Y is a homotopy equivalence then so is Uf. 

(ii) Using only the Eilenberg-Steenrod axioms (Homotopy, Exactness, Ex- 
cision, Dimension) for a homology theory prove that H,(=X ) is naturally iso- 
morphic to H;_;(X). (Here H; denotes reduced singular homology.) 

(Indiana) 
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Solution. 

(i) Denote by IIx : X x I — UX the quotient map, and by po, pı the 
equivalence classes of (z,0) and (z,1), x € X, respectively. Let f: X > Y be 
a continuous map. By the definition we see that 


Ef = Iy o (f x id) o Mz’, 


where id : I — I is the identity map. Suppose that g : X — Y is another 
continuous map which is homotopic to f by a homotopy G: X x I =Y 
such that G(z,0) = f(z) and G(z,1) = g(x) for any z € X. Then define 
G:(X x I)x I+ ZY by 


G((z,t), s) = Hy (G(X, s),t). 


Let H : EX x I — XY be a map defined by H(Z,s) = G(x (2), s) for any 
(Z,8) € DX x I, where, if č = po or pı, I% (Z) means any point (zx, 0) or (z, 1). 
It is easy to check that H is well-defined and continuous. It is also easy to see 
that H(z, 0) = Uf(z) and H(%,1) = Ng(Z). Therefore Uf is homotopic to Lg, 
and consequently it follows that if f : X — Y is a homotopy equivalence then 
sois Uf. 
(ii) Let 
U = {Ilx(z,t) |t > 5} 


and 2 
V = {Ix (z,t) |t < 3) 


It is obvious that U and V are both open sets of DX and that U and V 
are both contractible. Hence H,(U) = Hi(V) = 0 for all 2. It follows from 
the homology sequence of the pair (UX,U) that H,(DX) x H,(uX,U). Let 
W = {IIx(z,t) |t > 2/3}. Then W C U. By the excision property we have 


H,(X,U) ~ H;(£X — W,U — W) = H;(V,U — W). 


It is easy to see that U — W has the same homotopy type of X. On the other 
hand, from the homolopy sequence of the pair (V, U — W) we see that 


H;(V, U - W) 7% H;—ı(U = wW). 


Thus we conclude that H;(EX) ~ H,_1(X). 
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2314 


Consider the following commutative diagram of abelian groups in which 
the row and column are exact sequences. 


Suppose that y and fo are surjective. Prove that a3 is injective. 
(Indiana) 
Solution. 
Let a3 E A3 such that a3(a3) = 0. Then from the exactness there is an 
az € Az such that a2(a2) = a3. Since y is surjective, there is an ay € A; such 
that (a1) = G2(a2). Hence by the commutativity we have 


7(@1) = B2(o1(a1)) = B2(a2), 


so @1(@1) — az € ker (2, and there is a bı € By such that 61(b1) = a(a1) — az. 
Since 6o is surjective, there is a bọ € Bo such that Bo(bo) = bı. Once again by 
the exactness we have 0 = (:0(bo) = G1(b1), which means that a1(a1) — a2 = 
0. Hence ag = a2(a2) = agai(a1) = 0. It means that kera3 = 0, i.e., œz is 
injective. 


2315 


Suppose that a topological space X is expressed as the union U UV of two 
open path-connected subspaces such that UNV is path connected, Hi(U) = 0, 
and the inclusion UNV — V induces a surjective homomorphism Hy(UNV) > 
H,(V). (Here H denotes singular homology.) 

a) Prove that H,(X) = 0. 
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b) Give an example to show that the analogous assertion becomes false in 
general if Hı is replaced everywhere by H2. 


(Indiana) 
Solution. 


a) Consider the Mayer-Vietoris sequence of the pair (U,V) 
Aa Ds Pa A ap 

+ H(X) > H(U AV) > Hı(U) AV) > H(X) HU NV). 
Since U NV is path-connected, Ho(U MV) = 0. It means H(X) = imy,. By 
the hypothesis, ¢, is surjective so that 

ker Y, = im¢, = H1(U) @ Hi(V). 

Therefore im, = 0, i.e., H(X) = 0. 

b) Let X = S?, the unit 2-sphere, 


Peay eS es -3} 


and i 
V= {(z, y,z) € s? | z< 3) 


Then X = V UV. It is obvious that U, V and U Q V are path-connected 
and that H2(U) = H2(V) = 0. So the homomorphism H2(U NV) > H2(V) 
induced by the inclusion map is surjective. But H2(X) x Z. 


2316 


Let 
D” = {z € R” | |z| < 1} 


denote the standard unit ball in Euclidean space R”, and 
S°? = {2 € R” | |e] = 1} 


denote the standard (n—1)-sphere. Suppose that f : D” — D” is a continuous 
map such that the restriction of f to S"~1 is a homeomorphism from S"~1 to 
S"-1. Prove that f is surjective. 
(Indiana) 
Solution. 
We use the reduction to absurdity. Suppose that there is a point zọ € D” 
such that zo ¢ f(D"). By the assumption, we see that zo € D” — $"-}. 
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Therefore $”! is a deformation retract of D” — {zo}. Let r: D” — {zo} > 
S”-1! be a retraction. Then g = ro f is a continuous map from D” to §"~! 
and glgn-1 : SPT! — §"-! is just the restriction of f to S"~1, which is 
a homeomorphism. Let i : S"~1 — D” be the inclusion map. Therefore 
goi: 8”! — §"-! is a homeomorphism. Hence 


(g 0 ijs : Hn-1(8"7}) > Hy_i(S"7?) 


is an isomorphism. But (g 072), = gx o ix and i, : Hy_1(S"~1) > Hy_1(D") is 
obviously a trivial homomorphism because of H,_-1(D”) = 0, and consequently 
(g 02), is trivial. This is a contradiction. 


2317 


Let X be a connected CW complex with two 0-cells, three 1-cells, three 
2-cells, and no higher-dimensional cells. Assume Hi(X) = Z@2Z/3. Compute 
the Euler characteristic of X and determine (with proof) all possibilities for 
H(X). 

(Indiana) 
Solution. 
The Euler characteristic of X, ¥(X) = 2—3 +3 = 2. On the other hand, 


&(X) = rankHo(X) — rankHı (X) + rankH2(X). 


Therefore rank H(X) = 2. Let X* denote the k-skeleton of X. By the assump- 
tion, we see that H3(X*,X?) = 0, and H2(X?,X') =Z Z Z. Therefore 


H(X) = ker{d, : H2(X*, X+) > Hi(X", X°)}, 
where d, is the composition of homomorphisms 
Hp(X?,X1) 5 Hy(X*) 5 H (X+, X°). 


Thus because H2(X?, X!) is free abelian, H2(X) is also a free abelian group 
of rank 2, i.e., H(X) xZ @Z. 
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2318 


Let X be a CW complex with exactly one k+1-cell. Prove that if H,(X;Z) 
is a nontrivial finite group then H,41(X;Z) = 0. 
(Indiana) 
Solution. 


Denote by X* the k-skeleton of the CW complex X, and by d* the com- 
position of homomorphisms of pairs 


H,(X*, X*-1) ° wy s(X*-3) 25 my_a(X*-1, xF-?), 
It is well-known that 
Hy,(X;Z) ~ ker d* /imd*t? 


and 
Hyi1(X3Z) © ker d"t! /imdtt?. 
By the hypothesis, 
Hyp ( X"+, XF) x Z. 


We choose a generator a in Hp41(X*t1, X¥). We claim that d*t!(a) # 0. 
Otherwise we would have imd*+! = 0. Therefore 


Hy, (X;Z) = kerd" C H,(X*, X*-?). 


But it is well-known that H,(X*,X*-") is a free abelian group, and, conse- 
quently, ker d* is trivial or free abelian. It means that H}(X;Z) is not a non- 
trivial finite group and contradicts the hypothesis. Thus we have d*+1(a) Æ 0. 
It follows that ker d*+? = 0 and, therefore, Hy41(X;Z) = 0. 


2319 
Let 
A= {(z1, 22, £3, 24) E€ Rt | Tı = 0} 


and 
B= {(£1, £2, £3, £4) € Rt | T4 = 0}. 
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Let X = AUB. Compute the relative homology groups H;(X,X — (0,0,0,0)) 
for all z. 
(Indiana) 
Solution. 
Let U be the unit open ball centered at the point (0,0,0,0) in R*. Then 
U =UnNX is an open neighborhood of (0,0,0,0) in X. By the excision 
property we have 


H,(X, X — (0,0,0,0)) ~ H,(U,U — (0,0,0, 0)) 


for all i. It is obvious that U is contractible and that U — (0,0,0,0) has a 
deformation retract C U D, where 


C = {(21, 22,23, 04) E€ R* | z1 = 0,22 +224 22 = 1} 


and 
D = {(21, 22, 23,24) € R* | z4 = 0,2? + 22 + z3 = 1}. 


(See Fig.2.15) 


Let Wı = CUD — {p1, p2} and W2 = CUD — {p3, pa}. (See Fig.2.15.) 
Then W, and Wz are open subsets of CU D and W, UW2 = CUD. It is clear 
that both C and D are homeomorphic to the unit sphere $? and that D and 
C are deformation retracts of W; and Wz respectively. It is also clear that St 
is an deformation retract of W N W2. Therefore, applying the Mayer-Vietoris 
sequence to the pair (W1, W2), we see that 


ZOezZO0zZ, 1=2, 
H(CUD)=4 Z, a= 0, 
0, otherwise. 


From the homology sequence of the pair (U,U — (0,0,0,0)), we see that 


H;+ı(U, U— (0, 0, 0, 0)) x HU E (0, 0,0, 0)) 
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for all ¿ > 0. Hence we conclude that 


264064, i=3, 
H;(X,X — (0,0,0,0))=<¢ Z, i=0,1 
0, otherwise. 
2320 


Let X be a path connected and locally path connected space and let xz € X. 
Let Y = S! x $1 x S?. Show that if mı(X, zx) is finite, then any continuous 
map f : X — Y induces the trivial map f+ : H;(X,Z) — H;(Y,Z) for all i 
different from 0 and 2. 


(Indiana) 
Solution. 


It is easy to see that R? x S? is the universal covering space of Y. By the 
Künneth theorem, we have 


Hi(R? x S')= $, H;(R?) e (8?) = 


{ Z, 1=0,2, 
jt+k=i 


0, otherwise. 


It is clear that 
a(S? x S$? x $1) = m(T*) @ m(S?) =Z OZ. 


Since 7,(X, 2) is finite, the homomorphism f, : ™(X,z) — 71(Y, f(z)) must 
be trivial. Therefore, we may lift f to a map f : X — R? x S? such that 
no f= f, where 7: R? x S* — Y is the covering map. Hence we have 


fe = 0 fe : Hi(X,Z) — H;(Y,Z) 
for any 7. But it is obvious that 
fe: Hy(X,Z) > H;(R? x S?,Z) 
is trivial for i different from 0 and 2, so is 


fe: Hy(X,Z) > H;(Y,2). 
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2321 


Call a commutative diagram of abelian groups 


As B 
Bl LY 
C = D 
ô 
“exact” if the sequence of groups and homomorphisms 


0-4% pee = pst is exact. 


It is an interesting fact that if 


A S 
BI Ly 
C — D 
5 
and 
BSE 
yl [E 
D — F 
6! 
are exact, then so is 
AS E 
Bl le 
C — F 
5'6 


Prove exactness of 


0n APSO COE S F0 at Cok. 


(Indiana) 
Solution. 
By the assumptions, we have 68 = ya and ca’ = 6’y. Therefore, we have 


(6'6 — €)(B,a’a) = 6B — ca'a = S'ya — 6'ya = 0. 
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It follows that im(G, a’a) C ker(6’6 — €). Let (c,e) E ker(6’6 — €), i.e., 6’5(c) — 
e(e) = 0. By the assumptions, we have im(a,) = ker(y — 6) and im(a’,y) = 
ker(e — 6’). Thus, noting that 


(e, 6(c)) € ker(e — 6’), 


we see that there exists a b € B such that a/(b) = e and 7(b) = 6(c). Hence we 
have (b,c) € ker(y — 6). Therefore, there exists an a € A such that a(a) = b 
and (a) = c, and, consequently, 


(c,e) = (B, a’a)(a) E€ im(B, a'a). 
It means that 
ker(6’5 — £) C im(f, a'a). 
The exactness at C @ E is proved. 


2322 


Let X be a non-empty compact Hausdorff space and f : X — X bea 
continuous map. Prove that there exists a non-empty closed subset A of X 
such that f(A) = A. Give an example to show that compactness is essential 
for this assertion. 

(Indiana) 
Solution. 

Let Fı = f(X). Then F; is a non-empty closed subset of X. We define 
Fr41 = f(Fa) inductively for n € Z+. It is clear that {F,,n € Zt} is a 
sequence of non-empty closed subsets in X and that 


Fi D Fo De D Fy D Fai Dd:::. 


CO 
Since X is compact, we see that the subset A = {] Fn is a non-empty closed 


subset of X. We claim that f(A) = A holds. 

We give an example to show that compactness is essential for this assertion. 
Let X = (0, 1] and f : X — X is defined by f(z) = $x for x € X. Suppose 
that a non-empty closed A of X satisfies f(A) = A. Then there would exist an 
zo € A such that x < zo for any z € A. In fact £o = a z. Since f(A) =A 

rE 


and zo € A, there would exists an zı € A such that f(21) = £o, i.e., to = $24. 
Therefore £o > zı = 229, which is a contradiction. 


2323 


Recall that 
H3(S°;Z) x H3(RP?;Z) x Z. 


(RP” is n-dimensional real projective space.) Prove that there is no function 
f : S? — RP? inducing an isomorphism on the third homology. 

(Indiana) 
Solution. 

It is well-known that $? is the 2-fold universal covering space of RP?. 
Let m : S? — RP? denote the universal covering map. Then it is clear that 
the degree of r is equal to 2. Let f be a function from S? to RP?. Since 
m1(S°) = {0}, there is a lifting of f, f : S? — S? such that af = f. Denote 
by a and b the generators of H3(S*) and H3(RP*) respectively. Then we have 


f(a) = .(f.(a)) = deg f - m. (a) = 2 - deg f - b, 


because deg f € Z, it is obvious that f, is not an isomorphism. 


2324 


Let 
X = {(z,y, z) | zy = 0}. 
(a) Compute Hı(X — (0,0, 0)). 
(b) Using part a, show that X is not homeomorphic to R?. 


(c) Prove or disprove: X is homotopy equivalent to R?. 
(Indiana) 

Solution. 

(a) In fact, X = T1 U T2 where 7 is the plane y = 0 and m is the plane 
x = 0. Denote by A and B the unit circle in 7, and mz respectively. Then 
it is easy to see that AU B is a deformation retract of X — (0,0,0). Take 
U = AUB - (0,0,1) and V = AUB — (0,0, —1). Therefore, U and V are both 
contractible, U UV = AU B and UNV has four path components which are 
all contractible. Applying the Mayer-Vietoris sequence to the pair (U, V}, we 
see that 

H(X — (0,0,0) ~ Hı(AU B) =Z Z Z. 


(b) Suppose that there exists a homeomorphism f : X — R?. Then 
f\x-(0,0,0) : X — (0,0,0) + R? — f(0,0,0) is also a homeomorphism, which 
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would induce an isomorphism from H(X — (0,0,0)) to Hi(R? — f(0,0,0)). 
But it is clear that 
A(R? — f(0,0,0)) x Hi(S*) =Z. 


It is a contradiction. 


(c) Let F : X x I — X be a map defined as follows. 
_ f| (a, y,2), ife=0, 
F((z,y,z),t) = { (tz,y,z), ife #0. 


Then F is a deformation retraction of X onto the plane m2. Hence X is 
homotopy equivalent to R?. 


2325 


Let (B", S"~1) be the standard ball and sphere pair in R”, n > 1. Suppose 
that f : (B", S"-1) — (X, A) is a continuous map and f|s.-1: S”! — Aisa 
homeomorphism. Show that if H,(X) = 0 then H,(X, A) =Z. 


(Indiana) 
Solution. 


Consider the following diagram 


H(X) Š Ha(X,A) 23 Haui(A) i Haa(X) 


Th , T fix P T fs 
Hn(B", S"~1) o. Hn—1(S"~?) os Hn-1(B") 


in which the level rows are exact and the squares are commutative. By the 
assumption, fi, is an isomorphism, and therefore 


Hn-1ı(4) x Hn-1(5°7!) =Z. 
It is well-known that ð! is an isomorphism and H,_1(B”) = 0. Thus we have 
keri, = H,_1(A) =Z. 
Since H,(X) = 0, 0, is a monomorphism. Hence we have 


H,,(X, A) © imd, ~ keri, = Z. 
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2326 


(a) Describe a CW structure on S? x S® and use it to compute the homology 
of S? x SŽ. 

(b) Compute the homology of S? x S° with 2 points removed. 

(Indiana) 
Solution. 

(a) Let zo € S?, zı E€ S5. Then S? is obtained by attaching a 2-cell to 
zo, and SŽ is obtained by attaching a 5-cell to zı. Denote by S? V S® the one 
point union of S$? and S*, which can be considered as the space obtained by 
attaching a 2-cell and a 5-cell to the point (xo, £1) E€ S? x S*. It is easy to see 
that S? x SŽ is homeomorphic to the space obtained by attaching a 7-cell to 
S? V SŽ. Therefore the CW structure on S? x S® has a 0-cell, a 2-cell, a 5-cell 
and a 7-cell. Hence it is obvious that H;(S? x $°) is an infinite cyclic group 
for i equal to 0, 2, 5, and 7, and is zero otherwise. 

(b) Let X = S? x S°—{p1, po}, U = S? x SŽ — {p1} and V = S* x SŽ — {p2}. 
Then U, V are both open sets of S? x $° and UNV = X, and UUV = 8? x S5. 
It is easy to see that S? VSŽ is a deformation retract of both U and V. Applying 
the Mayer-Vietoris sequence to the pair (U,V) and using the fact that 


H,(S? v S3) x H;(S?) ® H;(S°), 


we conclude that 


Z, i = 0,2,5,6, 
Hy(X)=4 ZezZeLlOzZ, i=1, 
0, otherwise. 


2327 


Let A be a subspace of S? x S? homeomorphic to the 2-sphere S?. State 
what the homology groups H,(S? x S*) are (no proof is required). What can 
you say about the possibilities for the relative homology groups H,(S? x S?, A)? 

(Indiana) 
Solution. 
By the Künneth formula we conclude that 


Z, q= 0,4, 
H (S x S) = | Z®Z, q4=2, 


0, otherwise. 
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From the homology sequence of the pair (8? x S*, A), using the above result 
and the fact that H;(A) ~ H;(S?),:we see that 


H;(S? x S?, A) = H,(S? x S?) 
for i > 4 and that the nontrivial parts of the sequence are 
0> H3(S? x S2, A) È H(A) 5 H2(S? x 8?) 5 (S? x S?, A) > 0 
and 
0 + Hy(S? x S?, A) S Ho(A) > Ho(S? x S?) + Ho(S? x S?, A) 3 0. 


Since Hg(A) = 0, H;(S? x S?, A) = 0 for i equal to 0 and 1. By the exactness, 
we have H3(S? x S?, A) = keri, and H2(S? x S?,A) ~Z@Z/imi,, where i, 
is the homomorphism induced by the inclusion map 7: A + S? x S?. 


2328 


Compute the homology groups of the space X obtained as the union of the 
2-sphere §? and the z-axis in R°. 
(Indiana) 
Solution. 
Let 
X* = X — {the open interval (~1,1) in the z-axis}. 


Then the space X may be viewed as a space obtained from X* by attaching 
a l-cell. It is clear that H;(X, X*) is infinite cyclic for i equal to 1 and is zero 
otherwise. It is easy to see that X* has the homotopy type of S?. Thus from 
the homology sequence of the pair (X, X*) we conclude that H;(X) is infinite 
cyclic for 7 equal to 0,1,2 and is zero otherwise. 


2329 


Define the “unreduced suspension” XX of a space X to be the quotient 
space of I x X obtained by identifying {0} x X to one point and {1} x X 
to one point. (This is the union of two “cones” on X.) Show that there is a 
natural isomorphism ox : H,(X) > Hi (£X), for all i > 0. 

(Indiana) 
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Solution. 

Let {0} x X and {1} x X be identified to the points zo and 2 respectively. 
Take U = DX — {zo} and V = EX — {zı}. Then U and V are open sets 
of UX, and UUV = XX. Consider the Mayer-Vietories sequence of the pair 
(U,V): 


n > Hig (UNV) 33 aU) © Bia) S Aiax) 4S UAV) >. 


It is clear that U and V are contractible and that UNV has the homotopy type 
of X. Thus the homomorphism A : Fia (XX) > Huo V) is an isomorphism 
and we may obtain an isomorphism A* : Hi (EX) — H,(X). The inverse of 
A*, ox: H,(X) — H; (£X) is just what we are looking for. The naturality 
of ay can be derived from the naturality of the Mayer-Vietories sequence. 


2330 


Denote by X the union of the torus S! x S! with the disc D?, where D? 
is attached to T? by identifying 0D? with a meridian curve S! x {zo} in the 
torus, where ro € S1. (See below.) 


S 
ZA 

Z 
o 


T 


Fig.2.16 


(a) Calculate H,(X) for all n > 0. 

(b) Is T? a retract of X? Why or why not? 

(Indiana) 
Solution. 

(a) Consider the homology sequence of the pair (X, T?). It is well-known 
that H;(X,T?) = 0 for i # 2 and H(X, T?) ~ fa(H2(D?, 8 D?)) ~ Z, where 
f, is the homomorphism induced by the adjunction map f : D? + X. Thus 
the nontrivial part of the sequence is as follows. 


0> Ho(T?) S M(X) Š Ho(X,T?) S m (T?) Hy(X) +0 
xT fa T fix 


0 > H2(D?, ôD?) 3 H, (3D?) +0 
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It is easy to see that imd, = imfy. and ker@) = ker fix. We know that 
H,(T’) = Z @ Z is generated by a and b. (See Fig.2.16) It is clear that 
fix(H1(9D7)) = Z @ {0}. Thus we see that Hi(X) ~ Z @Z/Z x Z and 
H(X) % H2(T?) ~ Z. Hence we conclude that 


Cars 0, n> 3, 
H(X) = { Z, n=0,1,2. 


(b) We claim that T? is not a retract of X. Otherwise, there would exist 
a retraction map r : X — T? such that rlp2 = idp2. Let i: T? + X be 
the inclusion map. Then roi = idp2 : T? — T?, and, consequently, we 
have r, o ix = id: Hy(T?) — H,(T?). In other words, we have the following 
commutative diagram 


t 


m 
Zez —* = z —"-» zez 


id 
because of H (T?) =Z Z and H,(X) =Z. This is a contradiction. 
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Given homomorphism A : A — B and g : C — B, the pull back of h via g 
is the group 
g*(A) = {(c,a) E€ C x A | g(c) = h(a)}. 
(a) Let g*(h) : g*(A) — C be the homomorphism obtained by restricting 


the projection onto the first factor C x A — C to g*(A). Prove that the kernel 
of g*(A) is isomorphic to the kernel of h. 


(b) Let A= 2/4%, B = Z/24, and let h: A — B be the surjection defined 
by A(1) = 1. Let C = Z/8% and let g : C — B be the surjection defined by 
g(1) = 1. Identify the group g*(A), with explanation. 

(Indiana) 
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Solution. 
(a) Suppose that (c,a) € ker g*(h). Then g*(h)(c,a) = le, and, therefore, 
C = 1e, the identity of C. By the definition of g*(A), we see that 


ker g*(h) = {(1.,a) | a € ker h}. 


Let F : kerg*(h) — ker h be defined by F(1.,a) = a. It is easy to see that F 
is an isomorphism. 

(b) In this case, we have h+(0) = {0,2}, R1(1) = {1,3}, g71(0) = 
{0,2,4,6} and g71(1) = {1,3,5,7}. Thus it is clear that the group g*(A) 
consists of the following 16 elements: (0,0), (0,2), (2,0), (2,2), (4,0), (4,2), 
(6,0), (6,2), (1,1), (1,3), (3, 1), (3, 3), (5, 1), (5,3), (7, 1), (7, 3). 
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Recall that if C is a homeomorphic copy of the circle in $°, then H;(S°—C) 
is infinite cyclic for ¿i equal to 0 or 1 and is zero otherwise. Assuming this fact 
compute 

(a) The homology of R? — C, when C is a homeomorphic copy of the circle 
in R?. 

(b) The homology of Y = R? — X, where X C R? is a homeomorphic copy 
of the “figure-eight space” (i.e., the one-point union of two circles.) 


(Indiana) 
Solution. 


(a) Denote S$? = R? U {oo}. Let A = S? — C, B = S? — {oo}. Then A and 
B are open subsets in S*, and AUB = S? and ANB = R? — C. We have the 
following Mayer-Vietoris sequence. 


-> Hy41(S°) £ F(R — C) S F(s — C) e Fls? — {c0}) 
2 H,(S°) S Hy1(R?-C)--- 


Noting that M A 
H,(S° — {oo}) = H; (R°) = 0 
for any 7 and that 
TT. 3\ 4, t= 3, 
MEIE { 0, otherwise, 


and 
Z, i=1, 
0, otherwise, 


H,(S°? — C) = { 
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we can see that 


2 3 = 4, t= 0, 1, 2, 
H(R— ©) = { 0, otherwise. 
(b) 
Xx 
A K p 
Fig.2.17 


Represent X as shown in Fig.2.17. Let U = X — {pı} and V = X — {pp}. 
Then we see that U and V have homotopy type of S! and that UN V is 
contractible. Since U UV = X, we have 


Y = R-X = (R? -U)N(R?-V) 


and 
(R? -U)U (R? —V) = R? - (UNV). 


From the result of (a), we see that H;(R?—U) and F; (R? — V) is infinite cyclic 
for ¿ equal to 1 or 2 and is zero otherwise. It is easy to see that 


H,(R? — (U n V)) = H,(S?). 


Due to the above facts, the nontrivial part of the Mayer-Vietoris sequence 
of the pair (R? — U, R? — V) is 


0 + #,(Y) % A(R - U) ÑR -V) B (R -UNV) 


zez xg 
3 (Y) S (R -U)@ ÑR -V)—> 0. 
ai OL 


We claim that the homomorphism 7, is an epimorphism. Take a sufficiently 
large r > 0 such that the sphere S?(r) belongs to R? — X. Then S?(r) is a 
deformation retract of R? — U MV. Hence we can consider the generator of 
H,(S?(r)), [c], as the generator of H2(R? — U N V). Since the representative 
chain c of [e] can also be considered as a chain of (R? — U) N(R? — V), by 
the definition of 4, we have [c] = y.({c],0). The claim is proved, which means 
imA = 0 too. Thus we get H,(Y) =Z @Z and a split exact sequence 


0+ H,(Y) Szer 527-0. 
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It follows that H2(Y) = Z. So we conclude that 


0, a> 3, 
~ _ sj 4, t= 2, 
AY) ZZ, i=l, 
Z, i=0 
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It is known that if X C S* is homeomorphic to S! then H,(S° — X) x 
H,(S1). Use this fact to compute the homology of S*—Y where Y is a subspace 
of S? homeomorphic to the disjoint union of two copies of $1. 

(Indiana) 
Solution. 
Denote Y by Y = AUB, where AN B = 9 and both A and B are homeo- 
morphic to $1. Therefore, 
S? -Y = ($? — A) n ($? — B). 
Noting S? — A and $? — B are open sets of S? and 
(S — A)U(S® — B) = 8°, 
in the Mayer-Vietoris sequence we have 
3°) 5 H,(S° - Y) 5 H,(S° — A) @ H,(S° - B) 
Hy-1(S° =F) Ss 


+1(S 
shee 


Using the fact that 


fT 3L ~ H 3 ~ Ty ER 4, q=1, 
H,(S° — A) x H,(S° — B) + H,(S jaf aai 
and that 
3 Z, q=3, 
=] 0, ¢#3, 
we can easily see that 
0, q > 3, 
TT 3 = 4, q = 2, 
H(S -Y)=\ Zez, q=1, 
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(a) Sketch pictures of the universal covering of the one point union $1 V S? 
and of the connected 2-fold covering (no proofs required). 
(b) Compute the homology of the connected 2-fold covering space of $1VS?. 


(Indiana) 
Solution. 


(a) 


Ss Ss g sive 
CECEN 
» A » A » P, »— R 
Fig.2.18 


The universal covering of the one point union StV S? is shown as in Fig.2.18. 
The covering map 7, restricted on each $°, is the identity map, and, restricted 


on R, is the exponential map: R — $+. The connected 2-fold covering of 
S? v S$? is shown as follows. 


Fig.2.19 


The covering map 7, restricted on each $°, is the identity map, and, re- 
stricted on $1, is the 2-fold covering map: z — z? from S! to St. 


b) To compute the homology of the connected 2-fold covering space of 
S! V S?, i.e., the homology of $? v S! V S?, we take 
U = 8? V S'v S? — {the antipodal point of p1} 
and 
V = S? v S! v S? — {the antipodal point of p2} 


(see the above figure). Then it is easy to see that S? is a deformation retract 
of UNV, and that S1 V S? is a deformation retract of U and V. 
Thus, it is clear that 
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and 

Z, q=1,2, 
0, ¢#1,2. 
Therefore, the nontrivial part of the Mayer-Vietoris sequence is 


H,(U) = H,(V) = H,(S") © H,(S") = { 


0 > #,(U)e (V) S A(s? v Sv 5?) 5 AYU nV) 
b  Hy(U) @ AV) B ASe Vv Sv 8?) o. 


It is easy to see that the inclusion maps k : UNV — U andl: UNV — V induce 
injective homomorphisms k, : Hi(U N V) > A,(U) andl, : Hi(U N V) > 
Hı(V), respectively. Hence the homomorphism 


¢.: Hy(U NV) > A (U) e (V) 
is injective, i.e., ker ġa = 0. Thus imA = 0. It means that 
H,(S? VS! V 8?) x ker A © impe © Ho(U) ® Ho(V) =Z OZ. 
It is clear that 
Hy(S? v S1 v S?) x Hy(U) © Hi(V)/imd, œZ. 


Hence, we have 


ZO4, q=2, 
Has’ VST VO") Seed, q=1, 
0, otherwise. 
2335 


Compute the homology of $+ x $1-point. 
(Indiana) 


Solution. 


Fig.2.20 


It is easy to see that the space X = AU B is a deformation retract of the 
space H = S! x $1-point, where A and B are each homeomorphic to St and 
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ANB = {zo} as shown in Fig.2.20 Choose points a € A and b € B such 
that a # zo and b Æ zp. Let U = X — {b}, and let V = X — {a}. It is 
clear that A and B are deformation retracts of U and V, respectively, and that 
UNV = X — {a,b} is contractible. Applying Mayer-Vietoris sequence to U 
and V, we have 


0, n> 2, 
H,(S' x S! — point) = H,(X) = Ha (4A) 8 Ha(B) = < ZOZ, n=1, 
zy, n= 0. 


2336 


Suppose the following diagram is commutative, the rows are exact, and Yn 
is an isomorphism for all n. 


i j 5 
eA, 3 B 1 Cha ey ee ee 
| an l Bn l Yn | an- 
d i 4 
i j 6 
-= A, > B, 3 Ch 3 Albin 


Construct an exact sequence 
+++ An > Al @ Ba > Bi, > Apis 


Write out the proof of exactness at Bi. 
(Indiana) 
Solution. 
The following sequence is exact: 


(anin) A noya Fy 
e= Anr > An ® Bn > B;, 5 ™ Ani mee 


where A is defined by 
A(a’,b) = ip(a’) — Bn (b) 

for any (a’,b) € Af, B Bn. We give the proof of exactness at Bj, as follows. 

Let u € ker(dn oy, 109/,). Then y, t oj (u) € kern. Due to the exactness 
at Cn, there exists a b € By such that jn(b) = 7,1 ° jh (u), and consequently, 
Yn ` a(b) = j4 (b). From the commutativity, we have jp © 8,(b) = j;,(u). Thus 
Ba(b) — u € ker j}, and there exists an a’ € A’, such that i, (a') = a(b) — u. It 
means that 

u = Pn (b) — in (a') = A(—a', —b). 
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So ker(ôn 07,20 jh) C imA, 
Now we prove 
imA C ker(6, © ya! ojn) 


Suppose that u € imA, i.e., u = i, (a) — 8, (b) for some a’ € A’, and b € By. 
Since 7}, oi, = 0 and j} o Bn = Yn © Jn, it is easy to see that 


bn Ch © jalu) = —bn © jn(b) = 0. 


Thus the exactness at B! is proved. 
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Suppose that X is a space and f: X — Y,g:X — Z are two maps of 
X into contractible spaces Y and Z. Let M be the mapping cylinder of f and 
g, that is, M is the identification space obtained from the disjoint union of Y, 
X x I and Z by identifying each (x,0) with f(x), and each (x, 1) with g(z). 
Prove that H, M= Bee 1X. 

(Indiana) 
Solution. 

Let U = X x [0,3/4] i Y/ ~, where X x [0,3/4] L Y denotes the disjoint 
union of X x [0,3/4] and Y, the equivalence relation ~ is determined by (a, 0) ~ 
f(z). In the same way, let V = X x (4, 1] L Z/ ~', where the equivalence 
relation ~’ is determined by (x,1) ~ g(x). Then we have M = U UV and 
UNV = X x (1/2,3/4). Noting U, V and UNV are open sets of M, by 
Mayer-Vietoris sequence, we have the following exact sequence: 


vo F(U OV) > ËU) e ËV) > ÑM) $ Hy x(U OV) 
> Ä,-1(U) ® Hy-a(V) > ++ (1) 


Since X x fo} 4 Ly) ~ is homeomorphic to Y and is a deformation retract of 
U, from the assumption that Y is contractible, we have H,(U) = = H,(Y) = = 0. 
In the same way, H,(V) = H,(Z) =0. 

It is obvious that U N V has the same Pages type with X. So HU N 
V) = H,(X). Thus, from (1), Ñ, (M) = Ã,-1(X). 


Part II 


Differential Geometry 


SECTION 1 
DIFFERENTIAL GEOMETRY OF CURVES 


3101 


Let a(s) be a closed plane curve. Define the diameter da of a(s) to be 
da = sup |la(s) — a(t)|l 
t, sEeR 


Now assume that the curvature k(s) > 1 for all s. 
i) For any N € Z* sketch an example of such an a(s) with da > N. 
ii) Assume further that a is a simple closed curve. Prove that da < 2 (or 
some other constant independent of a; 2 is the best possible such constant). 
(Indiana) 
Solution. 
i) The following is an example of such an a(s) with k(s) > 1 and da > N. 


Fig.3.1 


ii) From the hypothesis that k(s) > 1 for all s, we know that the simple 
closed curve @ is an oval. 

For every oval, by Blaschke, if we take the origin O as shown in the figure 
and denote by p(0) the distance from 0 to the tangent l at the point (x,y) 
of the oval, where the oval is counterclockwise orientated and @ denotes the 
oriented angle from the x-axis to l, then the oval can be parameterized by 0 
as follows 

{ z(@) = p(@) sin @ + p’(6) cos 8, 
y(9) = —p(@) cos @ + p’(6) sin ð. 
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p(@) is called the support function of the oval. From this we can conclude that, 
by direct computation, the relative curvature of the oval is k,(@) = (p(6@) + 


pl'(6))~*. 


Fig.3.2 


Now we can prove a more general result of Blaschke: 

Let two ovals C and Cı in a plane be internally tangent at a point O. 
Suppose that, at every pair of points P and P} where C and Cj have the 
same tangent orientation, the curvatures of C and C, satisfy the inequality 
ki(P,) < k(P). Then the domain encircled by Cı must contain the domain 
encircled by C. 


0 


Fig.3.3 


In fact, take the tangent point O of C and Ci as the origin, and their 
common tangent line as the z-axis. Let p(@) and pi(@) be the support functions 
of C and Ci, respectively. From the above, we can say that the support 
function p(@) must be the solution to the following initial value problem of 


ODE 
l p” (0) + pCO) = rhy 
p(0) = p'(0) = 0, 


because p’(6) is exactly the distance from 0 to the normal line of C at point 
(x(9), y(@)). Hence, p(@) can be uniquely determined by k(@) = k,(@) of C, 


_ ff sin(6 — 4) 
WS) gy S 
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Analogously, for the curve Cy, we also have the similar expression of pı(0). 
Thus, 


(d IPER? 
py =p) = 1 Oa sin(6 — $)dé. 


By the hypothesis, we know that 


TEO 
kah =" 


As for the sign of sin(@ — ¢), firstly, if 0 < 6 < x, then owing to 0 < ¢ < 9, 
we have sin(@ — $) > 0. Therefore, p:(6) — p(@) > 0. Secondly, if m < 8 < 27, 
we make the reflections of the oval C and Cy with respect to their common 
tangent line at O and reverse the orientation of the z-axis. Then we can get 
pi(9) ~ (9) > 0, where ĝ and its corresponding original 8 satisfy 6 + 0 = 27. 
Hence, we always have p;(9) > p(6). Noticing that every oval is the envelope of 
all its tangent lines, we see that the domain encircled by C must be contained 
in the domain encircled by C1. The assertion of Blaschke is proved. 

If we take a circle with radius 1 and centered at a(so) + N(so) as Ci, and 
take a as C', then ii) follows immediately from the above assertion. 


3102 


Let a be a regular C™ curve in IR? with nonvanishing curvature. Suppose 
the normal vector N(¢) is proportional to the position vector; that is, N(t) = 
c(t)a(t) for all t, where c is a smooth function. Determine all such curves. 

(Indiana) 
Solution. 

For convenience, we assume that the parameter t is the arc length of the 
curve a. Differentiating both sides of the equality N (t) = c(¢)a(t) with respect 
to t, we have, by the Frenet formula, 


—k(t)T(t) — 7(t)B(t) = (talt) + c(t)T(t). 


Thus we can immediately obtain k(t) = constant, T(t) = 0 and c(t) = —k. 
Therefore, by the fundamental theorem of the theory of curves, we know that 
the curve @ must be a circle (or a part of it). 


3103 


A surface S C IR? is called triply ruled if at every p € S we can find 
three open line segments L1, L2, La lying in S such that L1 N L2 N Ls = {p}. 
Determine all triply ruled surfaces. 

(Indiana) 
Solution. 

If S is a triply ruled surface, then, by the hypothesis, there are three differ- 
ent asymptotic directions at every point of S. Observe that every asymptotic 
direction (du, dv) satisfies 


L(u,v)du? + 2M(u,v)dudv + N(u,v)dv? = 0, 


where L(u,v), M(u,v), N(u,v) are the coefficients of the second fundamental 
form of S at point p(u,v). Noticing that the above equation is of 2nd order 
with respect to du : dv and it has two roots, we obtain L(u,v) = M(u,v) = 
N(u,v) = 0 for all (u,v). In other words, every point of S is a planar point. 
Therefore, S must be a plane (or a part of it). 


3104 


Let y : (a,b) — IR? be smooth with |y'| = 1 and curvature k and torsion 
T, both nonvanishing. Denote the Frenet frame by {T, N, B}. Assume there 
exists a unit vector a € IR? with 


T -a = constant = cosa. 


a) Show that a circular helix is an example of such a curve. 
b) Show that N -a = 0. 
c) Show that k/r = constant = + tana. 
(Indiana) 
Solution. 
a) Let a circular helix be parameterized as follows 


y(s) = (rcosws,rsinws, hws), 
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where r, h, w = (r? + h?)~? are all constants. Then it is easy to verify that s 
is the arc length parameter. Hence 


T(s) = (—rw sin ws, rw cos ws, hw). 


If we take a = (0,0, 1), then T(s) -a = hw = constant. 
b) Differentiating T -a = constant with respect to the arc length parameter 
s, we obtain k(s)N (s) -a = 0, from which follows N(s)-a = 0 for all s € (a,b). 
c) By the property of b), we may assume that the constant vector 


a=cosa:T(s)+sina- B(s). 
Differentiating the above equality with respect to s, we have 
0 = (cosa - k(s) + sina: r(s))N(s). 


Thus, for all s € (a,b), k(s)/r(s) = + tang. 


3105 


Show that if y is a geodesic on the cone z = yz? + y?, (x, y) € R?\{0, 0}, 
then y intersects itself at most a finite number of times. 

(Indiana) 
Solution. 

If we cut the cone along a generator l and develop it into a plane, then the 
cone becomes an infinite sector without the vertex, and the geodesic y becomes 
a straight line on the developed infinite sector. Noticing that the central angle 
of the sector is 27, an obtuse angle, and the image of y on the sector must 
be one of the following three cases: 

a generator, 

a straight line never intersecting the generator l, 

two rays which start from the generator l, 
then we can conclude that y never intersects itself. 


3106 


Let y : (a,b) — IR? be a C® curve parameterized by arc length, with 
curvature and torsion k(s) and r(s). Assume k(s) # 0, t(s) Æ 0 for all 
s € (a,b), and let T and N denote the unit tangent and normal vectors to 
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y. The curve y is called a Bertrand curve if there exists a regular curve 
7 : (a,b) — IR? such that for each s € (a,b) the normal lines of y and 7 at s 
are equal. In this case, ¥ is called the Bertrand mate of y and we can write 
¥(s) = 7(s) +7rN(s) for some r = r(s) € R. (Note that s might not be an arc 
length parameter for 7.) 

(a) Prove that r is constant. 

(b) Prove that if y is a Bertrand curve (with r as above), then there exists 
a constant C such that rk(s) + Cr(s) = 1 for all s € (a,b). 

(c) Prove that if y has more than one Bertrand mate, then y is a circular 
helix. 

(Indiana) 

Solution. 

(a) From ¥(s) = y(s) + r(s)N(s) it follows by differentiation that 


Ts) = (1 — r(s)k(s)) (8) + (8) (3) — r(8)r(8)B(). 


Taking inner products at both sides with N(s) = +N(s), we have that r’(s) = 
0, namely r = const. 

(b) From (a), now we have 
Za — rk(s))T(s) — Z rr(s)B(s). 


8 


T(s) = 


If we denote 
T(s) = a(s)T(s) + b(s)B(s), 


then by differentiating with respect to s, we obtain 


E)N) = = a'(s)T(s) + (a(s)k(s) + b(s)r(s))N (s) + b (s)B(s). 


Hence, from N(s) = +N(s) we know that a’(s) = b’(s) = 0, namely 


ds ds 
g! — rk(s)) = const, g) = const. 
Therefore, there exists a constant C such that rk(s) + Cr(s) = 1 for all s € 
(a,b). 

(c) Suppose that yı and y2 are the Bertrand mates of y. Then, by (b), 
there exist constants 71, r2, C1, C2 such that for all s € (a,b), 


{ rık(s) + Cir(s) = 1, 
rok(s) + Car(s) = 1. 
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Because the non-zero constants r1, r2 are not equal, the above system of linear 
algebraic equations has solution k(s) = const, t(s) = const. Hence y must be 
a circular helix. 
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Let 2(s) be a curve in IR? parameterized by arc-length. Assume that r(s) # 
0 and k'(s) Æ 0 for all s. Show that a necessary and sufficient condition for 
z(s) to lie on a sphere is that 


1 $ 1 k'?(s) 
k?(s) r?(s)  kA(s) 


= constant. 


(Indiana) 
Solution. 

Suppose that z(s) lies on a sphere centered at the origin. Then we may 
assume that (s) = a(s)T(s) + 6(s)N(s) + ¢(s)B(s), where {T(s), N(s), B(s)} 
is the Frenet frame field along z(s), and a(s), b(s), c(s) are suitable functions 
to be ascertained later. Differentiating (x(s),z(s)) = R? with respect to s, we 
have (x(s), T(s)) = 0, from which it follows that a(s) = 0, Vs. Differentiating 
(2(s),T(s)) = 0 with respect to s again, we obtain 


1 + (s)(2(s), N(s)) = 


which means that b(s) = —gty. At last, still differentiating (2(s), N(s)) = 
-i with respect to s, we obtain 


(ele) BE) = -a 
namely, 
das -T 
Therefore, : we 


= (x(s),2(s)) = a + 7) ; Hs) 
Conversely, differentiating 


okl) 


A POE) 


N (s) + B(s), 


T 
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with respect to s, we have 


1 ‘(8) 7(s) k'(s) \' 
(04 TO t a” o) = - 13+ (pet) [xo 
that vanishes identically because k’(s) 4 0 and 
df 1 k(s) 
a Feo + FE) AG 


Rs), K f e) N 
= 2 Ra Ee aaa) 


_ æl) | rs) | eo y 
= Peyre) | O (m) | i 


k'(s 
z(s) + iG rou )+ gO 


Then 


is a constant vector, denoted by m. Hence (z(s) — m, g(s) — m) = constant, 
namely, z(s) lies on a sphere centered at m. 
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Let M C IR? be the torus obtained by rotating the circle {(0, y, z) : (y — 
2)? +z? = 1} around the z-axis, and let c(t) = (2cost, 2sint, 1) (“top circle”). 
Is this curve a geodesic on M? Explain without long computations. 

(Indiana) 
Solution. 

Observe that the geodesic curvature of a curve on M can be computed as 

follows 
kg = +k(t) sin 0(t), 


where k(t) is the curvature of the curve, and @(t) is the angle between the 
normal of M and the principal normal of the curve at the point corresponding 
to the parameter t. 

Then, the curve c(t) is not a geodesic on M, because neither the top circle 
is a straight line, nor its principal normal, which is orthogonal to the z-axis, is 
parallel to the normal of M along c(t), which is parallel to the z-axis. 
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3109 


Let y : [0,1] — IR? be a C® curve with |¥| = 1 and nonvanishing curvature. 
Assume the torsion T = 0. 

(a) Show that y lies in a plane. 

(b) What happens if the curvature is allowed to vanish at a point? 

l (Indiana) 
Solution. 

(a) |y| = 1 implies that the curve is parameterized by arclength s. From 
the Frenet formula we know that the binormal vector field of y, denoted by B, 
is constant. Thus, £(+7(s)B) = 0, which means that y(s)B = constant, that 
is, y lies in a plane. 

(b) The vanishing curvature at point sọ means Ẹ(so) = 0, i.e., so is a 
stationary point of y’s tangent vector field. If the point is the strict extreme 
value point of the tangent vector field, then it is an inflection point of the curve 


y: 


3110 


Let f : R — R be positive and smooth. Let M be the surface in IR? 
obtained by rotating the graph {(x, f(z)): x € R} of f in the ba plane about 
the x axis. Characterize in terms of f the set of x such that + Fy Fay is a principal 
curvature of M at (2,0, f(z)). 

Hint. Local coordinate computations are not necessary. 

(Indiana) 
Solution. 

At P = (zp,0, f(zp)), in the direction of the circle of latitude, the corres- 

ponding normal curvature 


kn = k cos = 


Fm) cos (xp), 

where 6(z,) is the angle between the normal of M and the principal normal 
of the circle of latitude at P. Since every circle of latitude on M is a line of 
curvature, then the corresponding normal curvature kp is a principal curvature. 
Thus, kn = +7575 Hed J implies that cos 6(z,) = +1, that is, the curve {(x,0, f(x)) : 
z € IR} has a tangent parallel to the z axis at P. Namely, f'(æp) = 0. 
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Besides, the meridian passing P is also a line of curvature. Its curvature 
k at P is just the other principal curvature of M. Thus, the second possible 
p lean) 1 


~ (1+ FP (a_) 7? Fep) 


Therefore, we conclude that the set of z such that + Fis) is a principal curvature 
of M at (2,0, f(2)) is 


: f'(x) = TERA eee =. 
fzem: f' )=0 (1+ f’?(x))3/2 +r}: 


case is 


3111 


Let a(s) C IR? be a smooth curve parameterized by arclength. Assume 
that the position vector a(s) is always a linear combination of the binormal 
and normal vector B(s), N(s) of a(s). Show that a(s) does not pass through 
O ER. 

(Indiana) 
Solution. 

If the position vector a(s) is always a linear combination of the binormal 
and normal vectors, then (T'(s),a(s)) = 0. Integrating the obtained equality, 
we have (a@(s),a(s)) = const. Therefore, if a(s) passes through the origin, we 
will get a(s) = 0, the trivial case. 


3112 


Let M? C IR? be the cylinder z? + y? = 1. Suppose the curve a(s) € M? 
is parameterized by arclength. 

i) If k(s) > 0 and 7r(s) = 0, show that a(s) is a closed curve. (Here k, T 
are curvature and torsion of a in JR?.) 

ii) Ifkg(s) = 1, show that a(s) is a closed curve (kg is the geodesic curvature 
in M). 

(Indiana) 

Solution. 

i) The hypothesis of torsion T(s) = 0 implies that the curve a is a plane 
curve, whereas the hypothesis of curvature k(s) > 0 implies that the plane r 


163 


where the curve a lies does not parallel the generating line of the cylinder M. 
Therefore, the curve œ C M Nr must be closed. 

ii) If one develops M into a plane r, then the corresponding plane curve 
of a, denoted by &, has the same geodesic curvature kq(s) = 1. Thus the 


curvature of & is k = yk? + k2 = 1 which means that it is a circle with radius 
l in r. So, a must be closed. 


3113 


Let T be a two dimensional distribution in JR? defined by 


ns CR ee 
(#92) = SP Oz’ Oy "zf 

i) Show that T' is not involutive. 

ii) Given a C® curve a(s) € R? = {(z,y,0) : z,y € R} C IR and 
a(so), show that there exists a unique C% curve p(s) € IR? such that (’(s) € 
Tgs),8(80) = a(so) and m(G(s)) = a(s), where a(x, y,z) = (x,y, 0). 

iii) Show that if a(s) is a simple closed curve of length L bounding the 
region 2 in IR? then (so + L) — B(s0) = (0,0, +A) where A = area of Q. 

(Indiana) 
Solution. 

i) That Z, by + z] = £ and (2, & + sz, 2} are linearly indepen- 
dent shows that T is not involutive. 

ii) Let a(s) = (z(s),y(s),0). By 2(G(s)) = a(s), we may assume that 
B(s) = (x(s), y(s),2(s)) where z(s) is unknown. Then §'(s) € Togs) implies 
that 3 3 3 

1 — pas sa — 
Bs) =a +468) (Z +218) 
for suitable functions a(s) and 6(s), i.e., 


(=. ane) =) = (a(s), b(s), b(s)z(s)). 


Hence 


Thus the problem of finding G(s) reduces to solving the following initial value 
problem 


ds — 
Zls=sq — V 


{ $= 2(8) 9 
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When the given plane curve a(s) is C™, the unknown function z(s) can be 
uniquely determined by 


$ d 
z(s)= J (0) Las 
and so is the space curve f(s), i.e., 


Als) = ((0).u(s) f 2) Has). 


iii) If (s) is simple and closed, then we easily have 


B(so + L) — (so) = (zo + L) — z(so), y(so + L) — u(s0), f zay) 
(0,0, +4), 


[I 


where the sign is determined by the orientation of the curve a. 


3114 


Call a normal vector field v along a space curve y parallel if ù is always 
tangent to y. 

i) Show that the angle through which a parallel normal vector field v turns 
relative to the principal normal N along y is given by the total torsion of y, 


Le., 
L 
J T(s)ds. 
0 


Here s and L denote arclength and the length of y, respectively. 

ii) Show that the total torsion of any closed curve y which lies on a sphere 
in JR? must vanish. 

(Indiana) 
Solution. 

i) The hypothesis that ù is always tangent to y means that (v, ù} = 0, and 
hence, the normal vector field v has constant norm. Therefore, without loss of 
generality, we may assume that |v| = 1, and v(s) = cos 6(s) - N(s) + sin @(s) - 
B(s), where 6(s) is a smooth function globally defined on y, which measures 
the angle between v(s) and N(s). Thus we have 


(—sin@- N + cos8 - B)@ + cos@-(—kT —7rB)+sin0-1N 
~ cosð - kT — (Ô — r)sin - N + (Ê — r) cos8 - B. 


ù 


1] 


H 
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Noting that ù is parallel to T, we see that the above equality implies that 
6(s) = r(s), and hence 


L 
O(L) ~ 6(0) = f T(s)ds. 


ii) For any closed curve y which lies on a sphere in JR3, the unit normal 
vector field v of the sphere along y satisfies the above mentioned hypothesis. 
Therefore, we have the relation 


A(s) = [ T(s)ds + 6(0). 


On the other hand, the smooth function 6(s), s € [0, L] can be regarded as a 
lift of a certain differentiable map f : [0, L] — S? into IR’. The fact that y is 


closed means that A 


J r(ejds = 6(L) — 6(0) = 2nz, 


where the integer n is just the degree of the map f, i.e., n = deg f. Let po € y 
and y contract to po smoothly on S?. Thus we get a family of curves {7}, 
t € [0,1]. Furthermore, we may assume that for every t € (0,1), yẹ overlaps 
with y = Yo about po = 71. Also, for every y+, we have the corresponding map 
ft such that fo = f, fı = the constant map into po. Because the degree of a 
map is homotopically invariant, finally we have 


L 
I T(s)ds = 2n- deg fı = 0. 
0 


3115 


Let M be a surface in IR? and let P be a plane. Suppose M and P intersect 
orthogonally. Show that the intersection curve (parameterized by arclength) 
is a geodesic on M. 

(Indiana) 
Solution. 

Let k(s) be the curvature of the intersection curve C= M N P. If k = 0, 
then C is naturally a geodesic on M. Otherwise, along the segment where 
k(s) #0, the normal of M is parallel to the principal normal of C, hence the 
segment is also a geodesic one. 
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3116 


Let a(s) be a C? curve in IR? parameterized by arclength. Suppose that 
for some function f(s), a”(s) = f(s)a(s). What can you deduce about f(s), 
a(s)? 


(Indiana) 
Solution. 


From 
f(s)a(s)a!(s) = 5a(a'(s))? = 0 
we have 
f(s)d(a(s))? = 0. 


If f(s) = 0, then œ” (s) = 0, i.e., a(s) is a straight line. 
If f(s) Æ 0, then (a(s))? = const, i.e., a(s) is a spherical curve. Further- 
more, differentiating 


a” (s) = k(s)N(s) = f(s)a(s) 


with respect to s, we have 


k'(s)N(s) + k(s)(—k(s)T(s) ~ 7(s)B(s)) = f'(s)a(s) + f(s)T(s) 


which implies that 


f(s) = —k?(s), r(s)=0, k(s) =0. 


Hence k(s) = const, and a(s) is a circle or part of it with radius ——. 


V-f 
3117 


Suppose y(t) parameterizes a space curve with curvature function x(t). 
Define a new curve ¥ by setting, for each t € IR, 7(t) := cy(t/c), where c € R 
is an arbitrary fixed constant. Derive the curvature function for this new curve. 

(Indiana) 
Solution. 
The hypothesis is 


167 
Therefore, from ¥’(t) = y’(t/c) and Y” (t) = y" (t/c)/c we have 


ORTHO EO 
AS ie eas. = tele 
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Let a : (a,b) — IR? be a smooth curve with nonvanishing curvature. 

i) Show that if the torsion of a vanishes identically then there is a plane 
t C IR? containing a, that is, a(t) € m for all t € (a,b). Is m unique? 

ii) Is the conclusion of i) still true if the curvature is allowed to vanish at 
a single point c € (a,b)? [Of course, the torsion is not defined at c, but is 
assumed to be zero at all other points.] 

(Indiana) 

Solution. 

i) Let a be reparameterized by arclength s; namely, suppose a = a(t(s)), 
s € (81,82) with t(s1) = a, t(s2) = b. The condition k Æ 0 means that we can 
define the Frenet frame field {T, N, B} along a. Then the hypothesis r = 0 
implies that B is a constant vector field. Hence, 4 (a, B) = 0, from which 
follows 

(a(t(s)), B} = const = (a(t(so)), B}. 


Therefore, the plane 7 : (p — a(t(so)), B) = 0 contains the curve œ. Obviously, 
the connectedness of œ and the smoothness of the Frenet frame field imply 
that a is unique. 

ii) If the curvature k is allowed to vanish at a single point ¢ € (a, b), then, 
according to the above discussion, a(t), t € (a,c) must be on a plane 7; and 
a(t), t € (c,b) must be on another plane 72. Of course, maybe, mı # T2. A 
counterexample is as follows. Let 


(t, f(t),0) ift<90, 
a(t) = < (0,0,0) if t = 0, 
(t,0,f(t)) ift>0, 


where the function f is defined by 


_fe*® ift£0, 
fi={ s ift = 0. 


3119 


Let a and £ be two regular curves in IR?. The curve £ is called an involute 
of a if for all t, G(t) lies on the line tangent to a at a(t) and (a’(t), B’(t)) = 0. 
Show that every involute of a generalized helix æ is a plane curve. (Recall that 
a is a generalized helix if for some constant vector u # 0, (u,a’(s)) = const, 
where s is arclength for a.) 

(Indiana) 
Solution. 

For convenience, let œ and 8 be parameterized by their arclength s and 
sı respectively, and let s, sı represent their corresponding points. Then we 
may assume ((s1) = a(s) + A(s)T(s). Differentiate the equation with respect 
to s. Using the Frenet formulas and the hypothesis (T'(s),T1(s1)) = 0, we 
can ascertain that (s1) = a(s) + (so — s)T(s). Differentiate the obtained 
expression for p successively. Noting that a being a generalized hrelix implies 


k rT 


k! T! 


=0, 
we obtain by straightforward calculation 


d d? d? 
(Ft). gabl) 536s) = 0, 


i.e., the torsion of 8 vanishes everywhere. Therefore, 8 is a plane curve. 


3120 


Suppose that the unit normal vector to a surface M C IR? is constant along 
a regular curve œ C M. Deduce that in this case, a is an asymptotic (Note: A 
curve in a surface is called asymptotic if its acceleration is everywhere tangent 
to that surface.) curve, that a plane contains it, and that the Gauss curvature 
of M vanishes at each point of a. 

(Indiana) 

Solution. 

Let aœ be parameterized by arclength s, and M be locally parameterized by 
X(u',u?). Firstly, by the Weingarten formula, we have, along a, 


dn 2 dul OX _ dX\ _ f 
op- yf PE --w (SF) = wie): 


ijzl 


169 


Further, by the Gauss formula, we immediately deduce that, along a 


2 ; 2 ; 2 A 
du’ . du duk \ ax dui du¥ 
tti pen t A AAR báð a eee yg 
oe (Sr + ot FEL ds 7 


t=1 jk=1 j,k=1 


= kgnxa'’+(W(a’),a’\n = kgn x a’, 


where kg is geodesic curvature. Hence a” is everywhere tangent to the surface. 
Secondly, along a, noting that n is constant, we have d(a(s),n) = 0. There- 
fore, 
(als), n} = const = (a(sq), n), 


namely, (a(s) — a(so), n} = 0, which means that the curve a is contained by a 
plane (p — a(89),7) = 0. 
Thirdly, from III — 2HII+ KI = 0 it follows that along a 


K=- (2) + 2H(W(a'), a) = 0. 
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Sketch the closed regular plane curve £ : [—7, 7] — IR? having (0) = (0,0) 
and (0) = (1,0), if 6’s curvature function k(s) (s = arclength) is odd, satisfies 


f k(s)ds x 31/2, 
0 


and has the following graph. (Include an explanation with your sketch.) 
(Indiana) 
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Solution. 

The image of the plane curve J is a “figure eight”, as shown in Fig.3.5, which 
has z-axis as its tangent line at (0,0). And y-axis is almost its “tangent” line 
at (0,0), too. This assertion follows from 


T T d8 3r 
= — = 0 — x — 
f k(s)ds A gi (m) — 8(0) 7’ 


where 6(s) is the oriented angle formed by @’(s) and 8'(0). 


¢0,0> -z 


Fig.3.5 
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SECTION 2 
DIFFERENTIAL GEOMETRY OF SURFACES 


3201 


i) Show that there exists a metric on the plane so that some geodesics are 
simple closed curves. 

ii) Let a(s) be a simple closed geodesic as described above and K(z) be 
the Gaussian curvature of the above metric at z € IR?. Compute 


interior of a 


Here the integral is with respect to the Riemannian volume induced by the 
metric. 

(Indiana) 
Solution. 

i) Let S? = {(21,22,23) € IR? : z? + z2 +22 = 1}, and R? be the 
£1022 plane. For every p € JR?, its coordinates with respect to the zı and 
zz axes are denoted by (u,v). Suppose that  : $?\{N} — IR? is the stereo- 
graphic projection from the north pole of S$? into the plane IR?, which maps 
(x1, 22,23) € S*\{N} to (u,v) € IR?. By direct calculation, we obtain 


2u 2v u? +v -— 1 


awe S IS RR EL 


ine uz +o? +I’ 


Then the metric of S?\{N} can be expressed by 


ds? = 4(du? + dv?) 
BOTES 


Now, using the pull back of ds? by (7~')*, we can obtain a 2-dimensional 
Riemannian manifold (IR?,(1-1!)*ds”). Thus, the map ~r : (S?\{N}, ds?) — 
(IR?,(x-+)*ds”) is an isometry. Since all great circles which do not pass 
through the north pole are closed geodesics on S*\{N}, then their images 
are simple closed geodesics on (JR?, (x~1)*ds?). 
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ii) Denote by D the simply connected domain encircled by the simple closed 
geodesic a. Then, using the famous Gauss-Bonnet formula, we immediately 
have 


K(x) = 2nx(D) = 2r. 


interior of a 


3202 


Let M? C IR? be a surface containing z = 0. Assume that ar - and 3& are 
tangent to M at z = 0, and that in that basis the WAE map 


m 


Let a be the curve (near z = 0) obtained by intersecting M with the z1z3 
plane. 

i) What is the normal curvature of a at z = 0? 

ii) What is the geodesic curvature of a at z = 0? 

iii) What is the Gaussian curvature of M? at z = 0? 

iv) Sketch the surface near z = 0. You may assume that the normal to the 
surface at z = 0 is (0,0, 1). 

(Indiana) 

Solution. 

i) By the Meusnier theorem, the normal curvature of a at æ = 0 is 


ð L(& cas a 
x) = LBB od ond d- 
Oz (ger) Ber zı Azz’ Ox4 

ii) Since æ is obtained by intersecting M with wits plane, i.e., œ is a normal 
section, then its curvature at z = 0 is k(0) = |kn (0, + de; )| = 4 By the relation 


among k(0), kn (0, a) and the geodesic curvature k,(0, 52 


> Oxy, 


ô ð 
2 = h2 2 
k (0) — ka (o, ~) + kg (o, ~) , 


we immediately obtain kg(0, 32-) = 0. 
iii) Because the eigenvalues of the Weingarten map L are +5, we know that 
the Gaussian curvature of M? at x = 0 is K(0) = —25; or more directly, 


K(0) = det ( a ) = 25. 
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iv) From iii), we know that z = 0 is a hyperbolic point of M*. Noting that 
the normal to the surface at x = 0 is (0,0, 1) and k,,(0, ae) = 4 > 0, we sketch 
the surface near z = 0 as follows. 
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Let M = {(z,y,z) € IR? : z = 6 — (x? + y?)} (a paraboloid of revolution). 
D={(z,y,z) € M : z > 2}, and w = yz?dz + zzdy + z?°y?dz. Orient M and 
evaluate 


Í zdz Ady + dw. 
D 


(Indiana) 
Solution. 


Choose the unit outward pointing normal as the orientation of M. Let 
P = {(x,y,z) € IR? : z? +y? < 4,z = 2} and take (0,0, —1) as its normal 
vector. Then, by the Stokes’ formula, we have that 


dw = 0. 
DuP 


i dw = -f dw. 
D P 
Therefore, 


f zizndy+do= f i6- (2 + de ndy- f dw. 
D D P 


Firstly, we have 


Hence, 


2r 2 
f [6 — (x? + y”)|dz Ady = I as f (6 — r?°)rdr = 167. 
D 0 o 
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Secondly, noticing that 
dw = z?dy A dgr + ?2yzdz A dx + zdz A dy 
+adz A dy + 2ay*dx A dz + 2x7 ydy A dz, 


we have 


- [ do =- | day nde + 2de ndy = -2 | dy \ dz = —8r. 
P P P 


Hence, 


J zdz ^ dy + dw = 8r. 
D 
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Let S be a surface diffeomorphic to the ordinary 2-sphere. Suppose there is 
a C® metric of positive curvature on S for which there exist two simple closed 
geodesics yı and y2. Show that yı and y2 must intersect. 


(Indiana) 
Solution. 


Here we assume the Jordan curve theorem. 

If yı and y2 do not intersect, then yı and y2 encircle a domain D such 
that the Euler characteristic x( D) = 0 and ôD = 71 Uy2. Applying the global 
Gauss-Bonnet formula to the domain D C S and noting that yı and y2 are 
geodesics of S, we have 


J Kdo = 2nx(D) = 0, 
D 


which contradicts the assumption of positive curvature. 


3205 


Let D be the disk {(2,y) € IR? : z? +y? < }} and let O = (0,0) € D. Let 
(x1, 22) = (r,0) be the usual polar coordinates and define a metric on D\{O} 


by 
(9:3) = ( ; iea ). 


where h(r,@) = r?[1 — 2r? + r4 sin’ 0}. 
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(a) Prove that this metric extends to a smooth metric on D. 
Hint. Use a smooth coordinate system. 
(b) Show that line segments in D which pass through the origin (suitably 
parameterized) are geodesics. 
(Indiana) 
Solution. 
(a) Set 
z = rcosð, 
{ y =rsinð. 


Then tn =r. So, on D\{O}, we can choose (x, y) as the coordinates. From 


dx = cos 6dr — r sin 6d0 
dy = sin 0dr + r cos 6d0 


follows 
dr = cos dz + sin @dy 
dé = 3(cos@dy — r sin @dz). 


Hence the metric of D\{O} may be rewritten as 


ds* = dr? + h(r,6)d6? 
= {cos?@ + (1 — 2r? + 4r* sin? 6)? sin? 6]dz? 
+2 cossin 6[1 — (1 — 2r? + 4r* sin? 6)?]dxdy 
+[sin? 8 + cos? 6(1 — 2r? + 4r* sin? 6)?]dy? 
= Judr? + 2G:2dxdy + Go2dy’. 


When r — 0, we see that 911 = 1+ o(r), 912 = O(r), J22 = 1 + o(r), and 
Mia = o(1), 79 = 0(1). Therefore, this metric can extend to a smooth metric 
on D. 

(b) For any line segment l in D, we can express /\{O} as the union of 
l = {(7,0): 0 <r < 4,6 = Oo} and lz = {(r7,0) :0 < r < },0 = 0047}. 
Using ds? = dr? + h(r,@)d6?, we know that both lı and I, are geodesics in 
D\{O}. If we use the extended metric, the geodesic curvature kg of | must be 
a continuous function of the coordinates. Because l, and lz are geodesics by 
either metric, we know that kjo = 0. Hence, as a whole line segment, l is a 
geodesic, too. 
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3206 


i) Let M be a surface (without boundary) in IR?. Suppose M is inside a 
ball of radius R and suppose a point p € M is on the boundary sphere. Show 
that the Gauss curvature of M at p is > H- 

ii) Show that there is no closed minimal surface in JR. 

(Indiana) 
Solution. 

i) The surface M and the sphere $?, the boundary of the ball, have the 
same tangent plane at p. Let m be a normal plane of M and S? at p. Then, 
using the local canonical forms of the normal section curves Ma and S? Av 
at p, one can easily show that, at p, the curvature of M N ~ is not less than 
that of S?’Aa = St}, and pis an elliptic point of M. Hence the Gauss curvature 
of M at p is greater than or equal to H- 

ii) Suppose that M is a closed minimal surface in IR?. Then there is a 
family of spheres that contain the surface M inside and have a fixed center. 
Ler R be the infimum of their radii. Then, there must be at least one common 
point of M and the sphere with radius R and centered at the fixed point. Using 
the result of i), one concludes that the Gauss curvature of M at p, K(p) > a 
But it contradicts the fact that , for minimal surfaces, 


K = kik = —k? < 0. 
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Let H? = {(z,y) € IR?,y > 0} be the upper half-plane in JR? and let H? 
have the Riemannian metric g such that 


1 
g(z,y) = pry) for (x,y) € H’, 


where (z, y) is the usual inner product on JR’. 

(a) Compute the components of the Levi-Civita connection (i.e., the Chris- 
toffel symbols). 

(b) Let V(0) = (0,1) be a tangent vector at the point (0,1) € H?. Let 
V(t) = (a(t), 6(t)) be the parallel transport of V(0) along the curve z = t, 
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y = 1. Show that V(t) makes an angle ¢ with the direction of the y-axis in the 
clockwise direction. 
Hint. Write a(t) = cos@(t), b(t) = sin@(t) where @(t) is the angle V(t) 
makes with the z-axis. 
(Indiana) 
Solution. 
(a) From the hypothesis we have E = G = +, F = 0 and hence 


Ei Ez 1 Gi 
ri =-= =0 riha Se r ee 
map T yo P? 2E 0; 
r.--2.! 2S1 o 2_ &__1 
HO 2G y PTG OE IG y 


(b) For convenience, denote the curve (x,y) = (t,1) = (u(t), u? (t)) and 
the parallel transport vector field V(t) = (a(t), b(t)) = (v!(t), v? (t)). Then 
V(t) must be the solution to the following initial value problem 


¥ 


j,k=1 
(v*(0), v?(0)) = (0, 1). 


Noticing the above expression of T? jk» along the curve, we see that the problem 
is equivalent to 


i 2 : 
oe + E roat =o, i=12 


(a(0),6(0)) = (0,1). 


Therefore, writing a(t) = cos A(t), b(t) = sin A(t), we have immediately 6 = — 


Eor b(t), ZO = a(t) 
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Consider the hyperboloid S of one sheet x? + y? — z? = 4. 

(a) Define the Gauss curvature K of S. 

(b) Use the definition from part (a) to compute K at (0,2,0). 

(Indiana) 

Solution. 

(a) The Gauss curvature K of S at P is defined by K = kık2, where ky, k2 
are the two principal curvatures of S at P. 

(b) At P = (0,2,0), in the direction of the circle of latitude, the normal 
section is a circle z? + y? = 4. Thus, by taking the outer unit normal vector 
field as the orientation of S, the corresponding principal curvature kı = -4; 
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whereas in the direction of the meridian, the normal section is a component of 
the hyperbola y? — z? = 4, thus the corresponding principal curvature kz = 4 


=k 
Therefore, the Gauss curvature K = kik = —}. 


3209 


Calculate the total geodesic curvature of a circle of radius r on a sphere of 
radius R >r. 


(Indiana) 
Solution. 


By the Gauss-Bonnet formula, the total geodesic curvature is given by 


| kds -Jf Kdo + 2rx(Q) 
c 2 
-2r R(R — VR? — r?) + 2r 


Vey) 
ie Spee 


R 
where C is the given circle, and 2 is the spherical cap encircled by C. 


I 


1 
R 


3210 


Let M be a compact surface embedded in JR?, with smooth unit normal 
vector field v. 

Show that the mapping P, : M — IR? defined by P, (æ) = z + €v(z) will 
immerse M provided |e| is the reciprocal of neither principal curvature kı or 
ko at x € M. In this case, express the principal curvatures of M, := P.(M) at 
P.(z) in terms of ky and kp. 

(Indiana) 
Solution. 

If, locally, we take the lines of curvature as the parametric lines of M, then 

by the Rodriques equation we have on P.(M) 


0 ðr . 
ga tE) =A- eki) g t= 12s 
Thus, 


EEYORE 2 oo Pe(2) = (1 eki)(1 — eke) 2% x TL 
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provided that |e| is the reciprocal of neither kı or kz at x € M, which shows that 
the mapping P, immerses M into IR. Furthermore, again by the Rodriques 
formula, we see that the u! and u? parametric lines are the lines of curvature 
in P,(M), and the corresponding principal curvatures are ek; — 1 and ekz — 1, 
respectively. 


3211 


Let à : JR — IR be a smooth function with compact support, and consider 
the Riemannian surface obtained by equipping JR? with a metric g of the form 


g(v, w) := e0) (v, w) 


for v,w € Tie y R. Assuming the Gauss curvature K of this metric is ev- 
erywhere non-negative, use the Gauss-Bonnet Theorem to deduce that in fact, 
the surface is flat. 

(Indiana) 
Solution. 

Using the Descartes coordinates (x,y) in IR?, we can express the metric 
of the Riemannian surface IR? by ds? = e*)(dxz? + dy”), which is obviously 
conformal to that of the Euclidean plane IR?. Take a positive number a and 
consider a square domain D in JR”, whose vertices are A(—a, —a), B(a, —a), 
C(a, —a), D(—a,a) respectively. Suppose that, in IR?, the corresponding part 
of D is D, and the corresponding points of A,B,C, D are A, B, Č, D, respec- 
tively. 

Then, by the Liouville formula, we can see that the geodesic curvatures of 
the segments of coordinate curves AB and CD are 


rol E 1 OnE sb 4+ 1 E sind) 
NAB ds 2G dy 2VE 0=0,y=-a 
1 dà 
~ (- aver Bod 
k | = (Z2 - PEE iaa End) 
ep ds 2G Ody 2/E Ox O=n,y=a 


= laa) 
Lave dy) yaa’ 


whereas both BC and DA are geodesics of RR. Applying the Gauss-Bonnet 
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formula to D C IR?, we have 


[teas f f xa0 =o, 
oD D 


where the Gauss curvature 


1 x 1 d?A 
K= -zAhme TA dy?” 
Noting the area element do = eòdzdy and the line element ds? = edz? 


along AB and CD, from the above integral equality we can obtain 


CM 
dy J yz-a \ dy) ysa 


Because the number a is arbitrarily chosen, letting a — 0, it leads to 


ao) 
dy yo l 


Besides, by the hypothesis K > 0, we have 
dÀ 
— < . 
dy? 7 0 


namely, = is a decreasing function. Thus, 


(2), 202(2),. 
dy yr=-a a dy 


which combining the above equality shows that = = 0 in R!. Therefore, 


d 
K = 0, i.e., R is flat. 


3212 


Let M? C IR? be a smooth compact surface such that M? C {(£,y,z): z > 
0}. Assume that M? N {(z,y, z) : z = 0} is a smooth curve a(s), parameterized 
by arclength. 

i) Show that a(s) is an asymptotic curve on M?. 

ii) Show that a’(s) is always a principal direction. 
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iii) Let’s now drop the assumption that M? N {(z, y,z) : z = 0} is a curve. 
What kind of a set could M? N {(z,y, z) : z = 0} be? 

(Indiana) 
Solution. 

i) The hypotheses imply that along the curve a(s), the plane {(z,y,z) : 
z = 0} is a tangent plane of the surface M?. Thus, the unit normal vector field 
n(s) of M? is constant along a(s). Therefore, along a(s), dats) = 0, which 
means that the tangent vector of a(s) for every s is an asymptotic direction. 
Hence, a(s) is an asymptotic curve on M?. 

ii) Noticing the above fact, we see that along a(s), dats) = —0-a'(s), from 
which the Rodriques equation says that a'(s) is always a principal direction 
with the principal curvature 0. 

iii) If we drop the assumption that M? N {(z,y,z): z = 0} is a curve, then 
the set M? N {(z,y,z) : z = 0} consists of elliptic or parabolic points of M?, 
at which the plane {(z,y,z): z = 0} is tangent to M?. 


3213 


(a) Construct an example of a non-compact C% surface in IR? with a 
sequence of closed geodesics {o;} such that length (a;) — 0. 

(b) Show that this is not possible if the surface is compact. 

(Indiana) 
Solution. 

(a) Consider the following surface S of revolution generated by a C™ vi- 
brating curve C, illustrated in Fig.3.7, rotating around the z-axis which is 
the asymptote of the curve. Let P; denote the points where C has horizontal 
tangents. Then, on S, P; draw closed geodesics o;, and length (0;) — 0. 


= x 


Fig.3.7 


(b) Suppose S is a compact surface. If there exist closed geodesics o; such 
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that length (o;) — 0, then by the Gauss-Bonnet formula we have 


TI Kdo = 2rx(N;), 


where Q; denotes the domain encircled by o;. Because § is compact, when 
i is sufficiently large, we may suppose Q; is simply connected. Thus, setting 
i — co in the above equality, we come to a contradictory result 0 = 27. 


3214 


Let (r(s),0,z(s)) be a unit speed curve in IR? with r(s) > 0. Consider 
the surface of revolution (s,6) > ante) cos 8, r(s) ane z(s)). On hie pune’ 
compute the covariant derivatives V 2 ds 2 and V £30 & in terms of 2 30 and 2 


(Indiana) 
Solution. 
The direct computation gives 
I = ds? + r?(s)d0? = Eds? + Gd’. 
Denoting (s, 0) = (u!, u?), we have 
0 0 ð Gi ð G2ð ð 
V 7 = Ti r? — ——— =-— — 
č 00 2255 t T2236 =~ ands * G00 7 7 9p 
va = m4 r E E ae Gi ð _r(s) ð 
ps T aJs t 230 280s + 2G00 r(s) 00’ 


where Lya denotes the Christoffel symbol (i, j, k = 1, 2). 


3215 


Let M? C IR? be an embedded compact surface of genus > 1. Show that 
the Gauss curvature of M must vanish somewhere on M. 
(Indiana) 
Solution. 
By the Gauss-Bonnet formula, we have 


TI Kdo = 2rx( M°) = 4r(1 — g) < 0. 
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Firstly, we claim that because of the compactness of M?, there must be a 
point P with K(P) > 0; hence, by the continuity, there exists a domain U of 
P such that K|y > 0. Secondly, we show that there exists another point Q 
with K(Q) < 0. Otherwise, we would have 


o> f Kdo > | | Kao >, 
M? U 


a contradiction. Finally, by the connectedness, the continuous function K must 
vanish somewhere on M?. 


3216 


Consider the torus-of-revolution T obtained by rotating the circle (x—a)? + 


z? = r? around the z-axis: 


T = {(z,y,2): (2? +y? +2? +a? — r?°)? — a(x? + y’) = 0}. 


Parameterize this torus, compute its Gauss curvature function K, and verify 
that fp KdA = 0 by explicit calculation. 


(Indiana) 
Solution. 
Thus obtained torus-of-revolution T can be parameterized by 


X(u,v) = ((a+rcosu)cosv,(a+rcosu)sinv,rsinu), 0< u,v < 2r. 


A straightforward computation gives the coefficients of its first and second 
fundamental forms 


E=r’, F=0, G=(a+rcosu)’; 
L=r, M=0, N=cosu:(a+rcosu). 
Therefore, its Gauss curvature function 


K= IN- M? _ cos u 
~ EG- F? ~ r(a+rcosu) 


Noting that the area element on T is 
dA = VEG — F?dudv = r(a + r cos u)dudv, 


we have immediately 


Qn 2r 
[ xaa= | av f cos udu = 0. 
T 0 0 


3217 


Let 
1 
HO) (iso, t sinfe), £) , 0<t<27 


be a curve on $? C IR’. Let Xo = a ET 10,58 Compute the parallel 
translation of Xo along z(t). A 
(Indiana) 
Solution. 
Consider the cone that is tangent to the unit sphere S? along the curve 
z. This cone minus one generator is isometric to an open set D C JR? given 
in polar coordinates by 0 < p < +œ, 0 < @ < V3x. Because the parallel 
translation in the plane coincides with the normal Euclidean one, we obtain 
the result that, for a displacement t of a moving point p along z starting from 
(3,0, ¥3) (corresponding to the central angle 0 = 34 in the domain D), the 
oriented angle formed by the tangent vector z’(t) with the parallel translation 
vector X(t) of Xo is given by 27 — 0 = 2r — t. 


3218 
Show that for any Riemannian metric on $? with |K] < 1, where K is the 
Gauss curvature, the area of S? is not less than 47. 
(Indiana) 


Solution. 
By the Gauss-Bonnet formula, for any Riemannian metric on $°, we have 


| Kdv = 2nx(S*) = 4r. 
s2 
Thus, if |K| < 1, then 


4n <f |K|dv < Area (8°). 
S2 


3219 


Define “geodesics”, and characterize (with proof): 
i) All geodesics on the unit sphere S? C RÈ. 
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ii) All geodesics on the surface {(x,y,z) € IR? : £? +y? = 1}. 
(Indiana) 
Solution. 


Let a(s) be a curve on a surface M parameterized by arclength. Along a, 
we have 


a” (s) 


II 

com 
~ 

w 
— 


N iy 


dui du du? du! 
> (Gr +2 ik ds ds a Doun ds ds 


= kgnx al + ms 
where u!, u? are local coordinates on M, n is the unit normal vector field of 
M along a, and ky is the geodesic curvature of œ. Then, a is a geodesic of M 
if and only if along a, kg = 0 or 


du} duf . 
ar + D5 ik Gp gp T? t= h2 


i) On the unit sphere, every great circle is a geodesic, because along a, 
the principal normal vector N is parallel to n. On the contrary, owing to the 
uniqueness of the initial value problem 


d?u' i dud du* = = 
ds? + Tje a d; =O, i=1,2 
i} ai dut ee | 
uj =u, Gl =o 
80 


$0 


every geodesic on M, that starts from a given point and is tangent to a given 
direction, must be a great circle. 

ii) Since geodesics are intrinsic objects, then if we develop the cylinder to 
a plane, every geodesic must become a straight line. Therefore, every geodesic 
on the cylinder must be a helix, or a circle of latitude, or a straight generating 
line. 


3220 


Give an example (e.g., draw a picture) to show that a connected surface 
can have two points which are not jointed by any geodesic. What is the usual 
topological hypothesis that prevents this problem? 

(Indiana) 
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Solution. 

Let 7 be a plane and p, q two points in x. Let r be an interior point of the 
line segment pq. Then the surface 7\{r} is a case in point. “Completeness” is 
the usual topological hypothesis that prevents this problem. 


3221 


Define “minimal surface in JR°”, and prove that the catenoid, obtained by 
rotating the graph of y = cosh(z) around the z-axis in RÌ, is minimal. 
(Indiana) 
Solution. 
A minimal surface is a surface with mean curvature 


1EN-2FM+GL 
=>” parr T" 


The straightforward calculation shows that the catenoid 
X(z,9) = (x, cosh(t) cos(@), cosh(t) sin(8)) 


is a minimal surface in JR°. 


3222 
The “Clifford” torus in S* can be parameterized using charts of the form 


1 f : 
X(u,v) = p u, Sin u, cos v, sin v), 

where u and v are constrained to lie within intervals length < 27. 

i) Compute the metric [gi;] on the Clifford torus for a coordinate chart of 
the indicated type. 

ii) Figure out the Clifford torus’ Gauss curvature function. 

Hint. Calculation is not necessary here. 

iii) Deduce from the result of ii) that the Euler characteristic of a torus is 
Zero. 

(Indiana) 

Solution. 

i) From 


1 
Xn = —sinu,cosu,0,0), X, = ps neo) 


1 
val 
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we easily have 
gu sgp 92=92= 0. 


ii) The Gauss equation implies that the Clifford torus’ Gauss curvature 
function K = 0. 


iii) Using the Gauss-Bonnet formula, we see that the Euler characteristic 


of a torus T 1 
x(T) = 


3223 


Let f : IR? — IR be a smooth function with a critical point (e.g., a minimum 
or maximum) at the origin zı = z2 = 0. 
i) Show that the principal curvatures of the graph 


z = f(z1, 22) 


at (0,0, f(0,0)) € IR? are the same as the eigenvalues of the Hessian matrix 
(0? f /3x;ðz;] at (0,0). 

ii) Show that IR? contains no compact embedded surface with strictly nega- 
tive Gauss curvature at all its points. 

Hint. Look at the “lowest” point on the surface. 


(Indiana) 
Solution. 
i) The hypothesis means that ge and ge vanish at (0,0). Then, by 
straightforward calculation, we have 
1 0 a a 
2 82, 8r2 
[9:j]o,0 = ( 01 J (Mijlo= | a r 
02,022 6x2 (0,0) 


Therefore, the principal curvatures of the graph 
z= f(z, z2) 
at (0,0, f(0,0)) € IR? are the roots of the following equation 


Tiei ee 
oo w — Or 221073 = 
det[Q;; giz] (0,0) = eoa t EN i: 
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ii) Let p(xo, yo, Zo) be the “lowest” point on the surface. (The existence of 
such a point follows from the compactness of the surface.) Since the surface is 
above the plane a : z = zo and pis the common point of z and the surface, then 
m is the tangent plane of the surface at p. By observing the normal section at 
p, it is easy to conclude that any normal curvature of the surface at p is greater 
than or equal to zero, if we take (0,0,1) as the unit normal of the surface at 
p. Thus the Gauss curvature of the surface at p is not less than zero. 


3224 


Let M be a 2-dimensional manifold smoothly embedded in JR? with unit 
normal n. 

a) Prove that for each p € M there exist an open neighborhood U, of p in 
IR? and a smooth function F : Up — IR such that F~1(0) = U, N M. 

b) Find F if M is the graph of a smooth function f : R? —> IR. 

(Indiana) 
Solution. 

Since the inclusion map M — IR? is an embedding, for each coordinate 
neighborhood V C M of p € M, there exists a neighborhood U of p in RÈ, 
such that V = U N M. Using the local coordinates (u,v) for V and (z, y, z) 
for U, we can express this embedding as (u,v) — (z(u,v), y(u, v), z(u, v)). 


Noticing that l 
rank (ey) 2) = 2, 
O(u, v) 
we know from the implicit function theorem that there exists a neighborhood 
Vp C V of p, such that on Vp, 


{ z = z(u,v) 


y = y(u, v) 


has smooth inverse 
u = u(z,y) 
{ v = v(2,y). 
Then, we can find a neighborhood Up C U of pin IR?, such that Vp = U,NM, 
and in terms of the local coordinates (x,y), the embedding can be expressed 
by (z, y) > (zy; f(z, y)), where f(x,y) = z(u(z, y), v(z,y)). 
Therefore, setting F : Up — IR? by F(a,y,z) = z — f(z,y), we have 
F-1(0) =U, M. 
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b) If M is the graph of a smooth function f : IR? — JR, then for each p € M, 
we can take Up = IR?, and F : R? — R defined by F(x, y,z) = z — f(x,y). 


3225 


Let M be a 2-dimensional manifold smoothly embedded in R? with unit 
normal n. Assume that M is the boundary of a bounded convex open set. 
Assume that n is the exterior normal and that the Gauss curvature K of M 
is everywhere positive. [Recall that S C IR? is defined to be convex if for each 
two points of S the line segment joining these points lies in S. You may use 
without proof the fact that M lies on one side of each of its tangent planes.] 

a) Define the Gauss (or sphere) map 


n: M => 8? = {((2,y,z): 27 +y? +27 = 1}. 


b) Prove that ņ is one-to-one. 

c) Assuming that 7 is one-to-one, prove that 7 is a diffeomorphism onto 
52; 

d) Show that 


Í, K(p)dp = 4r. 


(You may assume b) and c) if you wish.) 
(Indiana) 
Solution. 

a) For each p € M, define ņ(p) as the end point of the unit exterior normal 
n(p) after parallel translating it to the origin of IR?. 

b) and c). We first prove that 7 : M — S? is a local diffeomorphism. 
For each p € M, there exist a coordinate neighborhood © C M of p and a 
coordinate map h : 5 — U C IR?, which is a diffeomorphism, such that on U 
the Gauss map has the following expression 


no h-*(u,v) = (a(u, v), B(u, v), y(u, v)) = n(u, v), 


where n(u, v) is the unit normal at X(u,v) EX C M. 
Since n, x ny = KX, x X, and K > 0, Xu x X, # 0, the rank of the 


Jacobi matrix 
Qu Ay 


rank | Bu By =<); 
Yu Yv 
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Thus, the implicit function theorem says that 70h? has a smooth inverse on 
a neighborhood of h(p) (which may be smaller than U); hence noh~? is a local 
diffeomorphism. Therefore, in the neighborhood of h(p), n = (noh"1)ohisa 
diffeomorphism. Thus, on M, 7 is a local diffeomorphism. 

Next, we show that 7: M — S® is surjective. Since 7: M — $? is a local 
diffeomorphism, 7 is an open map. Besides, because M is compact and $? is 
a Hausdorff space, 7 is also a closed map. Thus 7(M) is an open, closed and 
non-empty set of S?. The connectedness of $? implies that n(M) = $2. 

Now we prove that 7 : M — S? is globally one-to-one by leading to a 
contradiction. Suppose that there are two distinct points P,Q € M such that 
n(P) = 7(Q). From the above argument we know that there are neighborhoods 
Up, Lo of P,Q respectively, such that 1s, : Ep —> n(Er) nls : Eo > 
n(Zg) are diffeomorphisms. Because P # Q, in M we can choose Up, Lg so 
small that Dp NXg = 0. Now take the inverse images of 7(Xp)M7(Ze@) under 
nlyp and n|5g,; respectively. Namely, set 


U 
V 


(nls) Er) Nn(ZaQ)), 
(nlp) (Zp) 1 n(Zq))- 
Thus, UNV = @ and n(U) = n(V), which implies n(M\U) = S?. On the other 


hand, it is easy to show that M is compact, connected and oriented. Then the 
Gauss-Bonnet formula gives 


i do = J Kdo = 4r, (by noting K > 0), 
5? M 
where do, do have local expressions 

do = |X, x Xy|dudv, da = |ny x ny|dudv. 


Hence 


1i 


AT J Kdo = Kdo + | Kdo 
M M\U U 


d+ | Kdo=4r+ | Kao, 
s? U U 


Since Ju Kdo > 0, we arrive at a contradiction. 

In the end, noticing that differentiability is a local property, we see that 
the globally one-to-one, surjective local diffeomorphism is naturally a global 
diffeomorphism. 


IV 
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Remark. In fact, this problem is the famous Hadamard theorem. Using 
the theory of covering map, we can simplify its proof as follows. 

Firstly, as the above, show that 1: M — S? is a local diffeomorphism. 

Since M is compact and S? is connected, then the local diffeomorphism 
n: M — S? is also a covering map. 

Further, because S? is simply connected, and M C IR? is connected and 
hence path connected, we know that the covering map 7 must be a homeomor- 
phism and hence a global diffeomorphism. 


3226 


Let M be a 2-dimensional manifold smoothly embedded in IR? with unit 
normal n. 

a) Explain what is meant by intrinsic and extrinsic quantities on M. 

b) Are the principal curvatures intrinsic? 

c) Discuss why the covariant derivative on M, defined using the covariant 
derivative on JR°, is intrinsic. 

d) Assuming c), discuss why the Gauss curvature of M is intrinsic. 

(Indiana) 
Solution. 

a) The terminology “intrinsic quantities” means those geometrical quanti- 
ties that are definable only by the first fundamental form of M and its deriva- 
tives. Otherwise, they are called “extrinsic quantities”. In other words, intrin- 
sic quantities are those that are invariant under isometric correspondence, but 
extrinsic ones are not. 

b) The principal curvatures are not intrinsic; they are extrinsic. For exam- 
ple, consider a plane and a cylinder. 

c) Although the covariant derivative on M is defined by using the covariant 
derivative on IR*, the last local expression of the covariant derivative of M 
involves the tangent vector field and the Christoffel symbols of M. Therefore, 
it is intrinsic. 

d) For each p € M, let C be a simple closed curve encircling a simply 
connected domain D where p lies. Let Aw denote the angle variance caused by 
a tangent vector after parallel translating it around C' once. Using the Hopf’s 
rotation index theorem and the Gauss-Bonnet formula, we can show that the 
Gauss curvature of M at p can be expressed by 
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Since parallel translation is intrinsic, then the Gauss curvature is intrinsic, too. 


3227 


By revolving the curve y sketched below around the z-axis, we get a surface 
of revolution M? C IR?. Compute f m KaA, where K is the Gauss curvature 


and dA the area form, on M. (Make sure to justify your answer.) 
(Indiana) 


Fig.3.8 


Solution. 

The surface M? of revolution generated by the curve y is homeomorphic 
to a section of a cylindrical surface. Thus the Euler characteristic number 
x(M?) = 0. Besides, the boundary of M? consists of two circles which are just 
geodesics of M?, because along these circles the normal vector of M? is parallel 
to the principal normal vector of the two circles respectively. Therefore, by 
the famous Gauss-Bonnet formula, we have immediately 


f KdA = 0. 
M 


3228 


A surface 5? immersed in a Riemannian manifold N is said to be ruled if 
it can be parameterized near any point by a mapping X : (0,1)? — N such 
that for each fixed vo € (0,1), the u-parameter curve X (u, vo) is a geodesic in 
N. 

a) When n = 3, show that the Gauss curvature of a ruled surface in JR” is 
nowhere positive. 


b) Show it for arbitrary n. 
(Indiana) 
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Solution. 

a) Since every geodesic in N = IR? is a straight line, then ©? can be 
characterized locally by X(u, v) = a(v)+(u—$)l(v), where I(v) is the direction 
of the geodesic corresponding to v € (0,1). Thus, through computation, we 
can easily deduce that the first coefficient of the second fundamental form of 
y2 


8X 
L= (n, Daz?) = 0, 
which shows that the Gauss curvature of the surface 
LN — M? M? 
K= N-M p <0 


b) Similar to the above, suppose X? can be characterized locally by 
X (u,v) = a(v) + ul(v), 
where, for convenience, we may assume that v € (0,1) is the arclength of the 
curve a(v), |I(v)| = 1, and (a’(u),l(v)) = 0. Then, by a routine work, we see 
that the first fundamental form of X? is 
ds? = du? + (1+ 2u(a’(v), U(v)) + u?|I'(v) |? )dv?. 


Since the Gauss equation says 


it suffices to show that ove > 0. However, we have 


VG (œ (v), U(w)) + ull’) PF 


du 1+ 2u(a’(v), U(v)) + wo) |?’ 
PVE _— P-er 
Ow (1+ 2u(a’(v), U(v)) + u?|l'(w)?)9/? 


Noting that 
It (v)? — (a (v), U(w))? = Jaw) x U(v)/? > 0, 


we obtain the desired result. 
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SECTION 3 
DIFFERENTIAL GEOMETRY OF MANIFOLD 


3301 


Let M” be a Riemannian manifold and 7 a 2-plane in T,M. 

i) Let {X,Y} be an orthonormal basis of m. Use this basis to define the 
sectional curvature K(a) and show that it depends only on m and not the 
particular basis chosen. 

ii) Define the Riemann curvature tensor in terms of covariant differentia- 
tion. Explain why it is a tensor. 

iii) Recall that if M” C JR"*? is a hypersurface, then 


R(X,Y)Z = (LY, Z)LX — (LX, Z)LY, 


where Lis the Weingarten map. Using this or any other valid method, compute 
all sectional curvatures of the sphere {x € JR*: |z] = 3}. 
(Indiana) 
Solution. 
i) The sectional curvature is defined by K(x) = —R(X,Y,X,Y), where 
R( ) is the Riemannian curvature tensor field of M”. If {X,¥} is another 
orthonormal basis of 7, then X =aX+ bY, Y = cX +dY. Noticing that 


( : ) is an orthogonal matrix, and R( ) is a 4th order covariant tensor 


field, we can easily have R(X,Y,X,Y) = R(X,Y, X,Y), which proves that 
K (a) depends only on 7. 

ii) For any vector fields X, Y, Z, W on M”, define the Riemannian curvature 
operator by R(X, Y)Z = VxVyZ- Vy VxZ—-—V{x,y)Z and the Riemannian 
curvature tensor field by R(X, Y, Z,W) = (R(X, Y)Z,W), respectively. Then 
for any C% function f on M”, using the properties of covariant differentiation 
and of the inner product, we can conclude from straighforward computation 
that 


R(FX,Y,Z,W) = R(X, fY,Z,W) = R(X,Y, fZ,W) 
= R(X,Y,Z,fW) = fR(X,Y,Z,W). 


Thus, in terms of local coordinate frame field, one can show that Vp € M”, 
R(X,Y,Z,W)|p is dependent only on Xp, Yp, Zp, Wp € T,(M"). Therefore, 
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R( )|p is a well-defined 4th order multilinear function. Besides, the inner 
product and covariant differentiation are all C%. Hence, R( ) thus defined is 
a C™ tensor field. 

iii) For the sphere M” = {xz € IR*,|z| = 3}, we can regard the position 
vector field z as the normal vector field of M”. Let {e;} be a local orthonormal 
frame field about z (as a point) of M”. Then by the original definition of 
covariant differentiation, one can easily show that Vez = e;, where V denotes 
the covariant differentiation in IR*. Hence, the Weingarten map is L : X ++ 
L(X) = -Vxt = —X/3. Therefore, if {X,Y} is any orthonormal basis of an 
arbitrary 2-plane x in T,(M”), 


K(x) = —(R(X,Y)X,Y) = (LX, X)(LY,Y) — (LY, X)(LX,Y) = 1/9. 


3302 


Let C = {x € IR? : 0 < z; < 1} be the unit cube in R?. Suppose 
F : IR? — IR* is a 1-1 C© immersion in some neighborhood of C. The image 
F(C) is then a compact Riemannian submanifold of JR* with boundary and 
therefore has a volume. J on the following formula: 


a a 
F(a) a F, (=) AF, (=) |deıdezdzs. 


Also, evaluate the a if 
F(z) = ((1 + z1)’, (1 + z2)”, (1 + 2s)’, (2 + z3)°). 


vol(F(C)) = 


(Indiana) 
Solution. 
Consider the following four points in F(C) 


P, = F(21,22,%3), P2 = F(z, + Az, 22,23), 
Ps = F(z1, £2 + Az2, £3), Ps = F(21, £2, %3 + Azs3), 
where |Azi|, |[Az2|, |Az3| are sufficiently small. Construct three vectors as 
follows 
een OF 
P,P, = F(z + Az, 22, 23) — F(21, 22,23) = pai free, 
PEER OF 
P,P, = F(x1,22 + Azz, 23) — F(21, 22,23) = Pes ee 
a} OF 
P,P, = F(21,22,23 + Azg3) — F(x1, £2, £3) = —Az3+---. 
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Let Ao be the volume of the parallelopiped spanned by the vectors P:P;, P3P; 
and P,P; in IR*. Then 


Ag = || PoP; A PaP A P4P|| 


ð ð 0 
Pa pees i LNA La 
F, (È) AF, (È) A F, (a) r1Ar2Az3 + | 


is an infinitesimal when Az; — 0, Az2 — 0, Azz — 0. We take the principal 
part of the infinitesimal Ac as the volume element, namely, the volume element 


of F(C) is 
a a a 
(=) nae (=) i (a) |dzıdzzazs. 


Hence the desired formula follows immediately. 
Furthermore, if F(x) = ((1 + z1)?, (1 + z2), (1 + 23), (2 + 23)%), then, by 
denoting F(x) = F(z1, £2, £3) = (y1, Y2, Y3, ya), we have that 


ô 
= (sa) 

ô 

ô 
n (a) 


: a ə 
Since dyi’ Dyz and 


ô 
K + T3) +3(2 + z3) 5 A / vaa + z3)? + 9(2 + z3)t 
form an orthonormal frame, we obtain that 


ô ô ð 


= 4(14+21)(14 z2)V4(1 + z3)? + 9(2 + z3)4. 


2(1 + “a 


2(1 + i 


ð 
— Yio 
2(1+ ta) 5 eT 3(2 + z3) Aa. 


3303 


There is no submersion from $° into IR?. 
(Indiana) 
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Solution. 
Let S? C IR$ be defined by {(x1, x”, 2°, gt) € IR*; (21)? + (x?)? + (23)? + 
(xt)? = 1}. Observe the following three vector fields 


ô ô (a) 
X = Pa ga a aA 
ð fa] ô ð 
= ae 3 pe? 1 
Sa RuN Oz Te Ir ” Oa? Ort’ 
ô 0 ô ô 
a Bİ [a a? cag 
A a Se xt be Ox? PE ðr? ðt’ 


where (zt, g?°, z3, 2+) € S°. It is easy to see that they are nowhere-vanishing 


tangent vector fields on S?. Since (z!)? + (z°?)? + (23)? + (z4)? = 1, then, 
without loss of generality, we may assume z* Æ 0. Hence, from the fact that 


z -zi gt 
det} xt 2 >g? | = (r*+ 24(23)? + 24(2?)? + 2t(z1)? = rt £0, 
4 1 
we know that X1, X2, X3 are three linearly independent vector fields. Further- 
more, by direct calculation, we obain 


[X1,X2]= 2X3, [X2,X3]=2X1, [X3, Xi] = 2X2. 


Now we suppose that there is such a submersion 7 : S? — IR?. Then, 
Ts TCS") — Trp) (R?) is a surjection for every point p € $°. Thus, we may 
assume that, for example, m« X2, m, X3 are linearly independent, and m, Xı = 
ans Xa + bn, X3 at p. Then, on the one hand, 


[n X1, 7X2] = blr. X3, T+ X2] = ba. | X3, Xo] 
—2br,Xı = —2abr, Xz — 2b? T, X3; 


on the other hand, 
[na X1, Ta Xa] = Tx [X1, X2] = 2m, X3. 


Therefore, 
na Xa = abnt, Xa — bn X3 


from which we get ab = 0 and —b? = 1. Similarly, from [X3, X1] = 2X2 we 
can deduce that —a? = 1 and ab = 0. They are all contradictory. So, there is 
no submersion from $° into IR?. 
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Let M” and NF be Riemannian manifolds. Then M x N is naturally a 


Riemannian manifold with the product metric. If 21,---,2%, are local coordi- 
nates on M and y1,---, yx are local coordinates on N, the product metric in 
local coordinates (£1, , En, Y1,- , Yk) looks like 


ai ( ae Ipa(¥) ) 


i) Let X be a vector field on M x N “along” M (i.e., in local coordinates no 
Yp and z-- are present) and Y be a vector field along N. Show that DxY = 0. 
ii) Show that at z € M x N, some sectional curvatures always vanish. (e.g., 
product manifolds in the product metric never have strictly positive curvature.) 
(Indiana) 

Solution. 
i) Using the properties of the Riemannian connection on M x N, we only 
need to verify D a bey = 0. In fact, observing that the inverse matrix of g is 


= ( ~~ may) 


and the first class of Christoffel symbols of M x N satisfy 
1 (3 Ogph = ane ) -0 
Yp GEA Ox, , 


PE 1 Jir O9pr OGip _ 
Tip,r = (He + On; ðr, =U, 


of the form 


Pip,h 


we easily conclude that 


ð i ə 
Doga et bas ee PT iph oe bine age = 


Ber ay 


= 0. 


ii) By the definition of the curvature operator, using the result of i), we 


ð ð ð ô ô ð 
E A cigs ae pe A E, 
R (ae ia) Oh (ae in) Yq 


This means that R (2 Bani? dy; &) = = 0, Hence, for arbitrary X along M and Y 
along N, using the C®(M x N)-linearity of the curvature operator, we have 


Obviously, we also have D _o 


Say or 


have 


R(X,Y,X,Y) =0. 
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Therefore, the sectional curvature determined by X and Y always vanishes. 
Obviously, here X may involve yp, and Y may involve z;. 


3305 


Let F: M — N be smooth, X and Y be smooth vector fields on M and 
N, respectively, and assume FX = Y; that is, that 


Fip(X(p)) = Y(F(p)) for pe M. 


a) Let w be a smooth 1-form on N. Define the Lie derivative Lyw of w 
with respect to Y. (If you use local coordinates, you must verify independence 
of choice of coordinates.) 

b) Prove that 

F*(Lyw) = Lx(F*w). 


c) Let Z be a smooth vector field on M such that F.Z = W, where W is 
a smooth vector field on N. Show that LyW = F,(LxZ). 
(Indiana) 
Solution. 
a) Lyw is defined by Lyw = d(Y|w)+Y |dw, where the symbol “|” denotes 
the interior product of a vector field with a form, for example, if Q is a p-form, 
then Y |Q is a (p — 1)-form defined by 


(Y [9)(¥1, +++, Yp-1) = Q(Y, Y1, +++, Yp-1)- 


Thus, Lyw is a well-defined 1-form on N. 
b) Let Z be a smooth vector field on M such that F,Z = W, where W is 
a smooth vector field on N. Then we have 


F*(Lyw)(Z) = (F*(a(¥w) +¥[dw))(Z) 

(dF* (Y Lw))(Z) + (F* (Y dw))(Z) 
= (4F*(w(¥)))(Z) + (Y [dw)(F.Z) 
= (dw(F.X))(Z) + dw(F.X, F,Z) 

= (d(F*w)(X))(Z) + (F*dw)(X, Z) 
= (d(X|F*w))(Z) + dF*w(X, Z) 

= (d(X|F*w) + X|dF*w)(Z) 

= (LxF*w)(Z). 
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c) Noticing that LyW = [Y,W] and [F,X,F,Z] = F,[X,Z], we imme- 
diately obtain Ly W = F,(Lx Z). 


3306 


Let r,6,z be the usual cylindrical coordinates in IR?. Let 
w = [2rz sin 0+3z?r cos 6+5r? sin? 6]d6+[—2r cos 0+6zr sin 6]dz+[4zr? sin 6]dr. 
Let the curve y be given in rectangular coordinates by 

y(t) = (z(t), y(t), 2(t)) = (cost, sint, 4sin t + sin? t cosêt), O0<t< 2r. 


Evaluate f w. 
(Indiana) 
Solution. 
Let a function f be defined by 


f(r,6,z) = —2rzcos@ + 3z2°rsinð, (r,0,z) CIR’. 
Then f is a C” function in IR? and we have 
df = [2rz sin 0+3z°r cos 6|]d0+([—2r cos 80+ 6zr sin 6|dz+(—22z cos0+3z? sin 6|dr. 


It is easy to see that fl, is also a C° function, and by the invariance of the 

form of first order differentiation, the above expression of df is an exact 1-form 

on the closed curve y. Noticing that y is a closed curve, we have, by using the 
Stokes’ theorem, 


J w= fe — df) = f 5r? sin? 6d6 + (4zr? sin 0 + 2z cos8 — 3z? sin @)dr 
7 


Without loss of generality, we may assume 0 < 6 < 27 and r = 1. Then 


ar 2r = @ 
fe=f Ssin?ode =5 | Laced hupe, 
od 0 0 2 
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3307 


Let M be a C” Riemannian manifold. Assume the theorem that there is 
a unique C® mapping V : 4(M) x 4(M) — X(M) denoted by V : (X,Y) > 
VxY which has the following linearity properties: For all f,g € C°(M) and 
X,X',Y,Y’ € (M), we have 


Vixtgx'Y = f(VxY)+9(VxY), 
Vx(f¥ +9¥') = fVxY¥ +9VxY'+(Xf)Y + (XQ)¥', 
[X,Y] = VxY -Vyr, 
X(Y,Y’) = (VxY,Y4(Y,VxY’). 


a) Suppose a : [a,b] — M is a smooth curve. Define what it means for a 
vector field Y on & to be parallel along a. Derive the differential equations 
that must be satisfied if Y is parallel along a. 

b) Let X,Y € (M). Let p € M and let a: [0,6] — M be an integral 
curve of X such that a(0) = p, da/dt = X(a(t)). Show that 


(Vx¥)() = SIPSALY (al?))k=o, 


where Pa;o,t : Tayo) M — Tact) M is the parallel transport along a. 
(Indiana) 
Solution. 

a) As known, thus defined mapping V is the Riemannian connection. Using 
the properties of V, we can prove that V do Y is completely determined by a(t) 
and Y(a(t)). So Va Y is well-defined for every vector field along a. 

Now we give a desuition that a vector field Y on a is parallel along a, if 
and only if V 2a Y = 0, Vt € [a,b]. In order to derive the differential equations, 


we choose a coordinate neighborhood with local coordinates {x°}. Then 


da _ q~ da'(t) 3 i 8 
ear aor (Ut), rozz rouo 


Denoting 
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we have, by the properties of V, 


oe (roseo) 


V aa 
d 


Y 


II 


X POS a D+ LV OV g ê (alt) 
A yje “Ft De ir) orale). 
k 


Therefore, the desired differential equations are 


k ot 
a + Leh Paa Oyi(a =0, Vk. 


b) Choose a basis {e1,---,é€n} of T (M), where n = dim M. Let 


e(t) = Pa; ;0 elei). 


Since Pao is a parallel isomorphism for every t, then {e1(t),---,en(t)} is a 
basis of Tag) ( M). Hence we can denote 


¥(a(t)) EYO 


Then, by the properties of the connection V and by the fact that e;(t) is 
parallel along a(t), i = 1,---,n, we immediately have 


dY’ 
(Vx¥)(p) = VY = J ~y Oe 


On the other hand, because 


Paole) = e (t) 
is equivalent to 
ej = Pro s(ei(t)), 


we can write 


Proe(¥ (a(t))) = Yes 
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Therefore, 


Pad COo = YG (es = (WYN) 


3308 


Let M be a Riemannian manifold with the property that given any two 
points p,q € M the parallel transport of a vector from T,M to T,M is in- 
dependent of the curve joining p and q. Prove that the curvature of M is 
identically zero, i.e., R(X,Y)Z = 0 for all X,Y,Z € ¥(M). 

(Indiana) 
Solution. 

For an arbitrary point p € M, take a coordinate neighborhood D of p with 

local coordinates z},.--,2". Let 


ô 
Vpi = dota gay 2”) 
j 


be n linearly independent vectors in T,M. Using the hypothesis that the 
parallel transport of a vector from TpM to T,M is independent of the curve 
joining p and q, then for q € D, we can transport every V,; from T,M to 
T,M. Thus, we can define n linearly independent vector fields Vi,---,V, 
in D. Obviously, all V;’s are well-defined, and if we transport along special 
coordinate curves, then 


due, (z) kl ð def. k ð 
=V e Vj = 2 (= + 2o Tiva) Fzt”) = 2 hyl) garle) 


vi (2) =0 ijk = 1, n. 
Now, by the Ricci identity, we have 
Us jm (2) = UF aj (2) 2 > 0}1(2) Bhim (2) = 0. 
I 


Noting the linear independence of V;’s, we immediately have, in D, 


Rivm =0 &lj,m=1,---,n, 


i.e., the curvature of M is identically zero. 
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3309 


Let M be an n-dimensional Riemannian manifold. Suppose there are 
n orthonormal vector fields X1,---,Xpn that commute with each other (i.e., 
[X;, Xj] = 0; i,j = 1,---,n), show that the sectional curvature of M is identi- 
cally zero. 


(Indiana) 
Solution. 
Set 


Vx,X;5 => TEX. 
k 
Then, from (X;,Xj;) = 6;; it follows that 
(Vx, Xi, Xj) + (Xi, Vx, Xj) = 9, 


ie, TŻ, + Ti, = 0; i,j,k = 1,++-,n. On the other hand, from (Xj, Xj] = 0 it 
follows that 
Vx,X; — Vx, Xi = [Xi, Xj] = 0, 


ie, TE, — T} = 0; i,j,k = 1,---,n. Namely, the Christoffel symbols TE ’s 

are antisymmetric with respect to k, j, and symmetric with respect to i,j. 
Therefore, 

k a j _pi _pi _ _pk __pk 

Diy = Te = Tes = Phy = The = Pe = -T i, 


which means rE, = 0; i,j,k =1,---,n. Hence the sectional curvature of M is 
identically zero. 


3310 
Let X be a smooth vector field on a Riemannian manifold M. The diver- 


gence of X, denoted by div(X), is defined by the function trace (VX). 
i) If M is closed (i.e., compact without boundary), show that 


Ee div(X)dv = 0. 


ii) If M is compact with boundary 0M, show that 


I, div(X )dv = is (X, N)ds, 
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where N is the outer normal vector field of 0M. 

Hint. Consider w € A1(M) defined by w(Y) = (X,Y), and try to use the 
Stokes’ Theorem. 

(Indiana) 
Solution. 

In fact, this problem is the famous Green theorem. The outline of the proof 
is as follows. 

Firstly, one can show that, for example, by means of the normal coordinate 
system about p € M, thus defined div(X) satisfies div(X)Qyy = d(i(X)Qxy.), 
where Qm is the volume form of M and i( ) is the interior product operator. 

Next, for p € ôM, choose an oriented orthonomal frame field about p 
{e1,--+,€n} such that, at p, e1 = Np. Let {w*,---,w”} be the dual frame field 
of {e1,-+-,én}. Then the volume elements of M and 0M are respectively 


dv = Qulp) =w! A Aw, ds=Qam(p) =w A=: Aw". 

Observing that, at p, 
i(X)Qm i(X)(wi A--- Aw") 

w)(X)w? A--»Aw”™ + (terms involve w!) 


(X, N)Qam + (terms involve w+), 


and along 0M w! = 0, one can obtain, by Stokes’ theorem, 
f div(X)dv = f d(i(X)Qx) = l (X,N)Qom = | (X,N)ds. 
M M aM aM 


If M is compact without boundary, the right hand side of the above formula 
vanishes naturally. 


3311 
Let w!,---,w* be one-forms. Show that {w'}*_, are linearly independent 
if and only if w! Aw? A---Aw* £0. 
(Indiana) 
Solution. 
Let w,---,w* be defined on an n-dimensional manifold with n > k. 


Suppose w! A---Aw* # 0. If wt,---,w* are linearly dependent, then 
without loss of generality, we may suppose that 


we = awt +e +a- awe + 
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with suitable functions a1,:-+-,@%~1. Thus we have 
wirn---Aw* =winr.Aw lA (arw! +--+ + a,-10*71) = 0, 


which contradicts the above hypothesis. 
On the contrary, if w!,---, w* are linearly independent, then we can extend 


them to a basis {w?,---,w*, w*t?,---,w™}. Thus 


wA Aw Awktt a. Aw £0 


implies that 
wA Aw? £0. 


3312 


Let M be a Riemannian manifold. Let p € M. 
(a) Show that there exists 6 > 0 such that 


exp, : Bs(0) CT,M + M 


is a diffeomorphism onto its image. 

(b) Show that there exists £ > 0 such that exp,(B.(0)) is a convex set. 

Hint. let d(x) = distance from z to p. Show that d? is convex in a neigh- 
borhood of p. 

(Indiana) 

Solution. 

(a) This is just the existence of the normal neighborhood of p. Use the fact 
that dexp, is nonsingular at p, and then the implicit function theorem. 

(b) The existence of convex neighborhoods is a classic result due to J. H. 
C. Whitehead. Refer to every standard textbook on differential geometry. 


3313 


A={( j : ) ‘abede Rad — be = 1}. 
Show that 


(i) A is a differentiable manifold. 


Let 
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(ii) A is a Lie group with the standard matrix multiplication as a product. 
(Indiana) 
Solution. 
Define a map F : GI(2, R) — Gi(1, IR) by F(X) = det X. Then F isa 
smooth homomorphism between Lie groups, and the rank of F is constant. 
Therefore, the kernel of F 


ker F=F1)=A 


is a closed regular submanifold of GI(2, JR) and thus a Lie group. 


3314 


(a) Let f be a smooth function on a Riemannian manifold M. Let gradf 
be the vector field defined by the equation 


(gradf,v)p =dpfv, v ETM. 


Let (x!,---,2") be local coordinates around p. Find the expression for gradf 
in terms of z},---, g”. 

(b) For a vector field X define the divergence of X, div(X) as the trace 
of the operator Y — Dy X where D is the Levi-Civita connection. Find the 
expression for the divergence of X in a local coordinate system (zt, +, £”). 

(c) Use (a) and (b) to find the expression for the Laplacian A in local coor- 
dinates, where A acting on a smooth function f is defined by Af = div(V f). 

(Indiana) 
Solution. 
For convenience, we omit the suffix p. 
(a) Let 


ð 
gradf = 258 aa 
i 


Then, from 


a 1 a\_ of 
(gradf, 3a! im da gik = df (sr) = Jak 


it follows that 
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Thus, 


(b) Denote 


Then, by the definition of divergence, we have 


div(X) = > (DeX, ae =. & 4 Dr] l 
i k 


k,l 


Af 


Il 


div(gradf) = D E (£: ik 3) + Dris kl 5s 
k 
y m of 
z da (ae -rra gh) ` 


3315 


Let M be a compact connected Riemannian manifold without boundary. 
Let f be a smooth function satisfying Af = 0. Show that f = const. 
Hint. Use the definitions in Problem to show that div( fV f) = |Vf|?+fAf. 
(Indiana) 
Solution. 
For any function f, by straight calculation, we have 


div(f Vf) = VF + FOF. 


Now, noticing the hypothesis of this problem, by Green’s theorem we have 


J wsPas =o, 
M 


which implies df = 0 everywhere, that is, f = const. 
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3316 


Suppose F : M — N is a smooth map between differentiable manifolds, and 
is homotopically trivial. Show that in this case, F*w will be exact wheriever 
w is a closed 1-form on N. (Note: F is homotopically trivial if it extends to a 
smooth mapping F : M x [0,1] — N such that F(z, 0) = F(z), for all z € M, 
while F(z, 1) =q E€ N (q constant) for all z.) 

(Indiana) 
Solution. 

Consider the map G : M — {q} and the inclusion ż : {q} — N. Then the 
map F : M — N is homotopic to the composition toG. Furthermore, we know 
that F* and (io G)* = G* o i* induce the same homomorphism 


F** = (io G) : H'(N,d) > H'(M, d). 


Since i*(Z!(N,d)) C Z+({q},d) = 0, the induced homomorphism F** = (io 
G)** is a zero homomorphism, i.e., F*(H1(N,d)) = 0. In other words, for 
every w € Z1(N,d), F*w € B4(M,d), namely, F*w is exact. 


3317 


Regard IR? as the space of all 3 x 3 matrices with real entries. Does the 
subset 
E= {Ae R? : det(A) = 0} 


form a smooth submanifold of IR°? 
(Indiana) 
Solution. 

Observe that {A € IR? : rankA < 1}, the union of all axis in R®, is 
closed. Then M := IR°\{A € R? : rankA < 1} is an open submanifold of 
IR°. Define a map F : M —> R! by F(A) = det(A), A € M. Noting that 
dF = (A11, A12, A13, A21, A22, A23, A31, A32, A33) where Aij is the algebraic 
complement of the corresponding entry a;; of A, we see that rankdF = 1 
on M. Therefore, F~1(0) = {A € IR? : det(A) = 0} is a closed regular 
submanifold of M. Hence, it is also a submanifold of IR®. 
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3318 


Let 
w = gıdgzz A dz3 A dz4 + £2dz1 A dz3 A dz4 + 23dz1 A dz A dz4. 


Compute f5,w, where 8? = {x € IR* : |z| = 1}, oriented as the boundary of 
the unit ball (assume standard orientation on IR$). 


(Indiana) 
Solution. 
Denote Dt = {x € IR*: |z| < 1}. Then, by the Stokes theorem we have 


| w f w = dw 
ss apD4 D4 


J (dzı A dz2 A dz3 A dz4 + dzz Adz, A dgs A dz4 
D4 


+dz3 Adz, A dz2 A dz4) 


2 
dx, A dzz A dz3 A dz4 = vol(D*) = > 
D4 


3319 


{ (e1, 22, 2o, 24) : rank (( he )) = i} 


is a three-dimensional submanifold of IR*. 


Prove that 


(Indiana) 
Solution. 
Define a map F from R*\{(0,0,0,0)} into IR! by 


Ti T2 
T3 T4 


F(21, 22, £3, £4) = = ©1%4 — £243. 


Then F isa C™ map with (z4 — £3 — £2 21) as its Jacobi matrix which has 
constant rank 1 on IR*\{(0,0,0,0)}. Thus 


F-*(0) = { (23022, 0,24) stank { ( - i )) = i} 
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is a regular submanifold of R*\{(0,0,0,0)} with dimension 3. Noting that 
IR*\{(0,0, 0, 6)} is an open submanifold of IR$, we see that 


T T 
{ (e122 0,24) : rank (( S 2 )) = i} 


is also a three-dimensional submanifold of R4. 


3320 


Let vector fields X1, X2 on IRt be defined by 
ð ð ð ð 


Xi = — —— Xo = — = 
1 Ox» we 0x3’ Ox, me GER 


i) Is there a 2-dimensional submanifold M? of IR* such that for each p € 
M?, X1(p), X2(p) € T,M?? 

ii) Is there a nonconstant function f in the neighborhood of 0 € IRt such 
that Xif = 0 and X2f = 0? 

(Indiana) 

Solution. 

i) No, there is not. The reason is that the bracket [X,,X2] = ae; — Bes 
does not satisfy the Frobenius condition. 

ii) Yes, for example, we can set f = 2122 — (£3 + z4). 


3321 


Let M = {(z,y):2,ye RŽ, lizel = 1, [yl] = 1, (x,y) = O}. 
i) Show that M is a smooth compact embedded submanifold of IRê and 
explain how M can be identified with the unit tangent bundle of $°. 
ii) Show that M is orientable. 
(Indiana) 
Solution. 
i) Identify IR® with {(z, y) : x,y € IR®} and define a map F : IRê — IR? by 


F(z,y) = (fi, fo, fa) = (liell? llyll’s (2, y))- 
It is easy to verify that the Jacobi matrix of the C% map F 


(get )-= r a a 0 0 > | 


241 2y2 2y3 
O( 21, £2, 23, Y1, Y2, Y3) yı Yo Y3 zı T2 T3 
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has constant rank three when fı = ||z||? = 1, fe = |ly||? = 1 and f3 = (x,y) = 
0. Therefore, F~1(1,1,0) = M is a closed embedded submanifold of R®. 
Besides, since ||(z, y)|! = ((lz||? + llyl]?)? = VZ which means M is bounded in 
IR, M must be compact. 

Naturally, for every (z,y) € M, if we regard z € S? and y € T,(S?) with 
\|yl| = 1, then we can identify M with the unit tangent bundle of $°. 

ii) Because S? is orientable, S$? has a covering {(Ua,¢a)} of coherently 
oriented coordinate neighborhoods. By using identification of M with the 
unit tangent bundle of $?, for every (z,y) € M, z has the local coordinates 
(ud, u? ) E€ Ua, and y is uniquely determined by the oriented angle 0, at x 
from 3, dat to the unit tangent vector y € T,(S”). Thus, (Ua x Ia, $a X Ya) is 
a coordinate neighborhood of (x,y) € M, where Ig = (fa — €, ĝa + €) with € 
being a suitable positive real number and Ya is the map from (2, y) to ĝa. 

If (Ua x In, $a X Ya) (Ug x Ig, pg x Ha) # 9, then the transition function 
has the following Jacobian 
TET 

* 1 


(ul, uZ, Aa) a 
aluh UZ, Oa) 


_ Ou, Ue) 
~ (uh, uZ) 


which means that {(Ua x Ia, $a X Pa)} form a covering of coherently oriented 
neighborhoods. Hence, M is orientable. 


3322 


Let F: M — N be a local isometry between connected Riemannian mani- 
folds M and N. Show that if M is complete, so is N and F is a covering 
map. 

(Indiana) 
Solution. 

Because F is a local isometry, F(M) is open in N. If y is a limit point of 
F(M) in N, then there is a point e € M such that there exists a geodesic in 
N connecting F(z) and y. The local isometry of F and the completeness of M 
imply that the above geodesic can be uniquely lifted to a geodesic in M starting 
from z, and the image of its end point under F must be y. Therefore, F(M) is 
also closed in N. Thus, the connectedness of N implies that F(M) = N, i.e., 
F is surjective. Besides, since F maps every geodesic of M into a geodesic of 
N, the Hopf-Rinow theorem means that N is complete, too. 

Next, we show that F is a covering map. For every z’ € N, take 6 > 0 
so small that exp,, : B'() — B4 is a diffeomorphism, where B’(6) = {v € 


213 


Tz (N) : |v| < 6} and By = {y' E€ N : d(y',z') < 6}. Since F is a local 
isometry, F~+(z’) is discrete. Denote F—(z') = {za} C M and set B%(6) = 
{v € Tz, (M) : |v| < 6} and BY = {y € M : d(y,zq) < ô}. Then, we claim 
that Bj is an admissible neighborhood of z’ and F is a covering map. 

Firstly, we claim that F—~'(B5) = U Bf. In fact, if z € F~+(Bj), then 
there is a unique geodesic y : [0,1] — BY such that 7(0) = F(z) and y(1) = 2’. 
Since F is a local isometry, there exists a geodesic ¥ : [0,1] + M such that 
F(¥(t)) = y(t), Vt. Hence F(7(1)) = x’ and 7(1) = £a for some a. Besides, 
L(¥) = L(y) < 6 means that z = 7(0) € Bf, i.e., F-1(By) C U BY. On the 


other hand, |J B? C F—1(Bs) is obvious. Thus the claim is proved. 
a 


Secondly, we say that for any a, F : B — B; is a diffeomorphism. Since 
M is complete, we have the following commutative diagram 


and exp, is surjective. Besides, we know that dF, exp,, are diffeomorphisms. 
Therefore, F o exp, = exp, odF is a diffeomorphism and hence exp,, is 
an immersion. So, exp,, is also a diffeomorphism. Hence F = exp, odF o 
(exp, )~* is a diffeomorphism. 

Thirdly, we claim that if a # p, then BẸ N BÊ = . Otherwise, if there 
is z € BEN BÊ, then there exist unique geodesics Ya, yg connecting z with 
Ta, tg respectively. Let y be the unique geodesic in B; connecting F(z) and 
z'. Because both F : BY — Bi and F : Bf — B? are isometric, we have 
F(ya) = y = F(yg). In other words, Ya, yg are the lifts of y through z. The 
uniqueness implies Ya = yg. In particular, £a = Ya(1) = yg(1) = zg, which 
contradicts a # £. 


3323 


Let F : M — M be an isometry of a Riemannian manifold M. 
i) Show that each component of X = {x € M : F(x) = x} is an embedded 
totally geodesic submanifold of M. 
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Hint. Use exponential coordinates. 

ii) Give an example in which the components of X have different dimen- 
sions. 

(Indiana) 
Solution. 

i) First, we show that X has submanifold structures. For zc € X C M, 
set B(6) = {v € T,(M) : |v| < ô} and Bs = {y E€ M : d(x,y) < 5}, where 
6 is so small that exp, : B(6) — Bs is a diffeomorphism. Define V = {v € 
T,(M) : dF(v) = v}. Thus, V is a subspace of T (M). Then we claim that 
XAB; = exp,(VNB(6)). If this is proved, because exp, (VM.B(6)) is obviously 
a submanifold of M, we can assert that X has submanifold structures. In 
order to prove the claim, we first assume that y = X N Bs and v € B(6é) 
such that exp, v = y. Let y : [0,1] — M be the unique shortest geodesic 
y(t) = exp,(tv) connecting x and y. Since x,y € X, and F is an isometry, 
F(y) is also a shortest geodesic connecting F(x) = z and F(y) = y. Thus 
the uniqueness implies F(y) = y. In particular, dF(7(0)) = +(0), namely, 
dF(v) = v. Therefore, v € V which means that y € exp,(V N B(6)), i.e., 
X N Bs C exp,(V N B(6)). On the other hand, suppose that v € VN B(6) and 
Y = exp, V. Let the geodesic y : [0,1] — M be defined by y(t) = exp,(tv). 
From dF (v) = v follows dF(+(0)) = 7(0). Then, that F is an isometry implies 
F(y) = y. In particular, F(y) = F(y(1)) = 7(1) = y, which means that 
y E€ X N Bs, i.e., exp,(VNB(6)) C X NA Bs. 

Next, we show that every geodesic y : (a,b) —> X parameterized by ar- 
clength is also a geodesic of M. For any so € (a,b), let Ç(s) be a geodesic 
of M such that (so) = 7(80), ¢(80) = ¥(80). Since F(¢(so)) = ¢(80); 
dF(¢(so)) = ¢(so) and F is an isometry, then F(¢) and ¢ are two geodesics of 
M which satisfy the same initial conditions. Therefore, F(¢) = Ç, i.e., Ç lies 
in X. Besides, Ç is naturally a geodesic of X. Thus, in a neighborhood of so, 
¢ = y. Because so is arbitrarily chosen. y is a geodesic of M. Hence, X is 
totally geodesic. 

ii) Let 


M = {(z,y,z) € IR? : y > 0,z = 0} U {(z,y,z) € RÈ? : 2 = 0,y < 0}, 


and F be a reflection with respect to the plane z = 0, i.e, F(z,y,z) = 
(z, y,-z). Then M is a 2-dimensional manifold, F is an isometry, and 


X ={(2,y,z) € R?:y>0,z = 0} U {(z,y,z) € R? : 2 = 0,y < 0,z = 0}. 


215 


3324 


Compute the de Rham cohomology groups of the circle S1. Do so directly; 
i.e., without citing the de Rham Theorem. 


(Indiana) 
Solution. 
since B°(S1,d) = 0 and S? is connected, then 


H? (S+, d) = 2°(S*,d) = {f € C%(S?, R!) | df = 0} = R! 


For H*(S1,d),k > 1, since there are no non-vanishing k-forms on S1, we 
have Z*(S1,d) = 0 and hence H*(S1,d) = 0. 
Besides, observe that 
2*(S',d) = C™(S', A'S"), BYS",d) = {df | f € C° (5%, R*)}. 


Let 6 be the polar coordinate characterizing S1. Then & is a non-vanishing 
vector field on St. Let dð be its dual non-vanishing 1-form on $1(Caution: 
Here d@ is only a formal symbol, because @ in usual sense is not a globally 
well-defined function on S$‘), and it is not exact. For every w = g(@)d@ € 
C~(S1,A1(S*)), define a function 


(6) = f E (+ f 4 g(e)do ) 9. 


Because N(0) = Q(2r), Q is globally well-defined on S1. Hence, denoting 


1 2r 
C= F g(a)do, 


we see that w — Cd@ = dQ, i.e., w — Cdé is exact. Therefore, 


H}(S1,d) = Z)(S',d)/B’(S',d) = {Cd0|C € R} = RÈ. 


3325 


Let X denote a submanifold of Euclidean space JE”, and set 


U.X 
B(X,e) 


{e+v:rEX,veEN,X, |p| < e}, 
{y € IE” : |y — z| < € for some z € X}. 
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Show that U.X C B(X,e) for all e. Show that the two are not generally 
equal. (Consider examples of 1-dimensional submanifold in H?.) Can you 
give conditions which imply equality? 
(Indiana) 

Solution. 

Setting y = z + v immediately implies that U.X C B(X,e). 

Let X be an open line segment in Æ?. Then considering the boundary of 
X, i.e., the end points, can show that U.X is a proper subset of B(X, e€). 

If X has no boundary, e.g., either compact or complete, then UX = 
B(X,¢). 


3326 


Consider a Riemannian manifold (M,g). Call a vector field Z on M a 
killing vector field if Z generates a 1-parameter group of isometries of M. 
i) Show-that when Z is Killing, we have Lzg = 0, i.e., 


Z(g(X,Y)) = g(LzX,Y) + 9(X, LzY) (#*) 


for all vector fields X and Y on M. Here Lz denotes the Lie derivative along 
Z. 


ii) Show that the expression (**) above is equivalent to 
g(V xZ, Y) = —g(VyZ, X), 


where V denotes the Levi-Civita connection for (M, g). 
(Indiana) 
Solution. 
In local coordinates (z1,---,2™) of (M,g), let the 1-parameter group of 


m ` . 
isometries generated by a vector field Z = © zie be expressed by % = 
i=1 ? 


z(at,---,2™;t) := T (x,t) such that 
X- gij(z)dz'dzi = X` gxi(z)dz* dz’, 
ij=l kjl=1 


where g;;(z) =g (2, 335); and z = F(z, t) satisfies 


T © Ue EA l=0= z*. 
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Thus we have 
9ij(@) = > ote) aa a 
k=l 
Differentiating the obtained equality with respect to t and then setting t = 0, 


we obtain 
093; ak Ozk Oz* = 
5 (i +o a7 + 95-5 ) =O 


which can be written as 
k 
94524 + gikz*, = 0, 


or equivalently 


From this follows what we desire in ii). 
Noting that the Levi-Civita connection V satisfies 


2(g(X,¥)) = 9(VzX,¥) +(X, VzY) 
and the Lie derivative satisfies Lz X = [Z, X], we easily obtain (++). 


3327 


Let M? be a connected Riemannian manifold and X,Y complete vector 
fields on M. Assume that the flows X, and Y, are isometries of M for all t. 

i) Show that the integral curves of X are curves of constant geodesic cur- 
vature. 

ii) Assume that X and Y are linearly independent at all x € M? and that 
their flows commute X; o Y, = Y, o X;. Conclude that (X,X), (X,Y) and 
(Y,Y) are constant on M. 

(Indiana) 
Solution. 

i) For every p € M, take a local coordinate neighborhood about p such 
that the coordinate curves are the integral curves s X and their orthogonal 
trajectories. Namely, we may assume that X = x13. y and gig = (so ; 325) = 
0. Because the flow X; of X for every t is an sonic: the vector field X 
should satisfy the Killing equation X; ; + X;; = 0; 2,7 = 1,2, or equivalently, 


2 
Ogi; , OX*  — axt a 
X (x z toa ton E ) =U, 4,7 = 1,2. 
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Taking i = 1, j = 2, we obtain gu 24; = 0, i.e., X! = X1(z!). Now, make the 


Ox? 
following coordinate transformation 


~ 1 ~ ~ 
z! = f Xr)’ Oe 2") + 
T? = r? O(z1, 2?) 
If we still adopt the original notations, then the vector field X = so. Hence 


from the corresponding killing equation, taking i = j = 1 andz = j = 2, we 
obtain 


O91 = 0922 = 
ðr! Oak. 


which means that the metric of M? about p can be written as 
ds? = gu (2° )(d2?)}? + go2(x”)(dz”)?. 


Then, using the Liouville formula, we can compute the geodesic curvature of 
the z1-coordinate curve as follows: 


dé 1 lng 1 ðlngz . 
= —= 6 6 
bo = as fom de? "+ faa Oat 
1 dOlng 
= at = ky(z?), 


E 2/922 ôx? 


where 0 = 0. Therefore, along every integral curve of X, ohe = 0, ie, ky = 
const. 

ii) Analogously, about p, take the integral curves of X and Y as the zt 
and z? coordinate curves, respectively. Then, we have locally X = X 12, 
Y= Y? r. Because their flows are commutative X; o Y, = Y, o X;, that is 
equivalent to 


Y| = 1 DALS aee 
AEA ôx! Ax? Ox? Az á 
we immediately have 

oy? ox} 

act TO Gaz T? 


Therefore, we can make a suitable coordinate transformation and then, if 
adopting the original notations, X = sr, Y= aor. Again, by the corre- 
sponding Killing equations, we can obtain Psi = 0; į, j,k = 1,2, i.e., all gi;’s 
are constants. Noting the expressions of X and Y, we obtain 


(X, X) =gu = const, (X,Y) = g2 = const, (¥,Y) = g22 = const. 
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Let M be a compact Riemannian manifold without boundary. For any 
f € C~(M), define Vf € 4(M) and Af € C®(M) as follows: 

At any p € M, choose an orthonormal frame field {e1,---,en} around p 
and then define 


(VAP) = So (eife) and (Af)(p) = — $ lelei f) — (Vese) f]. 


Verify first that Vf and Af are well defined (i.e., they do not depend on the 
choice of orthonormal frame) and then show that 


fiss= fiver. 
Solution. 


Let {e},---,e%} be another orthonormal frame field around p. Then we 


may suppose that 
ei = dae} t=1,---,n 


for suitable functions ai i,j =—1,---,n. Noting 


(e;,€;) =, (e7,e}) = 655; 


Eed=in Tae 
Using these equalities a the E of Riemannian connection, we can 
easily obtain 

Def) = JE, 

i i 


Pileli) -= (Weel = DEES) -Verf 


i 


(Indiana) 


we have 


I! 


Hence Vf and Af are all well defined. 
Using the definition of the Laplacian here, through direct claculation, we 
have div(fVf) = ||V f|? — fAf. Then Green’s theorem implies 


[tare fivae. 
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3329 


Let p(x1, £2, 23,24) = (2? + 2¥)(x3 + 23) and q(z1, £2, £3, 24) = 2? + z3 + 
23 + 232. Define 


Sap = {x E R*| p(x) =a and q(x) = b}. 


For what a,b > 0, is Sg, a manifold? Explain. 
(Indiana) 
Solution. 

Denote a = z? + z? and @ = 234 22. Then o8 = aanda+f =b 
means that œ and @ are two roots of the equation à? — bà +a = 0. Therefore, 
b? — 4a > 0 is the prerequisite condition. 

1. If a = b = 0, then z1 = 22 = 23 = £4 = 0. Thus So,o is a 0-dimensional 
manifold. 

2. Ifa = 0, b £ 0, then 


Sos = {x € IR* | z1 = 22 = 0,23 + 22 = b or z? + 23 = b, 23 = z4 = 0}. 


Using the theorem of closed regular submanifolds proved by rank theorem, we 
can easily show that So,» is a 1-dimensional submanifold of IR4. 
3. Ifa 40,64 0, then when b? — 4a > 0 


b+ Vb? — 4 b— yb? — 
Soi. = [aemet HEE oa a= 4a 
2 2 b- vb -4a > 2 b+vb? -— 4a 
ea ee 


and when b? — 4a = 0 
b 
Sap = {2 € RY | 21 + 2) = 25 + 24 = 5}. 


Analogously, we can show that they are all 2-dimensional submanifolds of R*. 


3330 


Let F : M — N bea C” map between two C manifolds. Assume that 
F is onto. Let X be a smooth vector field on M. 
(i) Show by an example that dF(X) may not be a vector field on N. 
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(ii) Suppose Y = dF(X) is a smooth vector field on N. Show that F takes 
integral curves of X into integral curves of Y. 

(iii) Suppose X1, Y1, and X2, Y2 are related as X and Y in (ii) above. Show 
that dF ((X1, X2]) = [Y1, Y2]. 

(Indiana) 
Solution. 

(i) Let M = {(z,y): z,y E€ R}, N = {z : z € R}, X = (2? +y")Z, 
and F : M — N be defined by F(z,y) = z. Then, if yı # y2, we have 
dF(X(z,y1)) # dF(X(z, y2)). Therefore, as a vector field, dF (X) is not well 
defined in every point of N. 

(ii) Let a(s) be an arbitrary integral curve of X. Then, along a, we have 
da (4) = X. Hence, 


d(F oa) (=) = (dF oda) (=) = dF(X)=Y, 


which means that F takes integral curves of X into integral curves of Y. 
(iii) Using local coordinates, by direct computation, one will obtain the 
desired equality. 


3331 


Let M” be a Riemannian manifold. Show that whenever f : M — Risa 
smooth function, there is a unique vector field Vf (called the gradient of f on 
M) such that 


(VFO) = Zh) 


whenever y is a smooth curve in M with y(t) = p. 
(Indiana) 
Solution. 
Let (z!,---,2") be the local coordinates about p and set p : (zf, aR). 
If y(t) is the i-th coordinate curve that passes p, i.e., y(t) has the following 
expression 
ri=t, =r) (5 £3), 


then, by 
of 
— Oxt 


(VF). 10) = $00) 
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we have the expression 


where g‘/’s are the components of the matrix [g;;]-1 = [(32r, 52;)|-4. It is 
easy to verify that the above expression of Vf(p) is independent of the choice 
of local coordinates. 


3332 


The space IR"*” ofn x n real matrices forms an n? dimensional Euclidean 
space, in which the dot product between A = [a;;] and B = [b;;] is given by 


(A, B) = > Yo aizby. 


t=1j=1 


Let S”-1 be the unit sphere in IR”, and define g : S"~! — IR®*” as the map 
sending x = (£1,*'*, £n) in SP71 to the symmetric matrix o(x) = Jlez]. 

i) Show that o maps S"~? into the sphere of radius a centered at the 
origin in IR"*", 

ii) Prove that ø is a local isometry (i.e., the pull-back via o of the dotpro- 
duct metric defined above on JR”*” is the standard one on $"~7). 

(Indiana) 

Solution. 


n 
i) Let x = (£1,'**, 2n) E S"~1. Then Ð z? = 1. Hence 


i=1 


(a(x), o(x)) = = x iS zi izi = = 


ij= 1 


which means that o(x) is on the sphere of radius A centered at the origin in 
IR” Kn R 

ii) Let i : 9”71 — IR” be the standard inclusion map, and 7 : IR” — IR" *” 
be defined by (21,°+-,2n) > [yi;] = Jlez]. Suppose that 


n , 0 n zô 
s= Ba,’ TAU ga 
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belong to T;(S"~'). Then we have 


Therefore 


Hence we have 


n n 


(do(v),do(w)) = > X (via; + vizi) (w zj +w zi) = Vvu’ = (v,w). 
ijl i=1 
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Let M be the Riemannian manifold obtained by equipping IR” with a 
metric conformal to its usual one; i.e., a metric of the form [g;;] = e?/[6,;], 
where f : IR” — IR is a smooth function, and 6;; is the Kronecker delta. Let 
é= = denote the standard coordinate basis vector fields. 

i) Show that for arbitrary indices i,7,k € {1,2,---,n} 


Of of Of 
Ve; = ef | ~6,, — —6;; + —— ki 
(Verejrex) = € (2 oi Oz, 645 dz; ix) ` 


ii) Show that when n = 2, the sectional curvature of M along an e1,e2 
plane at p is given by 


(Indiana) 
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Solution. 


i) Set 
n 
Vee; = DD Tije. 
l=1 


From 9;; = e? ô;; it follows that 


n 
(Ve:€j ek) = 5 Tijg 
T=1 


Il 
N| me 
ATN 
l, & 
ale 
- jæ 


_ 9955, Ogix 
Oz, Oz; 


ef (Zin = ae + Lan) i 


Oz; 7 Oxy, Ox; 


ii) The sectional curvature of M along an e1,e2 plane at p is just the Gauss 
curvature of M at p. Noting that E = G = e”, F = 0, from the Gauss 


equation we obtain 
(VE): i (VG) 
vG 2 vE 1 
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8? a? 
= —e2f(p) é + x) (p). 


Let X, Y be complete vector fields on a manifold M and let X+, Y; be the 
flows induced by them. 

i) Show that X, o Y, = Y, o X, for all s,t € R implies [X,Y] = 0. 

ii) Prove the converse to i). 


(Indiana) 
Solution. 
Observe that for a diffeomorphism F : M — M, the complete vector field 
Y is F-invariant, i.e., FY = Y, if and only if o Y, = Y, o F, Yt € R. 
i) Suppose that X, o Y; = Y; o X, for all s,t € IR. Since X, is a diffeomor- 
phism for each s, then Y is X,-invariant. Thus 


1 
[X,Y] = LxY¥ = lim -¥ - X,.¥] = 0. 
ii) Now suppose that [X,Y] = 0. Then 


0 = Xn [X,Y] = [Xue X, XY] = [X, XY] = Lx (X,Y). 
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Hence for each p € M and any f € C™(p), we have 


0 


(Lx(Xe¥))pf = lim [ka pf — (Xan (Xn¥ ofl 


s 1 d 
iim, al AY) ~ (Xi+4s}Y pf] = ~ Gg ZY of 
for all s € R. Therefore, 
(XY of = (XoY pf =Y,f. 


Since f is arbitrary, we obtain X,,¥ = Y, namely, Y is X,—invariant. Hence 
X, oY; = Y; o X, forall s,t € R. 


3335 


If ọ : Gi — Gz is a Lie group homomorhism, show that for all v € LG), 
we have 


o(exp(v)) = exp(ġ.v). 


(Indiana) 

Solution. 

Note that exptv, t € IR! is a 1-parameter subgroup of G, generated by 
v € LG,. Since ¢ is a Lie group homomorphism, then ¢(exptv) is also 
a 1-parameter subgroup of G2 generated by a suitable w € LG2, namely, 
¢(exptv) = exptw. 

Let (z1,---,2™) and (y’,---,y") be local coordinates of Gi and Gz about 
the identities e} and ez, respectively. Locally, ¢ can be expressed by 


(zt, eg z™) = (¢*(z’,- = Taa a) ora, as ,2"")); 
and exptv and exptw can be denoted by 
(x*(t),---,2™(t)) 


and 
(P (EHE), EE) e (EE) a TE), 


respectively. Assuming that 


Tm ð d ð 
i=1 
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we have 7 
i dz (t ) a (+) 
v= — g w? = is re 
( dt t=0 dt t=0 
Therefore, 
m m 
ôg“ a 
do(ve,) z bxde, = vt CE) a 
2 3 dz £=2(0) dy 
= 5 : (=) CE) 2 
fat azi \ T J izo \ 92" J ga2(0) OY" 
: (£) EEN 
az=1 dt t=0 Oy re 


Furthermore, by left translation, we have dọ(v) = w, i.e., gv = w. Hence 
¢(exptv) = expt¢.w. Taking t = 1 completes the proof. 


3336 


Consider the linearly independent vector fields r and v on U := IR*\0 
whose values at x = (x1, £2, £3, £4) E€ JR* are given by 


Tr: = (£1, £2, 23,4), 
Vz: = (—22,21, —£4, £3) 


a) Is the rank-2 distribution defined by these two vector fields in U com- 
pletely integrable? 

b) Is the rank-2 distribution orthogonal to these two vector fields completely 
integrable? 

(Indiana) 
Solution. 

a) Direct calculation gives [r,v] = 0. Thus the Frobenius theorem guar- 
antees that the rank-2 distribution defined by r and v in U is completely 
integrable. 

b) Construct the following linear algebraic equations about y1, Y2, y3 and 
Y4 

{ T1y1 + Zay2 + 3y3 + rays = 0, 
—B2y1 + T142 — Lay3 + T3y4 = Ü, 


which are equivalent to 


T1 a(r )a( 2 Ne So 
—% Tı Yz —T4 T3 Ya : 
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Because (21,22,23,24) € IR*\0 = U, without loss of generality, we may 
assume zı # 0. Therefore, we obtain 


( yı = —1 %1%34+ T2£4 ©1424 — T273 Y3 
y2 T? +22 | Z223 — Zıt4 T2%4+ 2123 ee 
( Ys ) = ( ~(23 + 23) ) 
Ya 0 
( 0 
—(x} + 23) 


respectively, we obtain the following two linearly independent vector fields a 
and B which define a rank-2 distribution orthogonal to the above one and 
whose values at x are given by 


Setting 


and 


a 


p 


By a long but straightforward calculation, we have [a, 8] = —2(z? + z3)v 
which does not belong to the distribution defined by œ and 8. Thus the 
Frobenius theorem tells us that this distribution is not completely integrable. 


i 


(£123 +2204, 2203 — 2124, -(z? 35 z3), 0), 


(£122 — £223, £224 +2123, 0, -(z?+z2)). 


3337 


Let G be a Riemannian manifold with a global frame-field {e;}f—1. 

a) Show that any connection on G is competely determined by its effect on 
the frame field, i.e., by the vector fields Ve,e;, i,j =1,+++,n. 

b) Show that when G is a Lie group with a bi-invariant metric ( , ), and 
the frame-field is left-invariant, we characterize the Levi-Civita connection on 
(G,(, }) by setting, 


Vee; = leses] 
for all i,j = 1,---,n. 
(Indiana) 


Solution. 
a) For arbitrary smooth vector fields X and Y on G, we have 


Pay Fe, vos ve. 
i=1 i=1 
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Then, motivated by the properties of connection, we can well define 


j ij=1 ij=1 


VxY = Vy zie; Y v'e; = > z‘e;(y?)-e; + >> zy) Ve,€;. 


Thus defined operator V certainly satisfies all properties of a linear connection 
on G. 

b) For every left invariant vector field X on G, let g(t) denote the unique 
1-parameter subgroup of G such that g(0) = e, a0) = Xe, where e is the unit 


element of G. Noting that g(t) is a geodesic of G and Xg) = a0, we have 


obviously 
_ DXgty} _ D (dg) 
Vx.X = h = ~ dt ( dt 


Besides, because the metric of G is bi-invariant, we know that VxX = 0 is 
valid everywhere. Especially, if X = e; + ej, then Ve;+e; (ei +e;) = 0 implies 
that 


t=0 


Ve;€j + Veje: =0. 


On the other hand, the Levi-Civita connection V satisfies 
Ve,e; — Ve;ei = [e;, ej]. 


Thus, we obtain 


1 
Ve;€j = zli e;]. 


Part IV 


Real Analysis 
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SECTION 1 
MEASURABLITY AND MEASURE 


4101 


Let S C [0,1] be the set defined by the property that z € S if and only if 
in the decimal representation of z the first appearance of the digit 2 precedes 
the first appearance of the digit 3. Prove that S$ is Lebesgue measurable and 
find its measure. 

(Stanford) 
Solution. 

For any æ € (0,1) there is a unique sequence {pja(xz)}?- of integers satis- 
fying the following properties 

(1) 0 < pa(z) < 9, (2) Yn, Im > n : pm(z) < 8 and (3) z = Z RO. 

n=l 
Then 
S = {1}U{z € [0,1) | Yn, pa(z) #2 and pa(z) # 3} 
Ufa € [0,1) | In, pa (2) = 2, Yi < n, pi(2) #2 and pi(2) # 3}. 


Let 
A = {x € [0,1) | Yn, pa(x) £ 2 and pa (£) # 3} 
and 
B= {z E [0, 1) l Jn, Pr (Zz) = 2, Vi < n, pi(£) # 2 and Pi(z) # 3}. 

Then 

a kı kn-1 2 kı kn-1 4 

[0, 1)\4 = U U [t+ A a Met te) 

n=1k,£2,3 

and 
ei kı kn-1 2 kı kn—1 3 
sed OOpa Tort ge? ip TF oa t =) 


It follows that both A and B are measurable and therefore is S. Since 


m({0,1)\A) = 2 ay 82 = 1 
n=l 
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and 
Zi 1 
B)= Pa n-1_ L 
one) ion 8 2 
n=1 
we have 


m(S) = m(A) + m(B) = > 
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Define S! = IR/Z endowed with the natural Lebesgue measure. Consider 
on S* the equivalence relation: [z] ~ [y] & z — y €Q, for z,y € R and [ | 
denoting the class in S1. For each € € S$1/ ~, choose a representative £ € S1, 
and let E C S! be the set of these points, i.e., 


E = {E |E EE VE € S'/ ~}. 


Show that E is not measurable. 
(Stanford) 
Solution. 

S? is an abelian group under the binary operation ([z], [y]) — [z + y] and 
the inverse operation [z] +> [~z]. 

For any [z] € S* there is by the construction of E a unique element [y] € E 
such that x — y E€ @. Then [z] = [y] + [r], where r € [0,1) NQ is such that 
r= z-— y mod Z. So we conclude that St= U (£+[r)). 

r€[0,1)9@ 

If r,s € [0,1)N@ are such that (EF +[r])N(£ + [s]) 4 0 there are [z], [y] € E 
such that [z] + [r] = [y] + [s]. It follows that z = y mod @ and therefore 
[z] = [y] by the construction of Æ. Thus [r] = [s], which then implies that 
r=ssince-1l<r—s<l. 

It follows that {E + [r] | r € [0,1) MQ} is a partition of $+. 

Let m denote the natural Lebesgue measure on S* such that m(S?) = 1. 
If E is measurable then 


mSt)= So mE+ [r= $ mE). 


ré[0,1)N@ r€[0,1)N@ 


If m(E) = 0 then m(S*) = 0, a contradiction; Otherwise m(S*) = 00, a 
contradiction, too. 
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4103 


Let X be a set and D C P(X), D closed under finite intersection. Denote 
by R the ring generated by D. Futhermore, let m be the smallest system, 
DCaCP(X) such that 7 is closed under the following operations: 

(i) finite disjoint unions. 

(ii) differences A\B, BC A. 

Prove that t = R. 


(Iowa) 
Solution. 
Obviously, r C R. We have 
{AER|ANBEnr, BED}=R (1) 
since the former is a ring containing D. Also we have 
{BER|ANBET,ACRI=R, (2) 


since by the equality (1) the former is a ring containing D. By equality (2), 
R = 7 since for any AER, A= ANA. 


4104 


Let u* be the Lebesgue outer measure on JR and A, B subsets of IR such 
that 
inf{|z — y| |z E A4, y E B} > 0. 


Prove or disprove that 
p (4AU B) = p* (4) + p" (B). 


(Iowa) 
Solution. 
We will show the equality. Let r = d( A, B) > 0. Let 


U = {z € R | d(z,A) < Z} 


and r 
V = {xz € R | d(z, B) < 5h 
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Then U and V are disjoint open sets containing A and B respectively. We 
have 


(AUB) = inf{u(W) |W open, AUB CW} 

= inf{u(W)|W open, AUBCWCUUYV} 

= inf{u(W1) + u(W2) | W; open, ACW, CU,B CW, CV} 
= inf{u(W1) | Wi open, A C Wi CU} 
+inf{u(W2) | W2 open, B C W3 CV} 
W (A) + u"(B), 
where the equality (1) follows from the following equality 

inf(X +Y) = inf X +infY, X,Y CR. 


4105 


a) Consider a measurable space (X, p) with a finite, positive, finitely addi- 
tive measure u. Finite additivity means that whenever {B;} is a finite collec- 
tion of mutually disjoint measurable sets, then (UB) = >> p(B;). Prove that 
pis countably additive if and only if it satisfies the following condition: 

If A, is a decreasing sequence of sets with empty intersection then 


lim p(A,) = 0. 


b) Now that suppose X is a locally compact Hausdorff space, that B is the 
Borel o-algebra, and that p is a finite, positive, finitely additive measure on 
B. Suppose moreover that p is regular, that is for each B € B, 


p(B) = sup{u(K) | K C B and K is compact}. 


Prove that yu is countably additive. 
(Iowa) 
Solution. 
a) The sufficiency. Let {By a be countably many measurable sets which are 


mutually disjoint. Let A, = U B;. Then A A, = 9. We have 
i=n+i 


(Ua) = a 


lim ( pB) An) = (Bi). 


nwo 
TAR 


I] 
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Therefore p is a measure. The necessity is obvious. 
b) If p is not countably additive, by a) there is a decreasing sequence {An } 
of measurable sets with empty intersection such that 


lim p(A,) = inf (An) > 0. 
NO n 
For each n there is a compact Kn contained in A, such that 


E- 
HMAn) < w(Kn) + zari inf (A). 


Then 


p (an N s) < DUM AA Ki) < int (As), 


which implies that 
p (A z) #0 
and therefore 


NK: #0. 


w=1 


n 
Thus { (] Ki |n € IN} is a decreasing sequence of nonempty compact subsets 
t= 1 
co 
in the compact space Ki. So (| Kn # 9, which contradicts the fact that 
n=l 


A 46 =0: 
n=l 


4106 


(Indiana-Purdue) 
Solution. 


Denote 
F={x\reE,|f'(z)| < M}, 


where M is any positive number. It suffices to prove m(f(F)) = 0. Set 


1 
Fa = {2 | £ € F, |f (y) ~ F(2)| < Mly —2| if ly — 2] < z} 
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Then 
Fi C Fh C-::,m(F,) = 0, 


and 
f(F) C Uf(Fa) = lim (Fy). 


For any € > 0, take a sequence {In,,} of open intervals such that 


1 
Fn G Une m(n) < w XO m(In,x) <E. 
k k 


For x,y € Fa N In,k, we have 


If(2) — f(y)| < Mm(In,x)- 


ae 


So m*(f(Fa N In.) 
k 


Therefore 


m*(f(Fn)) 


IA 


< MY mUInx) < Me. 
Thus m*(f(F,)) = 0, which implies that m(f(F)) = 0. 
4107 


Suppose A C JR is Lebesgue measurable and assume that 


b-a 


m(AN (a,b)) < 


for any a,b € IR, a < b. Prove that m(A) = 0. 
(Iowa) 
Solution. 
If m(A) # 0 there is an n such that m(AN (n,n + 1)) # 0. There is an 
open subset U in (n,n + 1) such that 


AN(n,n+1) CU C(n,n+1) 


and 
m(U) < m(AN(n,n+1)) +e, 
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where € < m(AN (n,n + 1)). 
There are at most countably many disjoint intervals (a,,b;)’s such that 


U= Ulas, bs). 


Then 
AN (n, n+ 1) = (JAN (aj, bj). 
j 


We have 


mAN(n,n+1)) = dima N (a;,b;)) 


b; — a; 
SS = j 


j 


Em(U) < stm A(n,n+1)) +e) 


which deduces that 
m(AN(n,n+1)) <e, 


a contradiction. 


4108 


Choose 0 < à < 1 and construct the Cantor set K) as follows: Remove 
from [0, 1] its middle part of length A; we are left with two intervals J, and Ip. 
Remove from each of them their middle parts of lengths A|Jj;|, etc. and keep 
doing this ad infinitum. We are left with the set Ky. Prove that the set K 
has Lebesgue measure zero. 

(Stanford) 
Solution. 

Claim. For any n € WN, the total length of intervals removed in the n-th 
step is \(1 — \)"—?. 

The claim holds for n = 1. Assume that it holds for any n < k. Then the 
total length of intervals removed in the k + 1-th step is 


à ( - Saa -— yt] = \(1—r)F. 
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By induction the claim holds for any n € IN. 
It follows that the Lebesgue measure of K, is 


1- A0- =0. 
n=l 


4109 


Suppose p is a positive Borel measure on JR such that 

(i) a([0,1]) = 1, and (ii) p(#) = p(x + E) for any Borel set E of R and 
every x € IR. Does this imply that p is the Lebesgue measure? Justify your 
answer. 


(Iowa) 
Solution. 
Yes, u is the Lebesgue measure. For any z € IR define 


_f wa), 2>0, 
s= { an 2 <0. 


Then g : JR — JR is nondecreasing and right-continuous. Moreover, for any 
x,y E€ IR with z < y, u(x,y] = g(y) — g(z). It follows that the measure p is 
induced by g. 
For any z,y € JR, from either 

p(z, z +y] = (0, y], y20 
or 

p(z +y,z] = u(y, 0), y<0 
we have 

g(x +y) = g(2) + g(y). 

From the right-continuity of g, we conclude that g(x) = zg(1). However, 


g(1) p((0, 1}) = #([0, 1]) — a({0}) 
1 — lim w((-=, 0) 


1 lim (9(0) - g(——)) = 1. 


It follows that g(z) = x and therefore p is the Lebesgue measure. 
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4110 


Let U be a o-algebra of subsets of a set X and pp, : U — IR be signed 
measures such that (E) = Jim, Hn( E) exists for every E € U. Prove that ps 
is a signed measure. 

(Iowa) 
Solution. 
Let, for each E EU, 


Then ji is a finite measure and p,’s are absolutely continuous with respect to 
p. Given any mutually disjoint measurable sets Ep’s, by the Vitali-Hahn-Saks 


Theorem one has 
0o 
Hm (U ns] 
k=n 


(Gs) = mms 


k=1 


- male) (D) 
k=1 k=n+1 
= lim (Enes U z.) ) 


k=1 k=n+1 


= 0. 


lim sup 
n=O m 


p(Er), 


I 
Me 


> 
ll 


1 


which shows that u is a generalized measure and therefore a signed measure. 


4111 


Let \ be Lebesgue measure on JR. Show that for any Lebesgue measurable 
set E C IR with A(E) = 1, there is a Lebesgue measurable set A C E with 
\(A) = §- 

(Iowa) 
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Solution. 


Define the function f : R — [0,1] by 
f(z) = A(EN(-«,2]), 2 eR. 
It is continuous by the following inequality 
If(z)-fy)l<le-yl, tye R. 
Since jim f(z) = 0 and Jim f(z) = 1, there is a point zo € JR such that 
f(zo) = 4. Put A = EM (—o0, xo], which is required. 


4112 


Let u be a complex Borel measure on [0,00). Show that if 


f e™”*dp(z) = 0 
0 


for all n = 0,1,2,---, then u = 0. 
(Iowa) 
Solution. 
Let 
S = span{e™”" | n € WU {0}} 
then S is a self-adjoint subalgebra of C((0,co]) separating the points of [0, oo]. 
It follows from the Stone-Weierstrass Theorem, S is dense in C([0,00]) under 
the supremum norm topology. Therefore for any f € C((0,00]), 


| fae=o, 
[0,00] 
which then implies that p= 0. 


4113 


Let A C [0,1] be a measurable set of positive measure. Show that there 
exist two points z’ 4 <” in A with 2’ — z” rational. 
(Indiana-Purdue) 
Solution. 
Denote all the rational numbers in [—1, 1] by r1,72,---,7n,°+*. Denote 


An ={et+rn | TEA}. 
Then m(A,) = m(A) > 0. An C [—1, 2]. Thus 


U A, C [-1,2]. 


n=1 


Suppose that An N Am = Í if n # m. Then 
XO m(An) < m([-1,2]) = 3, 
n=1 


which contradicts m(A) > 0. Therefore there must be some m, n such that 
An N Am #0. Take z € An N Am. Then we can find z', z” € A such that 


7 A 
Z=T +Tn =T +m. 


Thus 
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00 
Let B= {3 5 
n=l 


Lebesgue measure 0. Also show that E + E = [0,1]. 


Zn =Oor i}. Prove that E is Lebesgue measurable with 


(Iowa) 
Solution. 
Obviously, E C [0,1). We will show next that 
solz Cipt P paly t 
oDe svd +e B+ SS e E) 
O< gTa < ine}. (1) 


o0 
Indeed, for any x € [0,1)\E, z = }) (where 0 < zn < 2 and for any n 


there is an m > n such that £m < 1), there is at least one n such that £n = 2. 
Let n = min{k | x, = 2} then 0 < 21,--+,2n-1 < 1 and therefore 


Tı + + — E 2S 
rE 3 gn-1 gn’ 3 3r- 


The converse inclusion is obvious. 
By equality (1), E is measurable and since 


1 o0 
m([0, 1)\E) = S D a 


n=10<41,---,n-1<1 n=1 
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Lo) 
m(E) = 0. Since E C [0, 3], E + E Ç [0,1]. For any z € (0,1) say x = X 


n= 
(where 0 < zn < 2, and for any n, there is an m > n such that £m Æ 2). 
Define 


1 Eny, 0< 2, <1, 
eae In = 2, née IN 
and 
n_J 0, O<e, <1, 
ae tn = 2, nN. 
a! Salt 
Then 2’ = 5) 32 and 2” = J} = belong to E so that 2’+2” = x. Obviously, 
n=l nal 
oo 1 co 
l= (È=) + (È>) EE+E. 
n=1 n=1 
This completes the proof. 
4115 


Let f : R — IR, be measurable, and let € > 0. Show that there exists 
g : IR — IR}, measurable such that (i) If — gllo < € (ii) for every r € R, 
He | g(2) =r} =0. 
(Indiana-Purdue) 
Solution. 
Take {rn} such that 0 < ry < r2 < +++ < Tn < +++, limry = +00, Tayi — 
Tn < €, for all n. Set fa(x) = f(x) + arcetgr, Denote 


En = {z | Tn-1 < file) < naf: 
Set g1 = Do rnxXz,- Then 
gi(x) > arcctgz, ||fr — gillo < €- 


Set g(x) = gi(z) — arcctgz. We have g > 0 and ||f — gll = lfi — gillo < €. 
For every r € IR, 


{zlg(z)=r} = {z | gil) ~ arcetgr = r} 
Uiz | £ € En, arcctgz = rn — r}. 


n 


Since |{z | arcctgz = rn — r} = 0, {z | g(z) = r}| = 0. 
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4116 


Let f be the function on [0,1] defined as follows f(x) = 0 if x is a point 
on the Cantor ternary set and f(z) = A if x is in one of the complementary 
intervals of length 37?. 

a) Prove that f is measurable, 


b) Evaluate [ f(z)dz. 
(Stanford) 


Solution. 
Let K denote the Cantor ternary set. Then 


[0,1\K = L (0-a1---ap-11,0- aiaz- -ap-12). 


p214;=0,2 


By the definition, we have 


f= 5 See pia *@p—11,0-a1a2++-@p_12)) 


p>14;=0,2 
which then is measurable, and 


1 1 X 12-1 
[te Me P > 7 nv3. 


p>14;=0,2 


4117 


Let E be a Lebesgue measurable subset of JR with m(E) < oo and let 
f(z) = m((E+2)NE). 


Show that 
(a) f(x) is a continuous function on R. 
(b) lim f(z) = 0. 
(Illinois) 
Solution. 
We will show first that for any Lebesgue measurable set E, 


lim m((E + h) N E) = m(E). 
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If E is of the form Ò foi Pi), where (a;,(;)’s are finitely many mutually 
disjoint open intervals of finite length, then 


n 


YB: — ai) 


ia 


= jim. LG A (Bi + h) -a;i V (a; + h)) 


m(E) 


= fing 2 eA) A (a; + h, Bi + h)) 


lim m (Wass A (ai +h, bi + ») 


< lim m(EN(E+h)) 
h-0 


IA 


lim m(E N (E + h)) < m(E). 
So 
lim m((E + h) N E) = m(E). 


If E is a compact set, then there is, for any € > 0, an open set F’ of the above 
form such that E C E’ and m(E'\E) < £. Let F = F'\E one has 


m(E) < m(E') = lim m((E' +h) N E’) 
= lim m(((E +h) NB) U(B +h) N F) U(E +A) N B)O(F +h) N F)) 


< ae eee eee lim m((E +h) E) + 3e < m(E) + 3e. 
h-0 


It follows that 
m(£) = jim m(E +h)N£). 


In general, there is an increasing sequence {En} of compact sets such that 
E, C E and 

lim m(En) = m(E). 

1400 


Then 


= 
5 
i 


im m(En) = Jim, lim 1m((En +h) En) 
‘im lim 1 +h) 2 TB) = = lim m((E +h) E). 


n= 


IA 
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So 
lim m((E +h) N E) = m(E). 


(a) For any y, z € R 


If(y) — f(z)| Im(E +y)\(E + 2))N E) — m((E + z)\\(E + y))| 
m((E + y)\(E + z)) + M((E + z)\\(E +y)) 

m(E + (y ~ z)\E) + m(E + (z — y)\E) 

m(E) — m(E + (y— 2)) E) + m(E) 
—-m((E+(z-y))NE)30, as your. 


IA 


(b) If E is compact, then there is an r > 0 such that for any z > r, 
(c+ E)NA E = ĝ. The claim follows. 
In general there is an increasing sequence {En} of compact sets such that 
E, C E and fim m(En) = m(£). Then 
lim m((£ +2) E) 
Z—++00 
iim, m((E + 12)N £E)—m((£, +2) E,) + m((E, +2) En) 


T 


Jim „lim m((B + 2) A E)\ (En + 2) En)) + m((En + 2) O En) 
im (m((E +2)\(En + 2)) + m(E\En)) = 0. 


IA 
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Let A C IR be a set of positive Lebesgue measure. Prove that 


(z) = TEO 


is continuous at z = 1. Use this result to prove that there exists an € > 0 
such that for any m € JR with |m — 1| < e, the line y = mz has a non-void 
intersection with A x A. 
(Iowa) 
Solution. 
If B is a bounded open set, say l (ai, bi), where 2 < m < 00 and (aj, b;)’s 
are mutually disjoint open evala then for any n < m and any z > 0 we 


have 
n 


U (zai, zbi) N (a;i, bi) C zBAB. 
i=1 
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We have 
n 


sup (bi — ai) 
1 


n<m i 


p(B) 


sup lim > ul (zai, zbi) N (ai, bi)) 
ncm? 4 


lim a(£zBN B) 
aol 


IA 


< lim u(2BN B) < u(B), (1) 


where p is the Lebesgue measure. If K is a compact set, there is a decreasing 


foe) 
sequence {B,,} of bounded open sets such that K = f) By. Since 


n=l 
p(2By N By) — (2K N K) < p(2(By\K)) + #(Ba\K) 


we have by (1) 


w(K) 


lim (Bn) = lim lim p(£Bn N Bn) 
< lim lim(u(2K NK) + p(e(Ba\K)) + (By \K)) 


n= r—>1 


lim (im aK N K) + 2u( Bn nk) 


noo \r-1 


= lim p(#KnK)< lim (2K NK) < p(K). (2) 
gol oad 


1i 


In general, there is an increasing sequence {K,,} of compact sets such that 


UJ Kn C A and p(A\ U Kan) = 0. By (2) we have 
n=l n=1 


(A) = lim p(K,)= lim lim p(t@Kn N Kn) 
< lim p(zAN A) < lim p(2AN A) < pA). (3) 
gl T= 


Since 


e ot = |S aea- xaa 


p(A) -u (ża N a) 


we have by (3) lim p(z) = (1). 
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If there is no € > 0 with the property mentioned in the question, then for 
any n € IN there is an m, E JR such that |m, — 1| < 4 and the line y = maz 
has a void intersection with A x A. However, this implies that m,(AM A) = 0, 
and therefore 

mA) = lim (rmn(A0 A)) = 0, 


a contradiction. 


4119 


Let u be a countably additive measure on a set S with u(S) < +2 that 
is without atoms, i.e., if A is a measurable set with (A) > 0, then there is a 
measurable set B C A such that 0 < u(B) < (A). Prove that the range of p 
is the closed interval [0, u(S)]. 
(Courant Inst.) 
Solution. 
If there is a to € (0, 4(S)) not in the range of u. Let 


P = {A | A measurable and (A) < to}/ ~, 


where ~ is an equivalence relation: A ~ B if u(A\B) = p(B\A) = 0. Then P 
is a partially ordered set: [A] < [B] if a(A\B) = 0. Given a totally ordered set 
Q of P, let B = sup{u(A) | [A] € Q}. Then £ < to and there is an increasing 


oo 
sequence {[An]} of Q with {u(A,)} increasing to 8. Let A= LU An, then 
n=1 


p 


A 
E 
= 

| 

28 
= 
z bi 
C> 
> 
SS 


= lm ( (Ù aa) tuan) 


| 
bare 
45 
E 
D 
= 
{| 
D 
A 
Ss 


So p(A) = B < to and therefore [A] € P. For any [B] € Q, if [B] < [An] for 
some n, then [B] < [A]; otherwise, [B] = [A] since 


p(A\B) < So p(An\B) = 0 


n=l 


and 


y(B\A) = p(B) - (ANB) =6-f=0. 
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It follows that [A] is an upper bound of Q in P. There is by Zorn’s Lemma 
a maximal element [Ao] of P. It follows that u(B) > to — (Ao) whenever 
B C S\Apo and p(B) > 0. (e.g. u(S\A) > to — u(Ao)). Let 


R = {B | BC S\Ao, u(B) > 0}/ ~, 


where ~ is defined as above. Equip R with the partial order < as above. Given 
a totally ordered set S of R. Let. 


a = inf{u(B) | [B] € $}, 


then @ > to—p(A) and there is a decreasing sequence {[B,]} of S with {u(B,)} 
decreasing to a. Let 


Cc 
B = (] Ba; 


n=l 


then 


R 
ll 


n 
im, na) = fim, (1 (B0\ fa 


B 
fim, > (Ba \B:) + u (À 2,)) = u(B) <a. 
t=1 


i=l 


lA 


So u(B) =a > 0. Therefore 4(B) > to — (Ao). [B] E R. For any [C] € S, if 
[Bn] < [C] for some n, then [B] < [C]; otherwise [B] = [C] since 


p(C\B) < >) u(C\Bn) = 0 


n=1 
and 
u(B\C) = p(B) - (BNC) =a-a=0. 
It follows that [B] is a lower bound of S in R. There is by Zorn’s Lemma a 


minimal element [Bo] of R. However, by the assumption that there is a subset 
Co of Bo with 0 < (Co) < p(Bo), [Co] < [Bo] and [Co] 4 [Bo], a contradiction. 


4120 


Let X be a compact Hausdorff space. Consider the -algebra B generated 
by the compact Gs sets. Show that any positive measure p on B which is finite 


on compact sets is automatically regular. 
(Iowa) 
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Solution. 
Recall that sets in B are called Baire sets and each compact Baire set K is 
a Gs set. Also recall that E is outer regular if 


(E) = inf{u(V) | E C V,V open and V € B} 
and E is inner regular if 
(E) = sup{u(K) | K C E,K compact and K € B}. 


Let K and O denote the classes of compact sets and open sets in B, respec- 
tively. Let 


R= (0 (KAL) | K;, L; € K}, 


where the symbol Ù means disjoint union. Then R is a ring such that B = 
S(R). 

By definition, each set in X is outer regular. Let us show each set U in O 
is inner regular. For any € > 0, there is a V in ØO such that X\U C V and 
(V) < w(X\U) +e. Then X\V CU and (U) < p(X\V) +e. 

Let us preceed in five steps to show the regularity of p. 

Step 1. For any pair K, L in K, K\L is regular. For any e > 0 there are 
a B €O and an M EK such that K C B and p(B\K) < £ and such that 
M C B\L and p(B\L) < p(M) + e€. Then we have 


K\LCB\L, pw(B\L) < w(K\L) +6; 
KOMCK\L, pwK\L)<u(KNM) +e. 


Thus K\L is regular. 
Step 2. If {FE; | 1 < i < n} is a finite class of mutually disjoint, regular 
n 


sets, then U E; is regular. 
= 


Obviously 


n n 
»(0,) <int{un|acreo}. (1) 
= 
t=1 
For any £ > 0, there are B,,---,B, € O such that E; C B; with 
p(Bi\E;) < A tol,--+,n. 


Consequently, 
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and 


(e)a) 


which shows the outer regularity of J E;. The inner regularity follows from 
i=1 
the following inequalities 


X sup{u( Ki) |E: > KicK} 


t=1 


= LELT 
< sfao|Ü crer]. 


i=1 


= 
n 
iC 
5 
Nace 
II 


Step 3. If {En | n E€ IN} is an increasing sequence of regular sets then 
oO 


En is regular. 
n=1 


Let E = |]J En. Obviously 


n=1 
H(E) < inf{u(V) | ECV € O}. 


For any € > 0 there are Vj,-:-,V,,--: € O such that En C V, and p(V,) < 
(En) + gz. Let V = U Vn € Ø, then 
n=l 


ECV, pwV)<pE)+e, 


which shows the outer regularity of Æ, while the inner regularity follows from 
the following inequalities 


BE) 


lI 


sup (En) 
n 

supsup{u(K) | K C En, K E€ K} 
n 


I 


lA 


sup{w(K) |B > KEK}. 


foe] 
Step 4. If {En} is a decreasing sequence of regular sets, then (] En is 
n=l 
regular. 
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Co 
Let E = [) En. For any € > 0, n € IN, there is a Ka E R such that 
=1 


n= 
Kn C En and (En) < (Kn) + sz, then 


ED fK, 


BE) <«(A ra) +E, 


n=1 
which shows the inner regularity of E. The outer regularity follows from the 
following inequalities, 


inf{u(V)|E CV EO} 


IA 


inf inf{u(V) | En CV € O} 
inf (En) = u(E). 


Step 5. Let 
S= {E €B | E is regular }. 


By steps 1 and 2, S contains R. By steps 3 and 4, S is a monotone class. It 
follows that S = B. 


4121 


Suppose that p is a nonnegative Borel measure on JR”. Let 
f(r) = sup{u(B(2,r)) | £ € R"). 


Assume f(r) is finite for all r > 0 and assume 


Prove that yz is identically 0. 
(Indiana) 
Solution. 
Let 
C(z,r)= {y E IR" | -r< yi- ti <r, t=1,---,n} 


and let 
g(r) = sup{p(C(z,r)) | z € R”}. 
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Since C(z,r) C B(z, yn + 1r), 


lim g(r) = 0. 


r=0 T” 


Given a compact set K of IR”, let s > 0 be such that K C C(0, s). For any 
€ > 0 there exists an r > 0 such that g(r) < (2r)"e. There exist finitely many 
zi,---,2* € IR” such that 


Kc U C(z',r) C C(0, 28) 


i=1 


and C(z',r)’s are mutually disjoint. Then 


k k 
WK) < SSwlC(e',r)) < Weryre 
i=1 i=1 


k 


So A(C(a!, r))e < A(C(0, 28))e. 


i=1 


Letting € — 0, we get that u(K) = 0 and therefore yz is identically 0. 


4122 


Let u be a finite Borel measure defined on JR”, and define a function f on 
IR” by f(x) = u(B(z,1)) where B(x, 1) denotes the open ball centered at x of 
radius 1. Prove that f attains its minimum on each compact set of JR”. 

(Indiana) 
Solution. 

Let K be any nonempty compact set of JR” and let œ = inf f(K). There 

exists an sequence {zz} of K such that 


lim f(z) =a. 
k500 
Assume without loss of generality that z, — <x in K. It is easy to show that 


B(z,1) C lim B(x, 1). 
kc 


Hence 
wB(2,1)) < p ( im Bler:1)) < im MBlar 1) = a 
k> œ k-0 
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which shows that 
p(B(z, 1)) =a. 
Hence a is finite and f attains its minimum on K. 


4123 


Let E be the set of all numbers in [0,1] which can be written in a decimal 
expansion with no sevens appearing. Thus, 


1 27 28 
= = 0.333... — =0. ... = 0.2800 --- ; 
3 0.333 Too 0.2699 Too 0.2800:--E E 


(i) Compute the Lebesgue measure of E. 
(ii) Determine whether E is a Borel set. 


(Indiana) 
Solution. 


For any x € [0,1]\E, write z = 0.a;a2---a,---. Let 
n = min{k > 1| a, = 7}. 
If a, = 0 for all k > n then 
x = 0.a142°++An—17 = 0.102 +++ Gn_1699--- € E, 
a contradiction. It follows that 
0.a1@2°--+@n_17 < z£ < 0.a1a2---ayn_18. 


and therefore 


[0, 1]\\E£ C U{(0.a1a2 ERS An—17, 0.aya2 ree an-18) | Q1,°**,An-1 F i 


n=1,2-}. 
The reverse inclusion is obvious. So Ẹ is Borel measurable and 
= 1 
E)=1- g-i x —=1-1=0. 
m(E) 2 TT 0 


4124 


Let f : R — IR” be a function such that for all z, y € R 
f(z) - F) < ete — yl. (*) 
Show that if E C JR is a measurable set with m,(£) = 0 then m,(f(£)) = 0. 
(Indiana) 
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Solution. 

Assume without loss of generality that E is bounded. Let E C (-r,r). 
For any € > 0 there exists an open set U such that E C U C (—r,r) and 
m(U\E) < e. Write U = U(ai, bi), where (a;i, bi)’s are mutually disjoint. 


Then condition (+) implies that 


F((ai,b;)) C B(f (ai), (e” |b; — a;|)*). 
It follows that 


ma(f(U)) < X Cne” |b; — ail < Cne”e, 


which implies that m*(f(£)) = 0 and therefore f(E) is measurable. Hence 
mn(f(E)) = 0. 


4125 


Let f : IR” — IR be an arbitrary function having the property that for 
each € > 0, there is an open set U with A(U) < € such that f is continuous on 
IR’ \U (in the relative topology). Prove that f is measurable. 

(Indiana) 
Solution. 

Let U;, be an open set such that A(U;) < $ and f is continuous on IR"\U,. 

Let fk = fxm\u,, then fy is measurable. For any € > 0, 


m°({x | Ife — fila) > €}) = m* (fe € Ue LIFE) 2 e) < 


It follows that {f,} converges to f in measure. Since the Lebesgue measure is 
complete f is measurable. 


4126 


Let A C IR be a Lebesgue measurable set and let rA = {rA | z € A} where 

r is areal number. Assume that rA = A for every nonzero rational number r. 
Prove that either A or IR\A has Lebesgue measure zero. 

(Indiana) 
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Solution. 

Let IR* = IR\{0} and B = A\{0}. Then rB = B and r(IR*\B) = R*\B 
for every nonzero rational number r. If m(IR*\B) = m(IR\A) > 0 there 
exists a compact subset K of IR*\B with positive Lebesgue measure. For any 
compact subset L of B, define function f : IR* — [0,00) by 


soa) =f xac(v)x-1(u-*2) 4, 2 € IR*. 


Then f is continuous and for any nonzero rational number r, 


fr) =f awers | xeso = 0 


Hence f(x) = 0 for any z € IR*. Since 


[xo f awt sw? = 


we conclude that m(L~*) = 0 and therefore m(L) = 0. It follows that m(B) = 
0 and therefore m(A) = 0. 


4127 


Let js be a o-finite measure on the measure space (X, m). Prove that there 
exists a probability measure v on (X,m) (v(x) = 1) such that p is absolutely 
continuous with respect to v, and v is absolutely continuous with respect to p. 

(Indiana) 
Solution. 
There exists a sequence {En }%; of mutually disjoint measurable sets of 
o0 


finite and positive measure such that X = |] E,. For each measurable set E 


let re MEN By) 
HEN 
= Sm 2” (En) ” 


then v is the desired probability measure. 
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SECTION 2 
INTEGRAL 


4201 


Prove or disprove that the composition of any two Lebesgue integrable 
functions with compact support f,g: IR — R is still integrable. 
(Stanford) 
Solution. 
It is not true. For example, let 


f(z) = X{0} (z) and g(z)= X{0,1}(2). 


Then f and g are integrable functions with compact support. However, since 
g o f(x) = 1, the function g o f is not integrable. 


4202 


Let f € £1(0,1). Assume that for any x € (0,1) and every € > 0, there is 
an open interval J; C (0,1) such that 


z EJs, m(Jz)<e, and [ fam=o. 
Jz 


Prove that for every open interval I C (0,1) 


[tam =o. 


(Illinois) 
Solution. 
There is a measurable set E of measure zero such that any x € (0, 1)\Æ is 
a Lebesgue point of f, i.e., 


, 1 f’ = 
lim zzl f(t)dt = f(z). (1) 


a<r<p a 
B-a>0 
B-a—0 
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For any z € (0,1)\E and for any n there is an open interval Ja C (0,1) such 
that £ € Jn, m(Jn) < £ and 


i _f(dide = 0. 


It follows by equality (1) that f(z) = 0, i.e., f(z) = 0 a.e.. Therefore 


[ fan =0. 


4203 


Let (X, M, p) be a positive measure space with p(X) < oo. Show that a 
measurable function f : X — [0,00) is integrable (i.e., one has fy fdu < œ) 
if and only if the series 


S uz | Fæ) > n}) 
n=0 


converges. 
(Iowa) 
Solution. 
Suppose that f is integrable. Then 
Y u({a | f(z) = n}) 
n=0 
= Sod u{z|m< fle) < m+1}) 
n=0 m=n 
= Y Yudrims fz) <m+1)}) 
m=0n=0 
= Smt Yu({e|m< fle) <m+1}) 
m=0 
= Y mulfe|m< fla) <m+i})+ Y ude lms fe) < m+ 1) 
m=0 m=0 
< Èf f(e)du(e) + W(X) 
mao? {elms f(z)<m+1} 


[i 


J (F+ Ddu < o. 
X 
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Conversely, 


œœ 


J fay 


1 fdp 
m20” {2Im<f(x)<m+1} 


foe} 


So (mt lu({e | m< f(x) < m+ 1}) 


m=0 


= S Merleyn <0, 
n=0 


lA 


which shows that f is integrable. 


4204 


(a) Is there a Borel measure pz (positive or complex) on JR with the property 
that 


a fdu = §(0) 


for all continuous f : R — C of compact support? Justify. 
(b) Is there a Borel measure p (positive or complex) on JR with the property 
that 


I fdu = f'(0) 


for all continuously differentiable f : IR — C of compact support? Justify. 
(Iowa) 
Solution. 
(a) Yes. Let u( E) = xg(0) for any Borel set E. 
(b) No. If there were such a Borel measure, let p > 0 be a continuously 
differentiable function of compact support, taking value one on [—1,1]. Then 
a contradiction occurs from the following limits 


lim iE y(t)en dt = y p(t)dt > 0 
n= JR R 


t 


: ty = 1 Es = 
lim (¢(te Y \r=0= Jim, n lt=0 


and 


4205 


Let E be a Banach space, (X, T, p) a probability space, and f : X + E 
such that g o f is y-integrable for every g € F”. 


259 


Define 
L:& Rf, bo) = f g0 fap. 


Does L € E"? Justify your answer. 


(Iowa) 
Solution. 
It is ture that L € E”. Define the linear operator 


T: E'S 1(X), p= gof. 


Assume that Yn — p in E’ and T(pn) > h in L1(X). It follows that pn o f 
converges to yo f everywhere and to h in measure and therefore h = yo f in 
I1(X). By the closed graph theorem, T is bounded. We have 


OIE T Io fldu < I ITIlllollda < IITIaCX)Ig: 


So L is bounded. 


4206 


Let (X, M, p) be a positive measure space with p(X) < oo, and let f and 
g be real-valued measurable functions with 


a fdp = I gdp. 


Show that either (a) f = g a.e., or (b) there exists an E € M such that 


f tiu> | odu 
E E 


(Iowa) 
Solution. 
If (b) does not hold, then for any E € M, 


A fanu < f, gdp. 
f fdp = i gdp, 


Since 
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for any E€ M, 


I fdp = v3 gdp. 


By = {2 | f(z) > ge) +e} 


For any € > 0 the sets 


and 
- = {e | f(2) < gle) - e} 


are measurable. From the equalities 


fdp = J gdp 
Ey 


Ey 


f, taw= f oàn 


we conclude that (E4) = a(E_) = 0. It follows that 


ele | Fle) # g(2)}) = «(Ute tmer-4 tolz $) =0 


Therefore (a) holds. 


4207 


Let (X, M, p) be a positive measure space, and S a closed set in@. Suppose 


that 
— d S 
U(E) s aa 


whenever E € M and (E) > 0. Show that {x € X | f(x) ¢ S} has measure 
0. 
(Iowa) 
Solution. 
Since Œ is second countable, one finds that @\S is the union of countably 
many closed balls {z EŒ | |z —An| < En Y's. If 


w({z E X | f(z) € S}) £0, 
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there is at least an n such that 
w({2 € X | |f() -Anl < en}) #0. 
But then zy Je fdp belongs to {z E Œ | |z — àn| < En}, not to S, where 


E = {x € X | |f (z) —An| < €n }), a contradiction. 


4208 
Let f : [0,1] — (0,00) and let 0 < a < 1. Show that 


int { f f} >, 


where inf is extended over all measurable E C [0,1] with m(£) > a. 
(Indiana-Purdue) 


Solution. 
Obviously, 
0,j=(f>1u U (>72 55) 
: F oe an “n1 
Thus & 
1 1 
m(s2 t+ dom((T>s fot.) =1 


Take an N such that 


= 1 1 a 
D <2 


Suppose that oe C [0,1], m(E) > a. Denote FE, = E (f > $) E, = E\E. 
Then m(E2) < $, so m(E,) > $. Therefore 


DS Eo =. 


inf >—>0. 
msa 1i thes —2N 


Thus 
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4209 


Let {fn} be a sequence of real-valued functions in Z*(JR) and suppose that 
for some f € LHR), 


+00 1 
[Wl -F@lats z na 


Prove that fa — f almost everywhere with respect to Lebesgue measure. 
(Illinois) 
Solution. 
Since 


wip Elin- floats > (Gat 5) <% 


there is, by Levi’s Lemma, a measurable set E of measure zero such that for 
any t € IR\E, 


sup $ |fr+1 — fr l(t) < 00 


n k=1 
Therefore for any t € IR\E, 


fa(t) = filt) +Y (fe — fe-1)(¢) 


k=2 


converges. It follows that fa — f almost everywhere. 


4210 


Let u be a finite measure on JR, and define 


In ako t| 
Show that f(z) is finite a.e. with respect to the Lebesgue measure on IR. 
(Indiana) 
Solution. 
Let 
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then g € L!(IR, dv), where 


dz 
dv(z) = Tae’ 
and 
f(z) = f, g(x — t)dy(t). 
Since 
I ( i we -ilat ) dy(t) 
Z |In|z—¢|| dz fines vis ie 
= J (E Je — tji 1+2? + = eee ta du(t) 
| In [zl] dx 
(ites ts) 
< +, 


by Fubini’s Theorem, the function 


z= | o- tanle) 
R 


is finite a.e. with respect to the measure v. The conclusion follows from that 
the measure v and the Lebesgue measure are equivalent. 


4211 


Let (X, M, p) be a positive measure space, fn : X — [0,00] a sequence of 
integrable functions, and f : X — [0,00] an integrable function. Suppose that 


fn > f ae. [u], and that 
nd = du. 
E p fi p 


f If- faldu — 0. 


Prove that 


(Iowa) 
Solution. 
Assume, without loss of generality, that p is totally ø-finite, i.e., 
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o0 
X= |] Xa, 


n=1 
where X,’s are mutually disjoint measurable sets of finite and positive measure. 


Let 


1 z 
g(x) = yy nex. 


Then g is integrable. Let dv(x) = g(x)du(z). Then v is a finite measure on 
X, equivalent to p. Let 


ddn(2) = fale)du(z), n€ IN. 


Then An <v. 
For any A € M, {J, fadp} is bounded and therefore admits a convergent 
subsequence. If {Sa fnd} is any such subsequence, then by Fatou’s Lemma 


one has 
[su [sams [fen 


| lim fp + Ja a dim fod 


{I 


1 


1A 


fim, f fod lim lim fry, ds 
X\A 


im f fardu = J rau 


k= o 


jim, f fada = [ten 


lim fadu= | fdp. 
n> JA A 


For any € > 0 there is a 6 > 0 such that À (E) < £ whenever v(E) < ô, 
by the Vitali-Hahn-Saks Theorem. There is by Egroff’s Theorem an Ẹ with 


v(E) < 6 such that {t} converges to f uniformly on X\E. Then 


It follows that 


and therefore 


(=; 
A 
3 


f= fldu im J Ifa — fld 
X RAC xX 


= lim n — fld n — fld 
(fv flaw [iF iau) 
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h_f 
g 


E J 
e= 0 R> X\E 


dv + 2e) = 0. 


4212 


Let yz be a o-finite, positive measure on a g-algebra M in a set X. 
(a) Show that there exists W € L!(p) which takes its values in the open 
interval (0,1). Show also that 


je) = | way 
E 
is a positive, finite measure on M, and that 
(E) =0 & (E) =0 


for E € M. 
(b) Show that if f is a complex function on X which is measurable with 


respect to M, then 
f Jfdaň = l fWdp. 
x x 


(Iowa) 
Solution. 


(a) Let {Xn} be a disjoint sequence of M such that X = U Xn and 
n=1 
(Xn) > 0. Let 


oo 1 xx 
W = D1 TS aX) 


as desired. 
The set function ji is of course a positive, finite measure on M. If u(£) = 0 
then A(E) = 0. Conversely, 
; Wdp = 0 
E 


p({z | z € E,W (z) 4 0}) = 0, 


implies that 


i.e., (E) = 0. 
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(b) If f is a simple function, i.e., 


n 
TSN Uki 
izi 
where u(E;) < +00, îi = 1,--+,n, then both fy fdji and f, fWdy equal to 
X wb Ei). 


In general, if f is integrable with respect to the measure 7, there is a 
sequence {fna} of simple functions integrable with respect to ji such that 


lim lfn — fldu = 0. 
n= X 
Then f,W’s are integrable with respect to u, and since 


lim fi lfnW —fmWldu= lim f Feii; 


MO 


m= CO 
lim f,W = fW, 
naw 
we see that fW is integrable with respect to u. We have 


lim faWau= | [Wap 


J fdji = I Wap. 


Conversely, if fW is integrable with respect to u, assuming without loss 
of generality that f is positive-valued, there is a sequence of simple functions 


{fn} such that |f,|< f and lim fn = f. Then f,W is integrable with respect 
n= 
to u and hence fn is integrable with respect to 2. Since 


and therefore 


lim lfm — falda = 0 
m, n> Jy 


and lim fa = f, f is integrable with respect to ñ. Accordingly, 
NICO 


ie fdii = i jWap. 
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4213 


Let m denote the Lebesgue measure on [0, 1] and let (fn) be a sequence in 
L}(m) and h a non-negative element of Z1(m). Suppose that 

(i) f fagdm — 0 for each g € C([0, 1]) and 

(ii) |fn| < h for all n. 

Show that 


f frdm — 0 
A 


for each Borel subset A C [0, 1]. 
(Iowa) 
Solution. 
For any € > 0, there is a 6 > 0 such that 


[nam <e 
E 


whenever m( E) < 6. For such a ô there are a compact set K and an open 

set U such that (1) K C ACU and (2) m(U\K) < 6. There is a continuous 

function g : [0, 1] + R such that (3) 0 < g < 1, (4) g = 1 on K and (5) 9g = 0 
lim 


outside U. Then we have 
a 1 
lim J fade f faxadr 


1 
< lim I fagam) + | | fa(xa ~ a) 


noo 


1 
< im (|/ fagam + | hxv xan) 
De A o 


i 


It follows that 


lim frdm = 0. 
new A 


4214 


Let {fn} be a sequence of non-negative measurable functions in L?(R) for 
some 1 < p < oo. Show that fa — f(L?) if and only if f? > f?(L’). 
(Indiana-Purdue) 
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Solution. 
Suppose that ||fn — f||p > 0. Then ||fnllp > ||Fl|p, i-e-, 


[a-fr. 


fa = min(fa,f), Fn = max(fa, f). 


Denote 


Then fn < f and A 
lfa — FI < Ifa- f| 


which implies that || fa — flle > 0. Just as above, we have 


JR-fe. 


Since 

Bil Rr, 
so 

jz- fr 
Therefore 


[ir-r=fR-Ð-fr-fr=o 


Conversely. Suppose that 


fir-ri=o 
Then 
R24. $0: 
Since 
fia-ms fin-riso, 


it follows that 


[ao fr. 


For any ¢ > 0, take Ny such that 


[E-P 


< ep/2 
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for n > N, and any measurable set E. Take A, a measurable set, such that 


m(A) < +00 and 
J f? < ep/2. 
Ac 


JE <e 
Ac 


for n > Ny. Take 6 > 0 such that 


Then 


if m(e) < 6. Thus 


[ase 
e 


if m(e) < 6 and n > Ny. Denote 7 = e/m(A)*. Take N such that N > My 
and m(|fn — f| > 7) <6 ifn >N. We have 


(fl - yp) 


1/p 1/p 
< fa E fP + Ía = f 5 
(= | | (= | | 
1/p 
+( f i-se) 
1/p 1/p iG 
P P P 
= n s) Ñ TEE. ) - i ft) 


1/p 1/p 
+ | + nn i 
Ce (oe m ) 


< 4e+(n?m(A))? = 5e, 
for any n> N. 
4215 


Let 1 < p < oo. All parts refer to Lebesgue measure on R. 
(a) Give an example where {fn } converges to f pointwise, ||fn||p < M, Yn 


and ||fn — fllp # 0- 
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(b) If {fn} converges to f pointwise and || falle + M < +00, what can you 
conclude about ||f||p? Justify this conclusion. 
(c) Show that if {fn} converges to f pointwise and ||fallp — ||f\|p, then 
Ilfn — flle — 0 
(Indiana—Purdue) 
Solution. 


(a) Consider L[0, 1]. Set fa = NX(0,1), Then 
im fr(z) = f(z) =0, ze [0,1] 


and 
lfa — Fl = Ifall = 1. 
(b) We conclude that ||f||, < M. By the Fatou’s lemma, 


J [fd < lim / Ifa Pde = MP. 


(c) Set 
In = 2P (fal? + IFIP) = fn g Jl: 
Then gn > 0, and 
jim galz) = PHE FP 


pointwise. Using the Fatou lemma, we have 


d |flPdz < lim f gn(2)de = aa | |f Pda -Tm fifa — f\Pda. 


Therefore 
lim fit — fPdz = 0. 


4216 


Suppose f, is a sequence of measurable functions on [0, 1) with 


1 
J Ifa(2)de < 10 
0 


and fn — 0 a.e. on [0,1]. Prove 


1 
f |fn]dz — 0. 
0 
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Hint. Use Egorov and Cauchy-Schwartz. 
(Stanford) 
Solution. 
For any € > 0 there is by Egorov’s Theorem a measurable set Æ C [0,1] 
such that (1) m([0, 1] | E) < ¢ and (2) fn converges to 0 uniformly on [0, 1]\E. 
We have by the Cauchy-Schwartz Inequality 


f “ihid 2 Vflda + falas 


(/ Pa] p([0, Ne) + f |fn|dx 
[0,1]\E E 


and therefore 
1 
lim J |faldz < Vi0a([0, 1)\E)? < V10e. 
n> oo 0 
Let € — 0, and we have 


1 
lim f [falde =0. 
0 


RWC 


4217 


Let (X, M, p) be a probability space (a positive measure space with p(X) = 
1). Show that if f is an integrable function with values in [1, 00), then 


p (Jire)? =e (fara) 


(Iowa) 
Solution. 
It suffices to show that 
l Pd 
tim Ux Fan) _ f log fdp. (1) 
plo Pp xX 


If f = 1 a.e., equality (1) holds; Otherwise, for any 0 < p< 1 and any t E€ X 


os EE = sla) log fla) < fle), (0<E<I), 
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By the Dominated Convergence Theorem we have 


log( fy FP dy) log( fy 1+ (fP= — 1)dy) 


lim lim 
Too Pn noO Pn 
ea (Cl fP” — 1)dp) Sxl (fPr — 9d) 
n= LA fP” = 1)dp Pn 
= f tos fay, 
X 


where {pn } is any sequence of (0,1) decreasing to 0. 


It follows that i ji 
im 8x Fd) _ J etn 
plo p X 


4218 


Let {an}n>2 be a sequence of real numbers with |a,| < logn. Consider 
[2.9] 
Si aan t Y2 < z< om. 


a) Prove that this series converges in L![2, 00) 
b) Prove that 


co oo co œ 
X J T) X ann "dr, 
n=2 2 2 n=2 


where the sum on the right is the pointwise limit (you need not prove that this 
pointwise limit exists). 
(Stanford) 
Solution. 
a) Since 


oo 
1 
ye lan |n- "da = 2 ae <) ms% 


n=2 


o0 
The series > ann“? converges in L*[2, 00). 
n=2 
b) Let 


n 
= So ak”, x > 2. 
k=2 
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Then o E 
(i) lim fa(z) = } ak“? and (i) |fa(z)| < a lan |n~*. 


o0 
By a), c++ J} |a,|k~* is integrable, and by the Dominated Convergence 
k=2 


Theorem, 


n= 


oo foe) oe) 
y J a,n-*de = lim fa(x)dx 
2 


n=2 


i lim f,(x)dz 
2 


n= 


œo œ 
Í X a,n "dz. 
2 n=2 


lI 


4219 


Let S be a bounded Lebesgue measurable set in JR, and let {cn} be a 
sequence in JR. Show that 


lim i) cos? (nt + ¢n)dA(t) = A(S), 
n—0o Ss 


where À is Lebesgue measure. 
(Iowa) 
Solution. 
By the Riemann-Lebesgue Lemma, we have 


lim [cost nt + endda) 
n= S 


f 1+ cont + 2cn) xs(t)dX(t) 


— 
ms 


= lim 5X5) + SS f cosantys ta 
noo \ 2 2 R 


a f sin anys) 
2 JR 


1 
5X5). 


| 
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4220 


(a) Is the function 


Beis at (x,y) # (0,0), 
f( »=f 5 +y?) Eee. 


Lebesgue integrable on the unit square 0 <2<1,0<y<1? 
(b) Compute the repeated integrals in the two orders. 


(c) Does the integral 
1y pl 
Í (/ f(e» vlaz) dy 
o \Jo 


exist? (If you use a theorem, be explicit!) 
(Iowa) 
Solution. 
(a) The function f is not integrable on the unit square, for 


1 pl 
[ | evida > | If(2, y)|dedy 
o Jo {(2,y)l2.920,.27+9? <1} 
e [ [= n rdrdé 
S Ba cos28 do 
0 Jo T: 
pegt- 
0 T 2 4 


(b) We have 


z? -y 
sna dy | dz 
n (/ (0,1) (2? + y?)? 
g? — 

7 I 1 : a Ds iad 

(0,1] ¥(0,arctg +] sect 
z f P, z’ cos 26dtdx 

(0,z] es 


= J dz = 1—ln2 
i ee. 2 


275 


and 


r? — y? In2~1 
— zdr | dy = A 
= (I, (2? + y?) ) 2 


(c) If J (fo |f(z, y)ldz) dy did exist, then Jo.11x(0,1] | F(z, y)|d(z, y) would 
exist by Fubini Theorem, which contradicts (a). So i 65 |f (z, vide) dy does 


not exist. 


4221 


Let (X, M, p) be a measure space and f € L(y). Evaluate 


2 
lim nln ( + (£) ) dp. 
n= 00 X n 


(Iowa) 
Solution. 
It is easy to show that for any z > 0 


In(1+ 2°) <z. 


It follows that for any n € IN the function nln(1 + If) is dominated by |f| 
and therefore integrable. By the Dominated Convergence Theorem 


2 
Jim, Pies (1+ (4) l dp 
2 
= J lim nln (1+ (4) ) a 
x R00 n 
J Odu = 0. 
x 


4222 


Suppose that f is a measurable real valued function on JR such that t + 
e*t f(t) is in D'(UR) for all æ € (—1,1). Define the function 


+00 
o(e)= fe f(a 
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for all z € (—1,1). Prove that 9 is differentiable on (—1, 1). 


Solution. 
Since for any x € (—1,1), 


2 z 2 Į- lel) 
let < emme 3? Ol 
n 
ue et(e+signt**!) 
acu ol 
and 
raa ll = [pg ob! 
Pee ill 5 zt <1, 


we conclude that t ++ et f(t) is also in Z7(JR), z € (—1, 1). 
Next we show that 


+00 +co 
=f. e7 f(t)dt = D e'* tf (t)dt 


For any fixed x € (—1, 1), for any y > z, 


SA = a f(b] 

(e7 —e* tf (t)|, (B<2z<y) 

le PFA-a) (<z <2) 

2 { ly — ale St? f(t), t>Oandz<y <3 
= jy — zlet? f(t), t<Oande<y< 


ll 


(Iowa) 


By the same method as above, we see that t = e'"t? f(t) is P It 


follows that 


+00 ty —_ ptT 
lim (cia E e0) dt=0 
ylz J- y- zr 
and + t t 
foe) y A y 
lim (oe z e0) dt=0. 
ytz J—o0 y- 
4223 
Evaluate 


justifying any interchange of limits you use. 
Hint. First show that (1+ z)” <e for x > 0. 


Solution. 


(Stanford) 


Since for any n € IN and z > 0, 


Casi 


and 


we have 


1A 


a TEREE 
als st) Cra) Oaa 


(1+ 2J Lpr, 


By the Dominated Convergence Theorem 


dim, f’ (14 2)" ear 
(jim. B X[o,n](£) (1 + =)" N 
A lim som (2) (1+ =)" ede 


co 
j e *dz=1. 
0 


278 


4224 


Let (X,A, p) be a probability space and f : X — [1,oo) a measurable 
function. Prove or disprove: 


[fis tay > J tou [fan 


(Iowa) 
Solution. 
Under the condition that f ln f is integrable we conclude that both f and 
ln f are integrable, and 


[sau f injans f Fim fay. 


e, f(z) <e, 
TENS { finf, otherwise 


and 0 < Inf < flnf we see that both f and Inf are integrable. Since 
Int < tlnt for any t > 0, 


[sau f mtan- f pin fay 


1 


5 (Fle) Flu) + fo) Fl2))du() duty) 
XxX 
1 


-5 [| Gems) + Hw) mw))dy(o)dyly) 
XxX 


f) Fa), f) 
[Lf (i F(z) #(2) Flay) ne )4u() 


Indeed, since 


Il 


lA 


4225 


For i = 1,2, let X; = IN (the natural numbers), Let M; = 2% (the o- 
algebras of all subsets of IV) and let p; be the counting measure. For the 
function f : X1, x X2 — R defined by 
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—27%, J= 1, 
fii) =s 27, j=i+1, 
0, otherwise. 


Compute the iterated integrals 


J, Uf, #40) 
J, Uff) e 


How do you reconcile your answers with Fubini’s Theorem? 


and 


(Iowa) 
Solution. 


For any i € X4, j > f(i, j) is integrable and 


[toitma =- =0. 


A (,, fa) du =0. 


For any j € X2, it f(i, j) is integrable and 


Therefore 


fi dnl) = -z 
Xı 
J Iain = 27% GSR: 
xX, 


We have i 
h i faida) ) du2(j) = -5 + 2 > Sif, 


Since f is integrable ( $> |f|(t,j) = 2), the two iterated integrals exist 
4,7 EIN 
and coincide by the Fubini’s Theorem. 


4226 


Let (Q, 4) be any measure space. For f € L!(Q, p), and for À > 0 define 
plà) = w({z EQ | f(z) > A}) 


280 


and 
P(A) = pz ER | f(z) > —A}). 
Show that the functions p and # are Borel measurable and that 


co 
Wh = f (Q)+9)aa. 
Hint. As usual, it may be helpful to consider f positive first. 


(Iowa) 
Solution. 


The measurablity of y and 4% follows from that they are monotone. 
The function (x, A) > X(0,00)(|f|(%) — A) is measurable. On one hand, 


A (/ X(0,00)(1F|(@) — A)du(e) dy 
i. (| xteiio@dute)) dd 


i MaE OS AA 


H 


I 


1l 


J OTEP 


but on the other, 


I ( [T xof) = aaa) ane) = if f mre 


a ifl(z)dy(z) = IIflla: 
Q 


By Fubini’s Theorem we have 


Ifi = f "COF yO 


provided that either side exists. 


4227 


Let f € L?(0,1). Set ? 
F(z) = J flt)dt. 
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Show that 
F(z +h) — F(z)|’ 


r , 
d c 
( Í 9 e) < elifllz 


for each h, 0 < h < 1 where c is a positive number independent of f. 
(UC, Irvine) 
i e) 
dz 
h 
0 

1 1-h| peth 2 ? 

= i Í J f(t)dt| de 
0 x 


> T: [u (t)|Pdt - a), 
= 4 a(t ‘ae f” nora) 


Solution. 
We have 


F(z +h) — F(z) 


IA 


af a f votes af n IF (t) [Pde 
+f a fis HOJ ta) 
= Al A IF) Peat + ie Ugh + f a sora-oa) 


1 


< af Ohd [ine Pade + J worse) 


= |lflle- 


4228 


Let f,g € L! (0, 1) and assume that f(z)g(y) = f(y)g(2) for all z, y € (0, 1). 


Show that ta 
f T f(x)g(y)dedy = 2 |: f(x)g(y)d A 
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where 
A= {(z,y) |0<2 <9 <1} 


and dA denotes the planar Lebesgue measure. 
(Iowa) 
Solution. 
We have 


i [ f()g(y)dedy 


lI 


f Fosaa 
[0,1] x [0,1] 


J f(2)g(v)dzdy + / f(x)g(y)d 
a {(z,y)|O<a=y<1} 


f(z)g(y)dA 


+f 

{(z,y)l0<y<r<1} 

f f(2)g(u)dzdy + J f(a)g(u)a 
A {(z,y)|O<e<y<1} 


II 


2 i f(a)g(y)aA. 
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SECTION 3 
SPACE OF INTEGRABLE FUNCTIONS 


4301 


Let X be a positive measure space of total measure 1. Show that for any 
[0, co)-valued measurable function f on X, 


1) =(f. py" 


is a nondecreasing function of p € (1,00). Under what circumstances is I(p) 
strictly increasing as a function of p? 
(Iowa) 
Solution. 
For any p,q € (1,00) with p < q, let a = r and 6 = T then t4 3 =1. 
By Hölder’s inequality, we have 


(he) <((Le) ey) =a) 


which shows that I(p) is a nondecreasing function of p € (1,00). The function 
I is strictly increasing if and only if f is not almost everywhere equal to the 
constant function. 


4302 


Let (X,M,) be a fixed measure space, let {pj }?_, be positive numbers 
such that p; > 1, i = 1,...,n, p > 1 and 

n 

in PEP 


If, for i € {1,---,n}, fi E€ L” (u), must it be the case that 
fafo fa E L (u)? 


Justify. 
(Iowa) 
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Solution. 
Yes, fi--- fn E L?(u). Moreover 


lfi fallo < Ifilo --- Nalon- (1) 


In case n = 2, |f|? € L7 (p) and |f2|? € L? (p), and by Hölder’s inequality, 
(fine) < (om) ” (fer) ) *) 
(Ln) (Ln) 


Assume that the conclusion and the inequality (1) hold for n = k. Then for 
n=k+1, 


A 


0<— + reer ae <1 
Pı Pk P Pen Gee i 


which shows that a > 1. By inductive assumption f;--- fp belongs to 
PPR+1 us 
Ltr? (u) and 


PPR+1 


( j: (ap) ee ea 


Then by the case n = 2 we conclude that (f1--- fk)fk+ı € L? and 


(fie: fa) fatally < fio Jell ees [Feta lbpeas 
< Ifill ++ lello Sri llor» 
which completes the proof. 
4303 


Let X = {a,b,c}, let M be the o-algebra of all subsets of X, and let yz be 
the measure determined by 


„({a})=0, w({b})=1, and p({c}) = œ. 


What are the dimensions of the vector spaces L(y), L?(p), and L® (u)? Jus- 
tify your answers. 


(Iowa) 
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Solution. 

We have dim Z}(y) = dim L? (p) = 1 and dim L™(y) = 2. Since each func- 
tion f of L! (p) or L?(z) vanishes at c and two functions taking the same value 
at b coincide in L!(p) or L?(), we conclude that dim L! (p) = dim L*(js) = 1. 
Since two functions are equal in L™() if and only if they are identical on 
{b,c} we have dim L® (pu) = 2. 


4304 


Let f,g € L?([0, 1), 


Show that 


(fm (fe) (Cee-Lo) 


(Indiana-Purdue) 
Solution. 
Denoting 


we have 


(ssn) 


{| 


lA 
Pe ee ei 

õm 

PA 
n 
a 
a 
Ne” 
a 
a 
© 
| 

Q 
Ner 
x 
3 
SS” 


4305 


Let f be a non-negative function in L (IR) for some 1 < p < œ and let 
r+s=p,r>0,s>0. Also let f,(x) = f(z +h). 


286 


(i) Show that ff f* € L1(R). 
(ii) Investigate what happens to || ff f*||1 as |A| — oo. 
(Indiana~Purdue) 

Solution. 

(i) Obviously fn E€ L?(R). From ff € L*, f? € LF, and Pre = 1, it 
follows that 

faf’ €L*(R). 
(ii) We claim that 
lim ||fif*|la = 0. 


|h| 00 


For any € > 0, take N such that Jae fP < € where E = [-N, N]. Now if 
|h| > 2N, then z + h ¢ E whenever z € E. Therefore 


IEP = SAEPE S uae 
< (fe) (ey (ae) Cf vr) 
< erlie 


4306 


Let f : R — R, be measurable, and let 0 < r < oo. Show that 


1 1p 1\t 
ere ee) 


(Indiana—Purdue) 


Solution. 
Set p=1+ 4. Then p> 1 and s+3= 1. Since 
1 1 
P 1 TP 
m= feris fey (fr) 
I 
SE 
we have 


wes) (fry 
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which implies 


1 a eee 
oars (ind! 


4307 


Let f be a bounded measurable function on (0,1). Prove that 


1 7 
lim (/ KOKI = ess sup|f\, 
prow 0 


where 
ess sup| f| = ||fllo = inf{t | m({|f| > t}) = 0}. 
(Ilinois) 
Solution. 
For any € > 0, 
m({z | |f(2)| > [lflloo — e}) > 0. 
Then 
flo = Tiny tim (fllo ~ emde | [f(2)1 > Ifl ~€3)* 
Soia ( J ropa) 
e=>0p>0 \V{x||F(r)|>Ilflloo-e} 
1 7 
lim li z) Pdz 
< tn in ([ wor) 
1 F 
= li P d 
im ([ Pas) 
1 $ 
< Im (f iepaz) 
< |IFflloo- 
Therefore 


1 


jim (f opa) = Wl 
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4308 
Let f be a nonnegative measurable function on (0, 1] satisfying 


m({z | f(z) > t}) < roe t>0. 


Determine those values of p, 1 < p < oo for which f € LP and find the 
Minimum value of p for which f may fail to be in DPP. 
(Illinois) 
Solution. 
If 1 < p< 2, then f € LP. The minimum value of p for which f may fail 
to be in P is 2. 
Indeed, for any p € [1,2), 


Yo miz Pe) = So m({2| f(x) nh 
| ee 
< 2 lant oe < œ, 


it follows that f? is integrable. Let f(x) = T — 1. Then f? is not integrable. 
x 
However for any t > 0 


m({e | fle) 28) = m({2 


(+t? ~ 1+%?° 


4309 


With Lebesgue measure on (0, 1], prove that 
S = {f € C[0, 1] | [lfllo < 1} 


is not compact in L*{0, 1). 
(Iowa) 


Solution. 
It suffices to show that S is not closed in L1({0,1]). For each n € WN, let 
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1, 0<2< 5, 
fa(z) = 0, gta Sesh 
—4nz+(2n+1), ¢<@<f+Hh 


Then f, € S and lim t= Xo, 4] in L1/0, 1]. Since X{0,3] ¢ S, S is not closed. 


4310 


Let H be Hilbert space L?(0,27), with inner product defined by 


2m 
(u,v) =f u(zjo(zjdz, u,v EH. 


Consider the elements un € H, n = 1,2,---, defined by ua(z) = sin(nz) for 
z € (0,27). Show that 

(a) the set {un }S2, is closed and bounded, but not compact, in the strong 
(i.e., norm) topology of H. 

(b) un — 0 as n — œ in the weak topology of H, i.e., for every v E H. 


Jim (un, v) =0. 


(Stanford) 
Solution. 
(a) Obviously, the set {un}; is bounded. For any m,n > 1 with m#n 


2n $ 
[tm — Unll2 = (/ (sin mz — sin na)?de = V2n, 
0 
which shows that {um | m € IN} is closed. Since it admits no convergent 
subsequence, it is not compact. 


(b) For any v € H, v € L!(0,2r) by Hölder’s inequality. By Riemann- 
Lebesgue Lemma, 


2r 
lim (un, v) = lim J v(z)sin nzdz = 0. 
n= oo n= re) 


4311 


Let H; be the Sobolev’s space on the unit interval [0,1], i.e., the Hilbert 
space consisting of functions f € L’[0, 1] such that 
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+00 


IAR = $ (+n)? < o, 


n=— 00 


where i A 
Fin) = a f(x) exp(—2rinz)dz 


are Fourier coeffents of f. Show that there exists constant C > 0 such that 


WF ll < Cllflla- 


(Stanford) 
Solution. 
Since for any z € [0,1] 
+0 3 ; +00 2 l +00 1 a 
Z iwem D eio E Ho @ 
n#0 wes 


to an F 
the series J) f(n)e?**"* converges to f(x) both in H; and in L®™. It follows 


n=- 


from (1) that 
flee < CIF 


4312 


Let f be a periodic function on JR with period 27 such that F (0,24 belongs 
to L?(0, 27). Suppose 


+00 
f(z) = 5L ane”. 
For each h € IR define the function fa by falz) = f(x — h). 
(i) Give the Fourier expansion of fh. 
(ii) Find the L2-norm ||f, — f||2 in terms of the a, and h. 
(iii) Prove that 
. Ifa — file 
lim ———— > 0 
rao — | 
unless f is constant almost everywhere. 


(Stanford) 


291 


Solution. 


(i) We have 


+o 
D> On eit(z—h) 


n=- 


+00 
X ; a,e7 P fF, 


n=— o0 


fa(z) 


(ii) We have 


Ifa — fille 


I) 


+00 4 
( 5 2rjane 7”? — ca) 


n=— o0 


1 
+o 2 
h 
( X 87 sin? > nF) 


n=— 0 


Il 


(iii) If f is constant almost everywhere, then an = 0, n £ 0. It follows that 
fr = f and ||fn — fll2 = 0. If f is not constant almost everywhere, there is an 
n £ 0 such that a, #0. Then 


ng nll m BTS ahla,|?)? Som 
4 = yV2r|nan| > 0. 
lim h 2 jim |h| | n 
4313 


Let f,(x) be an orthonormal family of functions in the Hilbert space 


L?(0,1). Prove that 
co £ 2 
D f fn(t)dt 
=; Vo 


for all x € [0,1], and that this inequality is sharp (equality) if and only if 
{fn |n = 1,++-} span a dense subspace of L?(0, 1). 


<z, 


(Iowa) 
Solution. 
By Bessel’s inequality 


Xu [ fa(t)dt Í 


foo) 2 


» 


n=l 


X Xos) Fn)? < lxo? = z- (1) 
nail 


i X(0,2] (t) fn (t) 
0 


1 
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If {fn | n € IN} span a dense subspace of L?(0, 1), then {fn } is an orthonomal 
basis of Z?(0,1) and therefore (1) is sharp. Conversely, since 

span{x(o,2] |0 < £ < 1} = span{x(a,n |O<a<b< 1} 


is a dense subspace of L?(0,1) while 


fs e rodi = Yo Mf int 
n=1 


is a closed subspace of L?(0,1), containing span{xo,2] | 0 < æ < 1}, it follows 
that 


f; e PODIA = Do IG, sf} = 17(0,1) 


n=1 


and therefore, {fn} span a dense subspace of L?(0, 1). 


4314 


If f is a function on JR, let f; be the translate f(x) = f(t+ z). Prove that 
if f is square integrable with respect to Lebesgue measure, then 
lim || fe — Fllezxm) = 0. 
(Stanford) 


Solution. 
Suppose that f : IR — T be a continuous function with compact support. 
Then f converges to f uniformly. We have 


tim ( f H f+ 2) ~ f(2)F'd) i 


tim |fe — fl 
— y = 24). 2 
= lim (a f(t +2) — f(2)| 2) 0, 
where K = supp( f) and 
K - [-1,1] = {z -y | z € K,y € [-1, 1]} 


is compact. In general, there is a sequence {fn} of continuous functions with 
compact support converging to f in L?(IR). Then 


Tim ||fe~ fle < Tlf- falle + lfa ~ falle + lfa — file) 
< E(f = flle + Ifae — falle) = 2llfa — fllz- 
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Letting n — oo, we have 
lim [|f — fll = 0. 


4315 


A trigonometric polynomial is a function p on IR of the form 


N 
p(9) = 5 Cre”? 


n=-N 


for some Cn €@, N > 0. Suppose f is continuous and 27-periodic on JR, and 


let 
1 2r ind 
an = 55 f f(O)e7 "a0. 


Show that for every € > 0, there exists a trigonometric polynomial 


N 
p() = 5 Cne™? 


n=-N 
such that 
If — Plloo < € 
and 


[Cal] < an| for all n. 


Hint. You may wish to think about harmonic functions on the unit disk. 
(Stanford) 


Solution. 
Regard f as a continuous function on the unit circle $1 of C. Then 


an = 5 | 100l) 


where o(dz) is the Harr measure on S* such that o(S') = 2x. Let u be the 
harmonic extension of f to the unit disc D = {z | |z| < 1}. Then 


lim sup |u(rz) — f(z)| = 0. 
rol 2651 


Moreover 


+00 
u(rz) = 5 ayri"lz", zes! 


n=- 
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There is an N such that 
> lan |r"! < €/2 


|n|>N 


where r is fixed so that 
sup |u(rz) — f(z)| < €/2. 
zes? 


Put 


N 
p(z) = Xe anr", zest, 
n=—N 


which is required. 


4316 


Prove or disprove the following statements: 

(i) the set of continuous functions on the interval [0, 1] is dense in Z% (0, 1]). 

(ii) L°°([0,1]) is a separable metric space. 

(Stanford) 

Solution. 

(i) False. Since C([0, 1]) is separable while L% ([0, 1]) is not, C([0, 1]) is not 
dense in L™((0,1]). 

(ii) False. Let 


S= {f € L°((0,1)) | f(z) = 0 or Loa <s ~,n € IN, f(0) = 0}. 


Then as a subset of L™((0,1]), S is of cardinal 8. However, since the distance 
between any two elements in S is 1, S is not separable. 


4317 


Let {fn}, be a sequence in Z?({0,1]) (with Lebesgue measure) and 
{gn}; a sequence in L%({0,1]), where 5+ z = im, fa = fin DP 
and lim gn = g in LS, is it true that fagn — fg in measure? Justify. 

al (Iowa) 
Solution. 

Yes, fngn — fg in measure. Indeed, since 
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I|fngn — Folli < Ifa — Fllplignlle + Ilfllpllgn — gll +9 as n— o, 


we have for any € > 0 


A({z | |fngn(x) — fo(x)| > €}) 


R ET 


E AEN, 


< \lfngn — fala +0 as n > 00, 
Ẹ 


where A is the Lebesgue measure. 


4318 


Let X be a measure space with measure u and suppose that p(X) < oo. 
Let 


S = {(equivalence class) of measurable complex functions on X}. 


(Here, as usual, two measurable complex functions are equivalent if they agree 


a.e.) For f € S, define 
Ifl 
E J lau. 
pf) Ten 
Show that d(f,g) = p(f — g) is a metric on S, and that fn — f in this metric 
if and only if f, — f in measure. 


(Stanford) 


Solution. 


Obviously, d(f,g) = d(g, f) > 0 and d(f,g) = 0 iff ee = 0 a.e., iff 
f=gimS. For f,g,h € S, we have 


If- h] 
eee ag 
it T+ [foal 


l If —gl+|g— hl ih 
x 1+|f-—gl+ |g- h| 


If -gl lg — h] Ja 
a : 
= d(f,g)+d(g,h). 


d(f, h) 
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Therefore d is a metric on S. 


If f, — f in measure, then lfn-Hl — 0 in measure by the equalit 
T+]fa—-f y 


frex| eat > b= {eex|in-s> 7} (0<e<1). 


By the Dominated Convergence Theorem d(fn, f) — 0. 


If d( fa, f) — 0, then 
lfn — f(z) E 
je = =) 


Hte y lfn — fll) y 
€ Jx 1+|fa-— fi(2) 
l+e 


= z d(fn, f) >0 asn—- oœ. 


p({z € X | |fa — fi(z) > €}) 


[l 
E 
Se 
— 
8 
M 
Gal 
a 
+ 
3° 


IA 


4319 


Let g be a measurable function such that fp |fg| < co for every f € LP (IR) 
(fixed p > 1). Prove that there is a constant M such that 


f itos mith 
R 


all f € P(B). 
(Stanford) 


Solution. 
Define for each n € IN a measurable function gn 


piae (Oe Umea 


Then gn € L9(IR) and for any f € L? (IR). 
IF| <lg2fl<-++Slgnfl < +++ < lof. 


Moreover, lim ganf = gf. It follows that the sequence of bounded linear 
n= 


functionals f + fp f(£)gn(£)dz on LP (IR) converges to f > Sri (e)g(x)da, 
pointwise. By the Banach-Steinhaus Theorem, f ++ fpg f(x)g(x)dz is continu- 
ous on L? (IR) and therefore there is an h € LI(IR) such that 


[ ros f tenes, fer 


which then implies that g £ h € L4(R). 
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4320 


Let S! denote the unit circle (the set of complex numbers with modulus 
one, or the real numbers modulo 27). The convolution of two functions on S? 
is 

2r 


f *gla) = = ; f(0)g(a — 0)dð. 


Suppose that f is an element of L?(S1) with the property that its Fourier 


coefficient 
1 Qn 


fin) = — HOC, 


2m Jo 
is non-zero for all n € Z. Show that the linear space {f * k | k € L?(S1)} is 
dense in L? (S+). 
(Iowa) 
Solution. 
Let for any n € Z, Xn(0) = e'”® then {Xn}nez is an orthonormal basis of 
L?(S1). We have 


(F * xn)(9) 


2r 
= : F(&)Xn (0 — a)da 


ero pr N 
=o (aje da 
T Jo 


= fine. 


Therefore {f x k | k € L?(S1)} contains {xn | n € Z} and therefore is dense in 
£7(5*), 


4321 


For functions f,g € L?(JR), define the convolution f * g by 


+00 
fxg= J f(y)g(z — y)dy, 


where the integral is with respect to Lebesgue measure. 
a) Show that f +g € L®(IR). Do not neglect to check the measurablity of 


f*g. 
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b) Suppose that f has the property that for all g € L?(JR) the convolution 
f *g is also an element of L?(JR). Define Ty : L?(JR) — L?(R) by T;(g) = f *g. 
It is evident that Ty is a linear operator; you need not check this. Show that 
T; is a bounded linear operator. 
Hint. closed graph theorem. 
(Iowa) 
Solution. 
Since by Hélder’s inequality 


E |f(v)g(z — y)ldy < (i roa) 4 (a P pea) 1 


IIfllellgll2, (1) 


A 


1A 


f *g(z) is well defined. 
a) We will show that f * g is uniformly continuous. Indeed, 


olf #9)(e1) — (F * a)(e2)| 


ee pe aS 
= fe sl FOl = y) = g(22 — y)dy 
+00 } 
Spey ofl (fo lo(z1 — y) — g(22 - » Pay) 
+00 4 
sa ( I l9 - 22+ y) = a))) 
=0. 


By (1), f *g is bounded and therefore belongs to L” (JR). 
b) Let {gn} be a sequence of L?(IR) such that 


gn > g and Tjygn >h in L?(IR). 


Since 


ICF * gn — f *9)(2)| < IIFllellgn — gll2 > 0, ER 
we see that h = f *g = Tyg. By the Closed Graph Theorem, T; is bounded. 


4322 


If f € L'(R), define 
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HOE J f(x)e'** dz. 


Prove that, for any f € LHR), KE) — 0 as |é| — oo. 


(Stanford) 
Solution. 
If f is simple, say 
f= SO aixX(e:,8:5) (1) 
i=l 
then 
F eSB — — 
lim = lim- a = 
an FO = fn È ooo 


In general, there is a sequence {fn} of functions of the form (1) such that 
lim || fa — fllı = 0. 
nO 

Then 


im |f(€)| 


[g|00 


1A 


dim WA) - AOI + AOD 
Ta (l =- fila + Lfa(@)1) = Ifa = Fils 


lA 


Letting n — +00, we have 


im, [FOI = 0. 


4323 


Let f : [0,1] — [0, 00) be an essentially bounded function, ||f||.. > 0. Show 
that 
1 1 
lim a soa) / ( f f(2)"dr) = || fILloo- 
noo AO o 
Solution. 


For any a with 0 < a < ||fijæ, let 


= {z € [0,1] | f(z) 2 a} 


(Indiana) 
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and Fy = [0,1]\E. then (Eq) > 0, where à is the Lebesgue measure. For 
any k € IN, by the Dominated Convergence Theorem, 


Jim ( h f(ay"*tae) / ( Í, fle)"de) 


< Pexe J, (EZY mika 
Hence 
pa (f nora) (f nera) 
> 


lim (e E f(&) dz + f, f (2)"*"ae 
/( i f(x) "dx + f: l f(2)"de 


Letting a Î ||f\loo, we get that 
gin (fae) / (f° sera) = ilo 


4324 


Let (X,M, u) be a measure space for which p(X) < œ. Let 1 < p< 
oo. Suppose that {fx} is a sequence in L?(X) such that sup ||fi||p < œ and 
k 


lim f(z) = f(z) exists for p-a.e. z. Prove that 
Jim [Ifa — fll = 0. 


(Indiana) 
Solution. 


If on the contrary jim \|fx—F la > 0 there exists a subsequence of { fẹ }, also 
denoted {fk}, such that jim llf — fllı > 0. Since {|f|} is bounded in P(X) 


and L?(X) is reflexive there exists a subsequence {|fz,|} of {| fk] | k € IV}, 
converging to |f| weakly in P(X). 
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By the Vitali-Hahn-Saks Theorem, for any € > 0 there exists a ô > 0 such 


that for k = 1,2,--+, 
J fuldt f iflau<e 
E E 


whenever (E) < 6. For such 6 > 0 there exists by Egroff’s Theorem a set E 
such that u(E) < 6 and {fp} converges to f uniformly on X\E. Then 


lim f Ife, — fldu < Tim f Ifun — fld + Tim J (fel + Lea < €. 
T-+00 Jx I-00 X\E I>00 JE 
Letting € — 0, we get that 
lim f |r: — fldu = 0, 
I>œ Jx 


a contradiction. 
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SECTION 4 
DIFFERENTIAL 


4401 


Let f : [0,1] — IR and g : [0,1] x [0, 1] — IR satisfy the inequality 


f(y) — f(z) < g(y,2)(y— 2) (forall x,y € (0,1). (*) 


Assume also that g is nondecreasing in each variable, i.e., u < z, v < y => 
g(u,v) < g(x,y). Show that lim g(x,y) = (xz) exists except in a countable 
yor 


set and that for 0 < x < y < 1 we have 


f(y) — f(z) = fe (t)dt. 


Hint. Observe that (*) is equivalent to 


g(z, 2) < g(y, 2) < Au As < g(z,y) <S gl(y,y) O<e<y<l. (+x) 
(Iowa) 
Solution. 
Let ¢(x) = g(z, x) then ¢ is nondecreasing and 
$(2) < gly, a) < EAEE < g(x,y) < oy), 2<, (1) 
gly) < g(z,y) < PELE) <gly,2)< A2) y<. 


By (1) we have an inclusion 
{z | lim g(z,y) # ¢(2)} © {z | lim (y) # $(2)} 


while the latter set is at most countable. So lim g(z, y) # ¢(x) exists except 
yor 


in a countable set. Again by (1) f is Lipschitz and therefore absolutely con- 
tinuous. However, since by (1), f'(x) = (£) whenever ¢ is continuous at g, 
we have 


f(y) - f(z) = J " Padt = J ” $(t)dt. 
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4402 


Prove that a function f : [0,1] — JR is Lipschitz, with 


lf(z) — Fly)| < Mlz — yl 


for all z, y € [0,1], if and only if there is a sequence of continuously differen- 
tiable functions fn : [0,1] > JR such that 

(I) \f,(@)| < M for all z € (0, 1]; 

(II) fa(£) —> f(x) for all x € (0, 1]. 

Hint. There are several different ways to do this problem; one is to use the 
Fundamental Theorem of Calculus. 

(Stanford) 

Solution. 

If f is Lipschitz, then f is differentiable almost everywhere and moreover 
for any x € [0, 1] 


fe) = f(0) + f ‘Pie 


Since |f’ (x)| < M, x € [0,1] there is a sequence {gn } of continuous functions 
such that 
lgn(z)| < M, xe (0,1) 


and i 
lim lgn(x) — f(a) [de = 0. 
noo 0 


For any n € IN, define 


falæ) = f(0) + y gn(t)dt, «x € [0,1], 


which is required. 
Conversely, by the Mean Value Theorem 


If(e)-F(y)| = lim |fn(2) — aly) 
jim, |fn (En) le — yl 
M\z — yl. 


lA 


This completes the proof. 
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4403 


Let {fn} be a sequence of absolutely continuous real-valued functions on 
[0,1] such that 


(a) f(z) = 2 fa(£) converges for every z € [0, 1). 


b) Jo ( È bfa(a)I) de < +00. 
Show that Fi is ORA continuous on [0, 1]. 
(Ilinois) 


Solution. 


Let co 
ne X (2) 


in E*{0, 1]. Then 


8 


f(z) = 2 ale) — ful) HEAO 


OES? T fi(a)de 
= f(0)+ nef’ g(t)dt. 


DJe i 


It follows that f is absolutely continuous. 


4404 


Assume that f € AC(I) for every I C R. If both f and f’ are in L!(R) 
show that (i) fp f’ = 0, (ii) f(z) > 0 as |z| > œœ. 
(Indiana-Purdue) 
Solution. 
Since f € AC(I), for every I C R, 


f " F@dt = f(a) — F0). 
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Since f' € L}, lim fe f'(é)dt exists, which means lim f(x) exists. Since 
f € L', we must have lim f(x) = 0. Therefore 
too P 
[rede = tim, f(e) - FO) = -700). 


In the same way, we have z lim f(z) = 0 and 


0 
J f'(æ)dz = f(0). 


Thus r oe 
TRIO = es fleas +f f'(z)dz =0. 


4405 


Let {fn} C AC([0, 1]), fa(0) = 0 for every n. If {f} } is Cauchy (L*), show 
that there is f € AC([0,1]) such that fa — f uniformly on [0, 1]. 
(Indiana—Purdue) 
Solution. 


Since f, € AC((0, 1), 


f(a) = f ” pi (e)at. 


Thus g 
aE) = fa< S RO- aO > 0: 
So there exists an f € C([0, 1]) such that fa — f uniformly on [0, 1]. 
1 
Moreover, there exists g € L! such that f! it g. Then 


1 
< A ILE) — g(t) |at > 0. 


l IE) -gedi 


Therefore x A 
(2) = lim | ROt= f a(tyae 
n= Jo o 
which implies f € AC([0, 1]). 
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4406 


(a) Assume that f € AC(I) and f’ € L™(I). Show that f is Lipschitz. 
(b) Show that the following two statements are equivalent. 

(1) f : I — R is Lipschitz 

(2) € > 0 > 36 = (£) > 0 such that {I; = [a;,b;]} C I with 


SoG] <6 => So If) - Fla) < e. 


(Indiana-Purdue) 
Solution. 


(a) For any 21,22 € I, 


[f(w2) — F(z1)| = 


< |IF'lloo lea — z2l. 


| f'(e)de 
Tı 
(b) (1) = (2) obviously. 
(2) > (1). Take 6 > 0 such that X | f(b;)—f(a;)| < £ for any I; = [a;, bj] C 
I, $ |J;| < 6. For any 21, 22,€ I, x1 < £2, we give the following fact. 
Suppose that zz — zı > 6. Take N such that é < 257 < 6. Take {c;} 
such that 21 = co < ¢1 < ++: < CN = T2. Ci — Ci—1 < 6. Then 


Fea) = HeD < Ee- Hej- < N < Flea = 24 


Suppose that zz — zı < 6. Take N > 0, such that é < N(z2 — z1) < 6. 
Then N|f(z1)— f(z1)| < 1. So we have 


Ife) - Flea) < E < Žlez— sl. 


Therefore we find a Lipschitz constant 2. 


4407 
Let Gn, n = 1,2,- -- be open subsets of [0, 1] such that 
eG y ele a 
Let 
f(a) = Y lGa n [0,2]. 


n>l1 
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Show that 
(i) f € AC({0, 1). 
(ii) |F(2’) — f(2")| < M2’ — 2”|, x’, x” € [0,1] iff there exists no such that 
Gn = 0, n > no. 
(Indiana—Purdue) 
Solution. 


(i) For any € > 0, take N such that X) Æ < $. Set ô = 3. If {(a;, bi)} 


N41 
is a sequence of disjoint open intervals in [0,1] and ` (b; — a;) < 6, then 


> (z Gan tl] 
AD 


So If (bi) — f(ai)| 


< Y [Gn A (ai, bi] 
N41 iiai 
E€ E € 
EN? Abe Gy) Sa Se, 
a >i a) <3+3=E 


which means f € AC([0,1]). 
(ii) Suppose that there exists no such that Ga = @ for n > no. Then for 
r" > z', 
no 
IFC”) = FE) = D7 lGa N [2 2"]] < nole” — 2'|. 
1 
Conversely, suppose that for any natural number K, there is k’ > K, Gy #0. 
Then Gx # 9. Take z € Gx, 6 > 0 such that (x — ô,x +6) C Gx. Take a,b, 
a <b, 


K 
a,b E (z—6,£ +ô) C Gx = (Gi. 
i=1 
Then 
[f(b) -Fal = X GaN [a,b] 
FA 
> J [GaN [a,b] 
nz=1 


K 
= $ lleb] 
1 


= K\|b-al. 


308 
4408 
For what values ‘a’ and ‘b’ is the function 
0, z= 0, 
pele { jx|*sin|z[?, 240 
(i) of bounded variation in (—1, 1); (ii) defferentiable at ‘0’. 
(Iowa) 


Solution. 
The function f is of bounded variation if and only if 


OV, Ot e = ee, A 


To show (1), let us first establish the following equality 
1 
Vin = ew (ireor+ f roa) 
0 e>0 E 


1 gine + bcos x? 
sup „(resne f e ey (2) 
E 


1>e> 


provided that either side is finite. 
Indeed, since f is continuously differentiable on (0,1], for any € > 0, f is 
of bounded variation on [e, 1] and 


Vi) = / LF(2)|de. 
Then 


UP (ro f F @)dz) 
= sp (lf@- £(0)| + VF) 


< sup (Vi + VF) = Ve) 
= sup (FE) — F(O)| + Ife) — F(e)| +--+ + |F(1) — f(en-1))) 


O<e<ay<--<@,=1 


ow, (ro f i o)l) 


1A 
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Case I. b = 0. Then sup |f(€)| < 00 iff a > 0, while a > 0 implies that 
O<e<l1 


jmp aft |f'(z)|de = op f E aantig < œ. 


Case II. b > 0. Then. sup |f(e)| < 00 iff a + b > 0, for 
0<e<1 


sin ae 


If(e)| = [ert]. 
Since a+ b= 0 and a + b > 0 imply respectively that 
sien UC) _ 8 
2-0 g2b-1 a 3 
and , 
If (2)| 


z—=0 gatb-1 Ses b, 


the function f’ is integrable on (0, 1]. 
Case III. b < 0. If a+b < 0, there is a 6 > 0 such that 0 < x < 6 implies 


that J | 
3 lal _ |b 


Let N = [=| +1. Then 


IV 


f jbl] cos z?| — lale” iy 
0 


gi-a—b 


1 
o0 (2kr)è b 
J i | ott gy 
kon (krt) 2 


i IF aida 


IV 


a+b<0, 


A [bl((2k)'+F -(2kr+4) t?) 
2 2(a+b) , 


RN 
L lint w, a+b=0. 
k=N 


Ifa +b < 0, since 


lim (r+ T~ : (2k) t) / ke = Ga ror) 


and 
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1 
J lf @lae = 003 
o 
if a +b = 0, since 
: 1 1 
jim in (14+ 6) / ape =? 
and 
Sio 
4 12k 
we have : 
f |f'(x)|dz = +00. 
0 


Ifa+ b> 0, then 
sup |f(€)| < +00 
O<e<l 


and ` 
i aE + bcos z? z 
IF (æ) = paa an < (lal + [blz 
and therefore f’ is integrable. 
(ii) f is differentiable at 0 if and only if 


b>0 b< 0 
a+b>1 g% a>l. 


4409 


Prove or disprove 

a) Let f be a real function on [0, 27] satisfying |f (£) — f(y)| < |z — yl, all 
z, y E [0, 2r] and f'(x) = 0 a.e. on [0,27]. Then f must be constant. b) Let f 
be a real valued function of bounded variation on [0,27] with f’(x) = 0 a.e.. 
Then f must be constant. 

(Stanford) 

Solution. 

a) The conclusion is ture. Since by the condition that 


If(z)-—flyl<le-yl, x,y € [0, 27] 


f is absolutely continuous, f is constant. 
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b) is false. Let 
f(z) =0 on{0,7) and f(z) =1 on [m, 27]. 


Then f is of bounded variation with f'(x) = 0 a.e., but f is not constant. 


4410 

Let f,g € L1(IR). Show 
a) 

1 t+h 

jim; f(a)dx = f(t), ae 

b) if 

: 1 ath 

jim =f f(z)dz =c, 

= + f(e +h) - f(e) 
; $ z+h)— f(z 
lim A =y; = fla+t)-e a.e. 
c) if 
- f(z +h) - f(z) a 
im f| h — g(x)| dz = 0 


then there are constants a,c such that 


a+t 


f(a+t)= I g(z)dz +c ae. 


Can you deduce that f'(x) = g(x) a.e.? 
State explicitly the theorems you use. 
(Stanford) 
Solution. 
Assume, without loss of generality, that f and g are real-valued. Since the 


function n z E 
T ih f(t)dt = Í f+(t)}dt -f f-(t)dt 


is of bounded variation, it is differentiable almost everywhere by Lebesgue’s 
Theorem. E 
a) For any € > 0 there is a continuous function h : IR — JR such that 


+00 ie 
J |f(z)— h(z)|dz < e. 


—00 
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We have 


[feat - p@)/4 


co 


be FOO: 1, 
= | oo Renae] + [7 Me- fod 


=~00 


| 

- T A de 
ef 
lz 


dr +€ 


= (fu -moa- f -3-a 
< E (= [g-io+e f G-H-wat) dz +e 


+00 P 
< J |f — h|(xz)dz +e < 2e. 
= 


Letting € — 0, we see that 


+00 
J 


4 I : f(t)dt — f(2)| dz = 


and therefore 
& [sea *® fo) 
b) We have by a) 
ath Fla E — f(z) 4, 


ot! f(a +h) ort F(z) 
= lim (J ~ dr -f Las) 
h-0 a h a h 
O P ath+t f(z), at+t F(x) 3 
-= Se k mr -[ hi 
; at+t+h f(z) ath f(z) 
a ( e sa f a 


= f(a+t)-c aete RR. 


c) By a), there is an a € JR and ac such that 


jim; ‘fo f(z)dz = c. 
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By b) and by the assumption, we have 
a+t 
f(a+t)- l g(z)dz — c 
a+t pE 
= fla+t)—e— f E FE) gz 


va (i DE f(z) _ a(o) i 


= tim (fate [7] UEDA, 
a+t m = 
i i (4 j n s(a) ) az) 
= 0, ae te R. 
Therefore 
a+t 
fa+t)= | g(z)dzr +c ae. te R, 
i.e., 


f(z)= f ooa +e ae ce R. 


It follows that f'(x) = g(x) a.e.. 


4411 


Let F : (a,b) — IR be measurable. 
(1) Prove that the following two statements are equivalent: 
(a) There is an f € L?(a,b) such that 


F(z) = J fdm (m the Lebesgue measure); 


(b) There is an M > 0 such that 


se P(x) — Fler) < y 
k=1 Tk — Tk-1 
for any finite partition £o < £1 <--- < £n of (a, b). 
(2) Show that the smallest constant M in (b) is equal to ||f||3. 
(Iowa) 
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Solution. 
(1) (a) > (b). By the Cauchy-Schwarz inequality 


F(z;)— — F(z;_4)|? 
ae (wi-1)| 


— ti-i 
2 
D f(x)dz 
z;-1 


D pat (J ra) =w (1) 


t=1 = 


n 


T= Lie 
i=1 ° i-l 


(b) = (a) Obviously, for any mutually disjoint intervals (an, 8n) of (a, b), 
n € IN, we have 


S [F (Ba) — Flan) |? 
F EEEE a o 
Since 
Dire- Fay = Y POE yara 
< (š Te Felt ) (Èo - a) 
< 


(oe — a4), 
i=l 


F is absolutely continuous, and therefore there is an integrable function f : 
(a,b) — JR such that 


F(2) = f Jite HED. 


We will show that if E1,- --, En are any mutually disjoint measurable sets, 


then for any e€ > 0 
2 
[ sea 
Ei; 


If E;’s are open sets of (a,b), say E; = B (aij, Biz) (Ai at most countable), 
JEA 


n 


1 
2 m(E;) +€ sM. (3) 
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then by inequality (2) 


Bij 2 
lJa FP n |D Sas f| 


Sane ae 
4 m(Ei) + € ot m(Ei) +e 
Bij 
a lE (Gay lea PVB oa? 
= D 
i De a aiee fh T 
< A e 
sea er m(E;) +e 
n | p24 fe 
< ey 
i=l ZEA; Bij es) 
< M. 


If E;’s are compact sets there is for each 7 a decreasing sequence {E;;}92, of 
oO 

open sets of (a,b) such that F; = () Ei; and E; N Ey, = 0 (i Æ k). Applying 
joi 


(3) to the mutually disjoint open sets Erj, ++, Enj and passing to the limits 
we see that (3) holds for Fy,---, En. 
In general, there is for each i an increasing sequence {E,;}?2, of compact 


sets such that ü E; C E; and jim u(Eij) = m(E;). Applying (3) to the 
=1 
mutually Garon compact sets By, --+,E,; and passing to the limits we see 


that (3) holds in general. 
To show that f is square integrable, it suffices to show that 


X nm(En) < œ, 
n=l 
where E, = {x |n < | f(z)? < n+ 1}. Let 
Ex = {2 | Vn < f(z) < vn +1} 


and 
E; = {z | -Vn FI < f(z) < -va}. 
Then 


> nm( En) 
n=1 
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co 
= So(nm(Bt) + nm(Ez)) 
n=1 
= 2 : 2 
< lim lim | —— | fi + f 
n= 00 eed saat +e Et m(E; ) +E E f 
“ 1 ; 1 ; 
= lim lim — | f| + ——-—_ Í f 
noo 6-40 L [z +e |JE+ mE, ) +e |Jez 


1A 
Š 


(2) Define, for each f € L? (a,b), 


i 
then ||- || is a norm on L? (a,b) by (3). Moreover ||f|| < IIfl]z2 by (1). For any 
f € C[a, b], there is € € (24-1, xi) (En =a + ¿(b — a)) such that 


E 


E 1 
lfll = sup ) > ——— 
a=£oL' LTn =b Ti — Ti- 


t=1 


f TENEN, 


Then 


fle = lim J IEPER- 2h?) 
t=1 


o & ISE f(e)ez)? 
E a 
n>] Thoth 


IHE 


It follows that ||f|| = ||f|l2 for any f € C[a, b]. For any f € L? (a,b) there is a 
sequence {f,}%°, of C[a, b] such that ||fn — fll2 — 0, so 


slim {Ifa ~ fll < lim fn — flle = 0. 


1A 


We have 
Fl] = lim [fal] = lim ||falle = Ifl- 


n= RAO 


This completes the proof. 
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4412 


Let X = [0,1], M the o-algebra of Borel subsets of X. Let a(t) = t?, 
P(t) = t? and define measures u and ¢ on M by 


(EB) = f, lda and ¢(E)= i 14g. 


Does i exist? Does A exist? Compute the value of the Radon-Nikodym 
derivatives that exist. Justify. 
(Iowa) 


Solution. 
For any Borel subset E of X, 


(E) = J 2tdt 
E 
and 
$(£) = i 3t? dt. 
E 
We have 
WE)=0 & 2=0 ae. tE E&AE)=0 
& 3 =0 ae. te EoXE)=0 
= $(£)=0. 
It follows that u ~ ¢ ~ A, where à the Lebesgue measure. We have 


du _ du dd 2 
— = —/— = 2/3 = 
dA Jà 


dé dÀ 3t 


and 


4413 


Let à be the Lebesgue measure on JR and p and v the Borel measures on 
JR defined by: 


(A) 


tl 
Me 
iia 
= 
bo 
= 
=) 
5 


v(A) 


II 

i Me 
s- 
Žž 

G 

Xa 
D 

> 
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Is u<voryv <p? Find the corresponding derivaties if they exist. 


Solution. 


(Iowa) 


It is true that v < p and it is false that p< v. Because u( A) = 0 implies 


for all n € IN, A((n,2n) N A) = 0 and therefore p((n, ĉn) N A) 
v(A) = 0; however, let A = (2, 2] and then (A) = 0 but p(A) = 


We show next that 


0, z <0, 
dv we 2S STX (n, Bn] (7) 
du ase 0. 
> E X(n 2n7](T) 
Since 
ab 
BA) = f D zn X(m2n)(2)dz 
A n=1 
and 
Si 
(4) = | Y Fexengm(e)de 
A n=1 
we have 
deu &1 
di = 2 gn X(n,2n] 
and 


dv A 1 
I D 3n X(n, ža] 
n=1 


Therefore (1) holds. 


4414 


Let u be the Lebesgue measure on [0,00]. Define 
u (E) D : J zdp 
1 = za 
fei ns En[n,n4+1] 


1 
p(E J -z4H 
N En[1,c0] z? 


lI 


0, i.e., 


1 
re 


(1) 


for any Lebesgue measurable subset E of [0,00]. Is y < u2 or/and poo < py? 


If so, find the corresponding derivatives. 


(Iowa) 
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Solution. 
Since 
< 1 
m(E) = Í 2 nel n [nn 41)(Z x )dx T, 
u2(E) = fx X[ı [1,00) (2 dz, 
we have 
Sul 
In(E)=0 © 5 na Xinn+1)XE(2) =0, ae. 2 € [0, c0) 
n=1 
e Yne WN, XEn[n,n+1)(2) =0, ae. x€ (0, oo) 
> WnelN, p(EO[n,n+1))=0 
= p(EN[1,c)) =0 
1 
2 XEN [1,00)(#) => =0 


© p2(E) = 0. 


It follows that both ui < u2 and p2 < pı. Moreover 


œ 
dpi (x) 2 | = Ao r> 1, 
R = 1 


n= 
dpz 0, 0<z<1, 
= >11, 
dma eg ) = r? > AEX tn n41)(2) 
diy n=1 


0, 0<zr<l. 


From p2([0,1)) = 0 and p([0,1)) = 1, p & pe does not hold. 


4415 


Let ¢: R — IR be a bounded, continuously differentiable function with a 
bounded derivative, and assume g € L(JR). Define 


f(t) = a g(tg(2))dz, te RR. 


a) What additional assumption on ¢ will insure that f is well defined? (i.e., 
that $(tg(-)) € DUR) for allt € IR). 
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b) Under the additional assumption in a) above, show that f is differen- 
tiable, i.e., f’(¢) exists for allt € R. 


(Indiana) 
Solution. 


a. Assume ¢(0) = 0 then f is well defined. Indeed, for any t, x there exists 
an s with 0 < s < 1 such that 


o(tg(z)) = tg(x)¢'(y) lata) . 


Since 
sup |¢'(y)| < oo ¢(tg(-)) € DUR). 
yeR 


b. We will show that 
f(t) = f ¢' (tg(z)g(x)dz. 
R 
Indeed, for any s,t E R (s + t), 


jeere ateh - #(tg(2))9(2) 


($'(ra(x)) — g'(tgl(e))gle)l 


< 2sup [¢'(y)|l9(x)| 
yeR 
and : 
lim eal) — a g(z)) ¢'(tg(x))g(x) — 0. 


The conclusion follows from the Dominated Convergence Theorem. 


4416 


Let {fx} denote a sequence of nondecreasing functions defined on (0, 1) 
with the property that ji fx(z) = 1 for almost every z € (0,1). Prove that 
00 


lim fj(z) = 0 for almost every x € (0, 1). 
k= 
(Indiana) 


Solution. 
There are sequences {a,} and {bn} such that 0 < an < bp <1, 


lim (bn — an) = 1 
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and 
jim fi (Qn) = Jim fr(bn) =1 


for any n € IN. By Fatou’s Lemma, for any n € IN 


IA 


bn bn 
f” im Rad < im f" Kees 


00 k= Jan 


jim (fe (bn) a fx(an)) = 0. 


IA 


It follows that lim ff is integrable and 


k-00 
1 
f lim fy(x)dz = 0. 
0 k-0o 


Hence lim f(x) = 0 for almost every x € (0,1). 
kaw 


322 


SECTION 5 
MISCELLANEOUS PROBLEMS 


4501 
Let S C R be a set of real numbers with the property that |S1+---+5,|] <1 


for every finite subset {51,---,Sn}C S. Show that S is countable. 


(Indiana-Purdue) 
Solution. 


Since SN (4,n) and SN(—n,—+) must be finite and 


n 


S=5SN (ÜG wuni) : 


S is countable. 


4502 


Let {Ia}, a ET, be a collection of closed intervals in R. Show that 


ULUK 


aer acr 
is countable. 
(Indiana-Purdue) 
Solution. 
Obviously U I? is an open set. We have 


ocr 
co 
U za = (en Bn), 
acr n=1 
where an, nE U I}. For any z € UIa\ UZS, there must be œ such that 
a a 


aer 
z € Ia, but « can not be in I}. Take n such that 


I? C (ao, Ba). 
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If Ig C (Gn, Bn), then z ¢ Ia, which is a contradiction. Thus we must have 
T = Gy or By. 


Therefore 


UAU C | {an Bn}- 


which implies [J Ia\ UZ? is countable. 


4503 


Show that any infinite set of non-empty, mutually disjoint, open sets in a 
separable metric space X is countable. 

(Stanford) 
Solution. 

Let {U; | ¿ € I} be such an infinite set. For each 7 € I there is an a; € D 
such that a; € U;, where D is a countable dense subset of X. Then a; # aj 
whenever i # j. It follows that the map, i + a; of I to D is injective and 
therefore I is countable. 


4504 


Prove that for almost every z € [0, 27] 


lim sin(nz) = 1. 
n= 


(Stanford) 
Solution. 
Let 
A= {z € (0,27) | = is irrational}. 


Then A is a measurable set of measure 27. Moreover, for any g € A, 
Jim, sin(nz) = 1. 


Indeed for any z € A, since {k= — 21 | k,l € Z} is a dense subgroup of IR, 
there are sequences {kn} and {ln} of Z such that 


; z aA 
„im (ka = —2l,) = 5° 


324 


Since } ¢ {k=—21 | k,l € Z}, {kn} admits a subsequence {k’ } either increasing 
to +œ or decreasing to —oo. If lim kf = too then 
n= o0 


lim sin(k pz) = lim sin(ki z — 2l r) = 1; 
Otherwise lim (—3k,) = +00 and 


Jim ((-3k),)= + 2(8%, +) = ; 


and therefore 


lim sin(—3kp z) = lim sin(—3k),z + 2(31), + 1)r) = 1. 
n= n=% 


4505 


Let f € C(I). Show that there exists a sequence of polynomials {p,} such 
that pn — f uniformly on I and pi(x) < po(x) <--- for every z € I. 
(Indiana—Purdue) 


Solution. 
For any n, take a polynomial pn such that 
3 1 
Pale) ~[fl2)- pal< say, EL 
Then 


1 1 
f(z)- mr > pa(z) > f(z) — Ba cel. 


Obviously, p1(z) < pa(z) < --- and pp — f uniformly on I. 


4506 


Let f € C([0,1]). Show that there is a sequence of odd polynomials p(z) 
with pn —> f uniformly on [0,1] iff f(0) = 0. 
(Indiana-Purdue) 
Solution. 
Suppose that there is a sequence of odd polynomials pn with pn —> f. Then 


F(0) = lim pa(0) = 0. 
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Conversely, suppose that f(0) = 0. Set 


f(z) =—-f(-2), ze [~1,0]. 


Then f is a continuous function on [—1,1]. Take a sequence of polynomials 
Pn(x) with pp —> f uniformly on [—-1, 1]. Set 


1 
Pu(2) = 5[Pn(2) ~ pa(—2)]. 
Then P, is an odd polynomial for any n. We have 


lim P, (zx) 


n= 


lI 


lim = [pn (2) — pa (—2)] 


TUE) - F(-2)] = Fle) 


uniformly on (0, 1). 


4507 


a) Show that the mapping I : C[0, 1] — C[0, 1] 


INe) =e +5 [ f(t)at 


is a contracting mapping on C(0, 1], with the supremum norm. 
b) Show that there exists one and only one smooth function f on [0,1] 
satisfying the conditions: 


{ 4 f(z) =e + 2f(2?), 
f(0) =1. 


(Stanford) 
Solution. 
a) For any f and g in C([0, 1)), 


1 
If — Ig|| = mog 


[ine -atolae s 517 ~ all 


b) By the Banach’s Theorem, there is only one function f € C[0,1] such 
that I(f) = f, i.e., 


f(z) =e7 + sf f(t)dt. (1) 
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By (1) f is smooth and satisfies the conditions: 


{ df (x) = e + xf (27), 
f(0) =1. 


If g is another smooth function satisfying (2), then 


2 


1 T 
glz) = e° + zf g(z?)dz, 
o 


i.e., I(g) = g, by the uniqueness of f, g = f. 


4508 


(2) 


Given f : R — R bounded and uniformly continuous and {K,}, n = 


1,2,3,--+, Kn € L! such that 

(i) |[Kalla < M < co, n = 1,2,3, 

(ii) f Kn > 1 as n — œ. 

(iii) Sizei>8) |Kn| — 0 as n > œ for all 6 > 0. 
Show K, * f — f uniformly. 


(UC, Irvine) 


Solution. 


Take Mı > 0 such that |f(xz)| < Mı for all z € R. For any e > 0, by (ii) 


there is an Ny such that 


£ 
al(yjdy -1| < —. 
|J Kawa <i 


If n > Ni. Thus 


| [eotea rom: go = 5. 


Take 6 > 0 such that 
E 
|f- y) — flz)| < IM 


holds for all z € R any |y| < 6. For the above 6, take N2 such that 


E 
|Kn(y)ldy < ——, 
(E 8Mı 


(1) 
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ifn > N2. Therefore 
(x. «f(x )~ [Kay K,( Fle) 
[IEO a - Kelay 
| sone EONE-9) -o)l 


IA 


+ J lKa (olf (e — y) — Fe)ldy 
{y:lyl <5} 


< 2M li |K, (v)ldy + T eg Mo DMO aa 


u 
< 
SMi A + |lEalla - tar 
E E E 
M. S, 
< it” īm? (2) 


Set N = max( N1, N2). It follows from (1), (2) that 
ENE- < ae- f Ka) (2) 
+ | f Ewro- Fo) 


< o SE 
2 2- 


holds for all z E€ Rif n> N. 


4509 


Let f : R — (—œ,00) be upper semicontinuous and define m : R — 
[-œ%, 00) by m(z) = lyin f(y). Let S = {x | f(x) — m(z) > 1}. 

(a) Show S is closed. 

(b) Show: If I is an open interval contained in S, then m(z) = —oo on I. 

(c) Show that S is nowhere dense. 

(UC, Irvine) 

Solution. 

(a) For any zo € S°, there exists ¢ > 0 such that 


f(xo) —m(wo) << 1-—e<1. 
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Take 6 > 0 such that 
f(z) < f(to) + 


for x € O(xo,6). Therefore 


È € 
7 f(z) > m(zo)— 3 


m(x) = liminf f(y) > m(zo) — 5 
yor 
holds for z € O(xo, 6). Thus 
f(x) — m(z) < (20) + $ — m(z0) + 5 <1l-e+e=1 


if x € O(z0, 54), i.e., £ E S°. So S° is open. 

(b) Suppose that there is zo € J such that m(zo) > —oo. As in (a), we can 
find 6 > 0 such that m(x) > m(zo)— } for  € O(zo0,6) C I. By the definition 
of m(x), there must be Z € O(zo,6) such that f(T) < m(zo) + i. Therefore 
f(T) — m(%) < 1, i.e., T É S which contradicts Z € I C S. 

(c) Suppose that S is not nowhere dense. Since S is closed, there is an open 
interval I C S. From (b), m(z) = —oo for x € I. Denote 


Ay = {re I, f(z) < -1}. 


A, is a non-empty open set. Take an open interval J; such that Tı C Aj. In the 
same way, we can take an open interval Iz satisfying I2 C Iı and f(z) < -2 
for z € Iz. By induction, we obtain a sequence of open intervals {In} such 
that In C In-1, f(z) < —n for x € In. Obviously f(z) = -œ for x € NIn, 
which is a contradiction. 


4510 


Prove that any topological metric space is homeomorphic to a bounded 
metric space. 


(Stanford) 
Solution. ” 
Suppose that (X,d) is a metric space. Define another metric d on X by 
~ d(x,y) 
= —— X. 
d(x, y) 1+ d(x, y)’ T,y E 


It is easy to show that the identity mapping of X is a homeomorphism of (X, d) 
to (X,d). 
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4511 


Let M be a metric space with distance function d, suppose A: M — M is 
a distance nonincreasing periodic map of order 3, i.e., 


AoAoA=Id and d(Az, Ay) < d(z,y). 


(i) Show that A is a continuous bijective isometry. 

(ii) Give an example of a complete metric space M and an isometry A on 
M, periodic of order 3, which has exactly two fixed points. 

(Stanford) 

Solution. 

(i) Since A~! = A?, A`? is distance nonincreasing, too. Therefore A is an 
isometry and therefore continuous. 

(ii) Let M be the 2-dimensional sphere 


M = {(z,z) EC x R | |z? +2? = 1}. 
The isometry A: M — M defined by 
A(z,x) = (e3**z, 2), (z,x) EM, 


is a periodic map of order 3, having exactly two fixed points (0,1) and (0, —1). 


4512 


Let H be a Hilbert space and let f : H — WR be a continuous convex 
function such that f(z,) — œ whenever ||z,|| — oo. Prove that f attains a 
minimum. 

(SUNY, Stony Brook) 
Solution. 
Let a = inf f(H). There is a sequence {gn} of H such that 


ae oe 


If 


sup ||zn || = +00, 
n 
there is a subsequence {fn, }f2, such that ||zn, || > +20, then 


a= Jim f(n) = +0, 
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a contradiction. So sup ||z„|| < +00. By the weak compactness of the closed 


ball of H, there is a subsequence {zn,} converging weakly to a point z € H. 
For any § > a there is an N E IN such that for any k > N, f(an,) < £- 
Since 


W ||. 
beloni t> N) Coie [E> N} =covian, |R> Ny" 


and for any y € cov{£n, | k > N}, f(y) < B, one has f(x) < p. Therefore 
< <li =a. 
ea Ta) Se =e 


It follows that œ is finite and f attains its mininum at gz. 


4513 


A is the subset of L(JR) consisting of all functions f satistying |f(z)| < 1 
a.e. on JR. Prove that A is closed in the norm topology of Z1(JR). 

(Stanford) 
Solution. 

If {fa} is a sequence of A such that f = Jim fn exists in Z'(R). Then 
{fn} converges to f in measure and therefore by F.Riesz Theorem there is a 
subsequence { fn, } converging to f almost everywhere. It follows that |f(«)| < 
1 a.e. on JR. So A is closed. 


4514 


Let A be a bounded linear operator on Hilbert space H. Recall that the 
adjoint A* is the unique bounded linear operater on H such that (Az,y) = 
(z, A*y) for all z,y € H. 

(a) Show that ||A*|| = [|A|], where || A|] is the norm of A. 

(b) Show that AA* — A* A cannot be the identity on H. (You may wish to 
use (a) prove this.) 

(Stanford) 
Solution. 
(a) Indeed, since 


I|A*I| 


sup ||A*y|| = sup sup |(x, A*y)| 
yll<2 tyll<4 |lells2 


sup sup |(Az,y)| < |All 
Igll<2 llel <1 


and a fortiori || A|| = ||A*|}- 
(b) First, we will show that 


||A* Al| = ||A||? = sup (A* Az, 2). (1) 
liz <1 


Indeed equalities (1) follow from the following inequalities 


lAl? = sup (A*Az,z) < sup ||A*Az||llæll 
Isll<2 ells 


\|A* Al] < A*A] = IAJ- 


If for some bounded linear operator A on H, AA* — A*A=T then 


\|AA*|| = sup (AA*z, x) 
lell=2 


sup (A* Az + 2,2) 
\|zl[=1 
sup (A*Az,z)+1 
Iz 1=2 


\|A* A]| + 1. 


It follows that ||A]|? = || A||? +1, a contradiction. 


4515 


Suppose that A, B C IR are Lebesgue measurable, with m(A) > 0, m(B) > 
0. Show that 


A+B={reER|x=a+bacA,be B} 


contains an interval of positive Lebesgue measure, 


(Indiana) 
Solution. 


Assume without less of generality that A and B are compact sets. Since 


i ( a xe-Byoalu)dy) da 
i (J xB(2 — xalw)ay) dz 


m(A)m(B) > 0, 


I 


J m((x — B) N A)dz 
R 


Il 
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there exists an zo € IR such that m((zp— B)NA) > 0. Since z = m({(z—B)NA) 
is continuous, the set {x | m((z — B) N A > 0} is nonempty and open. Then 
the conclusion follows from the following inclusion 


{x |m((w@- B)N A) >0} CAB. 


4516 


Let X be a compact Hausdorff topological space and let u be a finite regular 
Borel measure on X. Is it true that if f : X — R is p-measurable then 
there exists a sequence {f,}°2, of continuous real-valued functions such that 
lim fn = f ae. [p]? Justify. 

(Iowa) 
Solution. 
Yes. For any n € JIN there is a compact subset F, of X such that 


H(X \Fa) < Ł and f is continuous on F,. Let X, = U Fj. Then (1) 
i=1 


o0 
p(X\Xn) < Ł, (2) f is continuous on Xp, and (3) 4 (x\ U Xn) = 0. There 
n>l 


is for each n € IN a real-valued continuous function fn : X — JR such that 
fn = f on Xn. Then lim fn = f a.e. [u]. 
n- 00 


Part V 


Complex Analysis 
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SECTION 1 
ANALYTIC AND HARMONIC FUNCTIONS 


5101 


True-False. If the assertion is true, quote a relevant theorem or reason; if 
false, give a counterexample or other justification. 

(a) if f(z) = u + iv is continuous at z = 0, and the partials uz, uy, Ur, Vy 
exist at z = 0 with us = vy and uy = —v, at z = 0, then f’(0) exists. 

(b) if f(z) is analytic in Q and has infinitely many zeros in Q, then f = 0. 

(c) if f and g are analytic in Q and f(z) -g(z) =0 in Q, then either f = 0 
org=0. 

(d) if f(z) is analytic in Q = {z; Rez > 0}, continuous on 2 with | f(iy)| < 1 
(—00 < y < +00), then |f(z)| < 1 (z € 9). 

(e) if $` anz” has radius of convergence exactly R, then Y nõanz” has 
radius of convergence exactly R. 

(£) sin yZ is an entire function. 

(Indiana-Purdue) 
Solution. 

(a) False. A counterexample is f(z,y) = VJ|zyl. f satisfies Cauchy- 
Riemann equations at z = 0, but f’(0) doesn’t exist. 

(b) False. A counterexample is f(z) = sin z}. f is analytic in Q = {z : 
|z| < 1}, and has zeros z = 1 — +,n=1,2,---. But f is not identically zero 
in 2. 

(c) True. If neither of f and g is identically zero in Q, then both f and g 
have at most countably many zeros in 2, and the zeros have no limit point in 
Q. Then f(z) -g(z) is not identically zero in Q. 

(d) False. A counterexample is f(z) = e*, which is analytic in Q, and 
continuous on 2 with |f(iy)| = 1. But f(z) is not bounded in Q. 

(e) True. Because jim Yn? = 1, it follows from 


— arm 1 
im Vlan g 


that 


== 1 
im n? = 
Jim Vn3|a,| = R 
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(£) False. sin \/z is not analytic at z = 0. Actually, z = 0 is a branch point 
of sin yz. 


5102 


(a) Let f(z) be a complex-valued function of a complex variable. If both 
f(z) and zf(z) are harmonic in a domain Q, prove that f is analytic there. 

(b) Suppose that f is analytic with |f(z)| < 1 in |z| < land that f(a) = 0 
where a is a complex number with 0 < |a| < 1. Show that |f(0)| < a?. What 
can you conclude if this holds with equality. 

(c) Determine all entire function f that |f’(z)| < |f(z)|. 


(Stanford) 
Solution. 
(a) It is well known that the Laplacian can be written as 
3? 0? 0? 
A = — + 75 = 4. 
ðs?" ay? “0208 
Because 


ð? 0 8? 
gaz 74 (2) = gf) + zzz 
it follows from 


8? 
zzz 2 =0 


and 
82 
PEA (z))=0 
that a 
which implies that f(z) is analytic in Q. 
(b) Define 
l-—az 1+4z 
F(a) = fe) E HE, 


then F(z) is analytic in {|z| < 1}. When |z| = 1, 


E r EA, 


1—az 1+4+42z 


z—a z+a 


hence _ 
lim |F(z)| < 1, 
Jz| 1 
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which implies that |F(z)| < 1 for |z| < 1. Take z = 0, we obtain 
IFO) < lal’. 
When it holds with equality, we have F(z) = e’®, which is equivalent to 
z—a z+4 
1—a@z 1+āz` 


(c) From |f’(z)| < |f(z)|, we know that f has no zero in @, which implies 


that fie is also an entire function. It follows from et <1 that fat =c, 
lc| < 1. Integrating on both sides, we obtain log f(z) = cz +d. Hence f(z) = 


c'e”, where c and c’ are constants and |e] < 1. 


f(z) = e” 


5103 


Let G be a region in @ and suppose u : G > R is a harmonic function. 


(a) Show that = — ise is an analytic function on G. 


(b) Show that u has a harmonic conjugate on G if and only if 2u — iĝe has 
a primitive (anti-derivative) on G. 


(Indiana) 
Solution. 
(a) Let 
Ou du 
P a y=-—. 
m=z A=- 
Because u is a harmonic function, we have 
ðP Q _ Fu Bu _ 9 


dc «Oy. Oa? * Ay? — 


We also have 
ôP _ 3Q _ Ou 8?u si 
Oy Ox  ðzðy ðrðy ` 


So P(x,y) and Q(z, y) satisfy the Cauchy-Riemann equations, hence 


is analytic on G. 
(b) If 2u — i= has a primtive, then for any closed curve c C G, the integral 


ôu ðu = Ou Ou . Ou Ou _ 
[(#-%) de = f (Zas edu) +i( aye peau) = 0. 
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It follows that 


ðu ðu 
mes — dy = 
f By dz + an 0 
holds for any closed curve c C G. Hence we can define a single-valued function 
v(z, y) on G: 


7 0 ô 
v(z,y) a -3dr + aad: 


where zo, z E€ G, and the integral is taken along any curve connecting zo and 
z in G. Because 


Oz Oy’ ðy ðr’ 
we know that v(x, y) is a harmonic conjugate of u(x, y) on G. 
On the contrary, if u has a harmonic conjugate v on G, then 
ðv ðv Ou Ou 


dv = — — Z 
v Jz t Bye T E7 zdr + Dz dy. 


For any closed curve c C G, we have 


Hence w — ie y Has a primitive PA (3 x <7 dz on G. 


5104 


Suppose that u and v are real valued harmonic functions on a domain Q 
such that u and v satisfy the Cauchy-Riemann equations on a subset S of Q 
which has a limit point in Q. Prove that u + iv must be analytic on Q. 

(Indiana-Purdue) 
Solution. 

Because u and v are harmonic functions, fı = gu — iĝe and fo = gu _ it 
are analytic functions on 2. The reason lies on the fact that the real and ima- 
ginary parts of fı and fz satisfy the Cauchy-Riemann equations respectively 
(see 5103 (a)). 
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By the assumption of the problem, 
ðu ôv Ou ðv 


dz Oy’ Oy dz 
when z € S C Q. Hence 


when z € S. Because the subset S$ has a limit point in 2, by the uniqueness 
theorem of analytic functions, we know that fı = if2 holds for all z € Q. It 
follows from fı = if for z E Q that 


ĝu ðv Ou Ov 


ôr (Oy ðy ôr 
for z € Q, which implies that u + iv is analytic on Q. 


5105 


Let Q = [0, 1] x [0,1] C Œ be the unit square, and let f be holomorphic in 
a neighborhood of Q. Suppose that 


f(z +1) — f(z) is real and > 0 forz € [0,3] 
f(z +7) — f(z) is real and >0 forz € [0,1]. 


Show that f is constant. 
(Indiana) 
Solution. 
Because f is holomorphic on the closed unit square Q, by Cauchy integral 
theorem, we have 


1 1 1 
flee [ tees [ta tuiian— | te dae 


E I i f(yi)idy 


1 
(0) 


1 
f (F(2)- fle +i))de +i | (FA +i) - Fwd) 
0. 


As 
f(z) -f(z+i) <0 
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for 0 << z < 1 and 

FO + yt) — fyi) 2 0 
for 0 < y < 1, by comparing the real and imaginary parts in the above identity, 
we obtain that f(x+7) = f(x) for0 < z < 1 and f(1+yi) = f(yt) for0<y<1. 
Hence f(z) can be analytically extended to a double-periodic function by 


f(z) = f(z +1) = f(z +), 


which is holomorphic in € and satisfies 
FC) < maxtlf(2)} < +00. 


This shows that f(z) must be a constant. 


5106 


Let f be continuous on the closure S of the unit square 
S={z=2+iEed:0<2<1,0<y< I}, 


and let f be analytic on S. If Rf = 0 on SA({y = 0} U {y = 1}), and if If = 0 
on SM ({z = 0} U {x = 1}), prove that f = 0 everywhere on S. 

(Indiana) 
Solution. 

Define F(z) = In f(z)dz, where the integral is taken along any curve in § 
which has endpoints 0 and z. Then F(z) is analytic in S and continuous on 
S. For z € ðS, we choose the integral path on 0S and consider the differential 
form f(z)dz in the integral. Let f = u + iv, then 


f(z)dz = (udx — vdy) + i(vdz + udy). 


On SN ({y = 0} U {y = 1}) we have u = 0 and dy = 0, and on SN ({z = 
0} U {x = 1}) we have v = 0 and dz = 0. Hence we obtain Re(f(z)dz) = 0 on 
OS which implies ReF (z) = 0 when z € 0S. 

Let G(z) = eF). Then G(z) is analytic in § and |G(z)| = 1 when z € 0S. 
Because G(z) has no zeros in S, so 1/G(z) is also analytic in S and |1/G(z)]| = 1 
when z € 0S. Apply the maximum modulus principle to both G(z) and 
1/G(z), we obtain |G(z)| = 1 for z € S, which implies that G(z) is a constant 
of modulus 1. It follows from G(z) = e¥ @) that F(z) is also a constant. Hence 


f(z) = F(z) =0. 


5107 


(a) Find the constant c such that the function 


1 c 
Fe zt4z34+z?+z-4 z-1 
is holomorphic in a neighborhood of z = 1. 
(b) Show that the function f is holomorphic on an open set containing the 
closed disk {z : |z| < 1}. 


(Iowa) 
Solution. 
(a) As 
: 1 
mes): z#42342242-4 
e li EE ae 
TA (zt+z3 +z? +z—4) 
= lim ro 
z=1 423 +322 +2z +1 
— 1 
= ir 


we know that z = 1 is a simple pole of Ler with residue equal to +: 
Hence when c = $, f(z) is holomorphic in a neighborhood of z = 1. 
(b) When |z| < 1, we have 


jet 2 +2? +2—4) > 4—[ett Pte? + 2] > 4- lelt- le — |z}? - [el > 0, 


and the equalities hold if and only if z = 1, which shows that z = 1 is the only 
zero of zt + 29 +2? 4+z-—4 in {z: |z| < 1}. By (a), we obtain that f(z) has 
no singular point in {z : |z| < 1}, hence f(z) is holomorphic on an open set 
containing {z : |z| < 1}. 


5108 


Let P(z) be a polynomial of degree d with simple roots z1,22,--+,zq. A 
“partial fractions” expression of ż has the form: 


1 Cn 
P(z) pera (+) 
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(a) Give a direct formula for cy in terms of P. 
(b) Show that PI) really has a representation of the form (+). 
(c) Give a formula similar to (x) that works when zı = z2 but all other 
roots are simple. 
(Courant Inst.) 
Solution. 


(a) 


which is the residue of PG) at Z = Zn- 
(b) Let 


1 d 
H= Be Dr a 


Then f(z) is analytic on @ and lim f(z) = 0. By Liouville’s theorem, f(z) is 
2A 


identically equal to zero, hence 


(c) Denote the Taylor expansion of P(z) at z = z;(= z2) by 


foe) 
= 5y an(z — z1)” 
n=2 


Then the Laurent expansion of PO 5 at z = 2, is 


Lo 4 eS ae 
= nl 2 — ; 
where m 
eu 2 d- 8 2P (a) 
1 a2 P" (21)? 2 az 3P” (z1)? 
Hence PO has the form: 
d 
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5109 


Suppose f is meromorphic in a neighborhood of D (D = {|z| < 1}) whose 
only pole is a simple one at z = a € D. If f(3D) C R, show that there is a 
complex constant A and a real constant B such that 


Az?+BztA 


Fe) = Gay = a)" 


(Indiana) 
Solution. 
Assume that the residue of f at z = a is A,. Define 
Aiz 
z-a 1-@ 


g(z) = f(z) - 


It is obvious that g(z) is analytic on D and g(@D) C IR. By the reflection 
principle, g(z) can be extended to an analytic function on the Riemann sphere 
Č, hence g(z) must be a constant. Suppose g(z) = Bı, then B; is real and 


Ay Åz 


Je = EE EE 
= Az?+Bz+A 
(z —a)(1— Gz)’ 


where A = A; —G@B,, B= —(G@A, + adı) + Bı(1 + |a|?) € R 


5110 


Let K1, K2,---, Kn be pairwise disjoint disks in@, and let f be an analytic 


n 
function in C\ U K;. Show that there exist functions f1, fo,---, fn such that 
j=l 
(a) f; is analytic. in (\ Kj, and 


(b) f(z) = > fi(2) for z €@\ Ù Kj. 


(Indiana) 
Solution. 
Assume K, = {z; |z — z1| < r1}. Choose €, > 0 sufficiently small, such that 


Ei = {z371 < |z-al< rites} CC\ U Ky 
j=l 
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In X1, f(z) has the Laurent expansion 


+œ 
ODDE u N 


k=- 


Set 


0 
A(z)= So Pz- z). 


k=- 
fi(z) is analytic in @\Ky. Because f(z) — fi(z) has an analytic continuation 
to Kı, f(z) — fi(z) is analytic in@\ U K;. 
j=2 
Assume Kz = {z;|z — z2| < r2}. Choose £2 > 0 sufficiently small, such 
that Le = {z;r2 < |z — z2| < r2+€2} C@\ U K;. In Xo, f(z) — fi(z) has the 
j=2 
Laurent expansion 
f(z) - f(z) = 3 al?) (z — z9)*, 
k=- 
0 
Set fo(z)= Z al?)(z —22)*. f2(z) is analytic in @\K2. Because f(z) — 
k=—00 
fi(z)— fo(z) has an analytic continuation to K2, f(z)— fi(z)— fe(z) is analytic 


in@\ U K; 
j=3 
Repeat the above procedure n — 1 times, we get a function f(z) — f1(z) — 
fo(z) — +++ — fn-1(z), which is analytic in @\K,. Set 


falz) = F(z) — filz) — falz) — +++ — fa—1(2). 
Then we have 


f(z) =) h) 
j=l 


n 
where f;(z) is analytic in@\K;, and the above identity holds for z €@\ U K;. 
j=l 


5111 


Recall that a divisor Dy of a rational function f(z) on Œ is a set {p € 
T U {oo}}, consisting of zeros and poles p of f(z) (including the point ov), 
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counted with their multiplicities np E€ Z. Let f and g be two rational functions 
with disjoint divisors. Prove that 


I s = [I fo 


PED; qéD, 


(SUNY, Stony Brook) 

Solution. 
Let p; (i = 1,2,---,m) be all the zeros and poles of f(z) with multiplicities 
Np, respectively. It should be noted that p; is a zero of f when np; > 0 and 


a pole of f when np; < 0. By the property of rational functions, we have 
n 


È np; = 0. Similarly, let q; (j = 1,2, +- -, m) be all the zeros and poles of g(z) 
t=1 


m 
with multiplicities mq, respectively, then we have }> ma; = 0. 
j=l 
First we assume that the point oo is not a zero or a pole of f or g, then f 
and g can be represented by 


i=l 
and 
m 
s)=B][ -4 yma 
j=l 
Then 
n 
II gp)? = BECA = [pa II pi — qj) rT 
peDy i=l t=1j=l1 
n m 
= II [e — qj) Maj 
t=1jg=1 
and 


mg: 


I] A9" = 


qeD, 


F(a)" 4 = -JI A™ TT ]](@ — pit 
j=l 


j=1li=1 


he, 
I 
a 


I 
= 
ae 


Diag) POs 


ii 

A 
Re. 
i 

ia 
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In case the point oo is a zero or a pele of f or g, we may assume pa = 00 
without loss of generality. Then 


ro =A [ep 


and 


= BY[ (2-4). 


j=l 


m 
Since }) m,, = 0, we may assume that g(pn) = g(oo) = B. Hence 


j=l 
n—-1 
ll g(p) = II g(pi)” . Bren 
peDy i=l 
1 
= ait Brri). Brn . Tl Ile (pi — qj) 95 
i=1 t=1j=1 
n=l m 
= [[@ - 43)" 
i=1 j=1 
and 
m m n-li 
Il f(q)" = lly f(a)” 3j — -ja i Il (q qj — pi) rim 
qeD, =1 j=1 i=1 


3 
i 


lm 
= I[e@ ia qj yas he 
ij=1 


i 


which completes the proof of the problem. 


5112 


Let f(z) be the “branch” of log z defined off the negative real axis so that 
f1) =0. 

(a) Find the Taylor polynomial of f of degree 2 at —4 + 3i, simplifying the 
coefficients. 

(b) Find the radius of convergence R of the Taylor series T(z) of f(z) at 
—4+ 32. 
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(c) Identify on a picture any points z where T(z) converges but T(z) # 
f(z), and describe the relationship between f and T at such points. If there 
are no such points, is this something special to this example, or a general 
impossibility? Explain and/or give examples. 


(Minnesota) 
Solution. 
(a) When z is in the neighborhood of zo = —4 + 3%, we have 
f(z) =logz = log[(—4+ 32) + (2+4- 3i)] 

; z+4-3i 
= log{—4 — 

og( + 3i) + 1og f1 + | 

; . 3, z+4-3i 

= 1 = =) + a 
og 5 + i(m — arcsin 5) + TEET 


1 z+4—3i\* | 
2\ -44 31 
Hence the Taylor polynomial of f of degree 2 at —4 + 3: is 


co + ¢1(z + 4 — 3i) + c2(z + 4 — 33), 


where 
; . 3 
co = logd+i(a — arcsin 5) 
443i 
a1 = 25? 
and 
Lo 25 + 24i 
2 ABO = 


(b) Denote the Taylor series of f(z) at —4 + 32 by T(z). Because log z has 
only z = 0 and z = œ as its branch points, and has no other singular point, the 
radius of convergence R of T(z) is equal to the distance between z = —4 + 3i 
and z = 0. Hence R = 5. 

(c) Denote the shaded domain shown in Fig.5.1 by Q. When z € 2 = 
{z:|z+4— 3i] < 5,Imz < 0}, T(z) # f(z). It is because T(z) in Q is the 
continuation of log z at —4 + 37 in the disk {z : |z + 4 — 3i| < 5}, while f(z) 
in Q is the continuation of log z at —4 + 32 in the slit plane €\(—oo, 0]. Hence 
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the difference is 272, i.e., T(z) = f(z) + 277. 


LLP - 


Fig.5.1 


5113 


Let f be the analytic function defined in the disk A = {z : |z — 4| < 4} so 
that f(z) = zł(z + 1)? in A and f(z) is positive for 0 < z < 8. An analytic 
function g in A is obtained from f by analytic continuation along the path 
starting and ending at z = 4 (see Fig.5.2). Express g in terms of f. 


(Indiana) 


Fig.5.2 


Solution. 
Denote the closed path in Fig.5.2 by T, and denote the change of ¢(z) when 
z goes along T from the start point to the end point by Arg(z). Then 


o(2) = lg(e)le 8E = |f (2) e MEM) Arago), 


We have 
1 1 1 1 
Arargf(z) = 3 Ararez + gArarglz +1)= 3 (27) + z127) 
O T 
aoa 
Hence 


g(z) =e" 3? f(z). 
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5114 


Define 
ev? =g. vz 


MRE 


(a) Where is f single-valued and analytic? 
(b) Classify the singularities of f. 
(c) Evaluate Jia=25 f(z)dz. 
(Indiana) 
Solution. 
(a) It is known that z = 0 and z = oo are the branch points of function 4/2. 
Let T = {z : |z| = r}, and when z goes along I once in the counterclockwise 


sense, ,/z is changed to —,/z, while f(z) is changed to 
e7 yz — ev? ev? == eve 


sin(—/z) ~ sin Jz 
which is still f(z). Hence z = 0 and z = œ are no longer the branch points of 


f(z). 
When z is in the small neighborhood of z = 0, f(z) can be represented by 


which implies that z = 0 is a removable singular point of f(z). It is obvious 
that z = n?x? (n = 1,2,---) are poles of f(z). Hence f(z) is single-valued and 


analytic in @\{z = n?x?:n=1,2,---}. 


(b) We have 
VZ _ p- Ve NT _ pnr 
: e e e e n/ nT -nr 
Ga N Te T 2nr(—1)" (e7 — e"), 
27? are simple poles of f(z) with residues 


which shows that z=n 


2na(—1)"(e"* — 7"). 
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As to z = œ, it is the limit point of the poles of f(z), and hence is a 
non-isolated singular point of f(z). 
(c) f(z) has only one pole z = q? in the disk {z : |z| < 25}. Hence 


J f(z)dz = 2riRes(f, r?) 


—4ni(e™ — e7"). 


5115 


Let Q be the plane with the segment {—1 < z < 1,y = 0} deleted. For 
which of the multi-valued functions 

(a) f) = Fes, 

(b) o(2) = Es 
can we choose single-valued branches which are holomorphic in Q. Which of 
these branches are (is) the derivative of a single-valued holomorphic function 
in Q. Why? 

(Indiana-Purdue) 

Solution. 

Let I be an arbitrary simple closed curve in Q, and denote by Ar¢(z) the 
change of ¢(z) when z goes continuously along T counterclockwise once. It is 
known that f and g can be represented by 


f(z) ad = ellog z- 5 log(1+z)— 3 log(1—z)} 


eilargz— 5arg(1+z)— parg(1—z)] 


and 
1 i i 
= — el- 4 log(1+z)- 4 log(1—z)} 
g(z) Mae e 
= | 1 eil- Farg(1+2)— Farg(1—z)] 
v1 — 2? 
Because i ' 
Arlargz — gare +2z)— 5are(1 —z)]}=0 
and 
: l _ f0  {-1<#<1,y= 0} not inside T 

Ar[-3əarg(1 +z)— zas -z)] = { —2r {-1<2<1,y=0} inside T 
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we have Arf(z) = 0 and Arg(z) = 0. Hence both f(z) and g(z) have single- 
valued branches which are holomorphic in Q, and each of f and g has two 
single-valued branches. 

In order to know which of f and g has a single-valued primitive in 2, we 
consider the integrals fp f(z)dz and f.g(z)dz. If the segment {—1 < z < 
1,y = 0} is not inside I, it is obvious that fp f(z)dz = 0 and fig(z)dz = 0. 
If the segment {-1 < x < 1,y = 0} is inside T, we consider the Laurent 
expansion of f and g about z = oo: 


f(z) 
i 1 si Syp 1 b3 bs 
g(z) +-(1- 3) a2i($+3+3+--), 


It follows that fp f(z)dz = 0 and fig(z)dz = +27. Hence we obtain that 
both of the single-valued branches of f are the derivatives of single-valued 
holomorphic functions in 2, and the primitives are Í f(z)dz + c, where the 
integral is taken along any curve connecting zo and z in Q. But neither of the 
branches of g is the derivative of a single-valued holomorphic function in 2. 


a4 


ey 


{i 


f l;i ` a2 
+i(1- 5) ba 4i(14+ 34 


5116 


(a) Let D C C be the complement of the simply connected closed set 
{e®t*? | 6 € IR} U {0}. Let log be a branch of the logarithm on D such that 
loge = 1. Find loge’. Justify your answer. 

(b) Let y denote the unit circle, oriented counterclockwise. By lifting the 
integration to an appropriate covering space, give a precise meaning to the 
integral J, (log z)?°dz and find all possible values which can be assigned to it. 

(Harvard) 
Solution. 

(a) The set {eft}? | 6 € IR} U {0} is a spiral which intersects the positive 
real axis at {e?"" : n = 0,+1,+2,---}. The single-valued branch of log z is 
defined by loge = 1. Hence loge!® = loge + Ar log z, where T is a continuous 
curve connecting z = e and z = e?° in D and Aplogz is the change of logz 
when z goes continuously along I from z = e to z = e?°*. It follows that 
Arlogz = Ar log|z| + cArargz, and Arlog|z| = 15 — 1 = 14. Because 
e € (e°,e27),e?® € (e47, e&"), we know that when T connects e and e?® in D, 
Arargz must be 4r. Hence loge!” = 1 + (14 + 42) = 15 + 417. 

(b) Define the lift mapping by w = log z which lifts the unit circle y one-to- 
one onto a segment with length 2r on the imaginary axis of w-plane. Because 
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both the starting point of y and the single-valued branch of log z on y can be 
arbitrarily chosen, the segment on w-plane can be denoted by [it, i(t + 27)), 
where ¢ can be any real number. Hence we have 


(ton) PAR i(t+27) 
fox z)*dz J we” dw = (w e”) i — 2 | we” dw 
Y. t 


it it 


i(t+27) 
et (—4rt — 407) — (2we” abate 2 | e” dw 


it 


—4r(t +r + ije” = 4r(t +r + ijet, 


which implies that the set of values being assigned to the integral J (log z)?dz 
is a spiral {4r(s + i)e"! : s € R}. 


5117 


Find the most general harmonic function of the form f(|z|), z € C\0. Which 
of these f(|z|) have a single valued harmonic conjugate? 
(Indiana) 
Solution. 
Because f(|z|) is harmonic, we have reason to assume that the function f 
(with real variable t) has continuous derivatives f’(t) and f”(t). Note that the 
Laplacian 


Am gt Oy? 020 
and 
ð 
gz D = Živa = Fz): Jz 
3? at 1 
rD = ise + re 
we obtian 
Ff" (t)+ — =0, 


where t = |z|. This differential Er is easy to solve, and the solution is 
f(t) = alogt + 6, where a, @ are two real constants. Hence the most general 
harmonic function of the form f(|z|) in C\0 is æ log |z| + £. 

Since log |z| has no single-valued harmonic conjugate in @\0, we know that 
when f(|z|) has a single-valued harmonic conjugate in €'\0, it must be a con- 
stant. 
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5118 


Consider the regular pentagram centered at the origin in the complex plane. 
Let u be the harmonic function in the interior of the pentagram which has 
boundary values 1 on the two segments shown and 0 on the rest of the bound- 
ary. What is the value of u at the origin? Justify your claim. 


(Stanford) 

Solution. 
Denote the interior domain of the pentagram shown in Fig.5.3 by D, and the 
ten segments of the boundary by l4, /2,--+, lio, put in order of counterclockwise. 


Fig.5.3 


Then denote the harmonic function on D with boundary values 1 on l and 
0 on the rest of the boundary by uz(z), k = 1,2,---,10. By the symmetry of 
domain D, we have 


u2(z) = wi(—Z), 

u3(z) = ws (e- Siz), 
ua(Z) = ugle” Ti), 
us(z) = wui(e7 Tia), 
ulz) = ug(e7 Tiz). 


It follows from ib 
u(z) = So ux (z) =1 
k=l 
and u;(0) = u2(0) = --- = u10(0) that u,(0) = E for k = 1,2,---,10. Hence 


OY =H) A 5- 
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5119 


Suppose G is a region in C, [0,1] C G, and h : G — R is continuous. 
hle\[o,1] is harmonic, does this implies that h is harmonic on G? 
(Iowa) 
Solution. 
The answer is No. 
A counterexample is A(z) = Re,/z(z — 1), where the single-valued branch 
of \/z(z — 1) is chosen by 4/z(z — 1)|,=2 = V2. Since ,/z(z — 1) is analytic 


in €\[0, 1], A(z) is harmonic there. When 0 < z < 1, 
lim Vz(z-1) = vVa(l—z)i, 
z=@£4+yivg 
y>0 
lim V2z(z—-1) 
z=x+yi—>sr 


y<0 


—V2(1— 2)i. 


Hence A(z) = 0 when z = z, 0 < x < 1, and A(z) is continuous on@. But h(z) 
is not harmonic on Ç, because z = 0 and z = 1 are branch points of ./z(z — 1). 

Remark. If the problem is changed to h : G — Œ is continuous and 
h|g\{o,1] is holomorphic, then h must be holomorphic on G. 


5120 


Let y be an arc of the unit circle. Suppose that u and v are harmonic in 
D = {z : |z| < 1} and continuously differentiable on DU y. If the boundary 
values satisfy u = v on y and the radial derivatives satisfy gu = ge on 7, prove 
that u = v in D. 
(Indiana) 
Solution. 
Let u* be a conjugate harmonic function of u in D and v* be a conjugate 
harmonic function of v in D. We know that a variation of Cauchy-Riemann 


equations for f = u + iu* and g = v + iv* are 


ðu _ ðu Ou Pu 
"Or 00° 06. ðr 
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and 
ðv Av* Ov Ov* 


"i 0 Bor 
It follows from the continuous differentiability of u and v on D U y that u* 
and v* can be continuously extended to D U y and then are also continuously 
differentiable on D U y. Let zo be a fixed point on y, and for z € y denote 
the subarc of y from zo to z by yz. Without loss of generality, we may assume 


that u*(zo) = v*(zo) = 0. Then for z € 7, 


x = ðu* ðu* a Our). Ou 
u*(z) [Sears See [eee fe dé 


Ov š 
a ad = v*(z). 


Hence we obtain two functions f = u+iu* and g = v+iv* which are analytic 
in D and continuous on D Uy, such that f = g on y. Let F = f —g. Then by 
the reflection principle, F can be analytically extended to an analytic function 
on DUyU D*, where D* = {z: |z| > 1}. Since F = 0 on y, we obtain F = 0 
on D Uy U D*, which implies u = v in D. 


5121 


Use conformal mapping to find a harmonic function U (z) defined on the 
unit disc {|z| < 1} such that 


i iðn _ +1 for 0 <0 <r 
CENE =f -1 forr <9 < 2r. 


Give the correct determination of any multiple-valued functions appearing in 
your answer. 

(Courant Inst.) 
Solution. 

It is easy to know that w = ize is a conformal mapping of the unit 
disc D = {z : |z| < 1} onto the upper half plane H = {w : Imw > 0}. The 
boundary correspondence is that the negative real axis {w : —co < w < 0} 
corresponds to the arc Ty = {z = e? : 0 < 6 < x} and the positive real axis 
{w :0 < w < +00} corresponds to the arc Tz = {z =e : m < 0 < 2r}. 

It is well known that u(w) = Žargw — 1 is a harmonic function in H and 
assume +1 on the negative real axis and —1 on the positive real axis. Hence 


Thea CE 
z-l 8 


T z—-l 


U(z) = u(-i 


y= 2, 
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where the single-valued branch of arg(2++) is defined by arg(2+})|,<0 = 7, is 
a harmonic function in D = {z : |z| < 1} with the boundary values +1 on Ty 
and —1 on T2. 

Remark. This problem can be solved directly from the Poisson formula 
as follows: 


1 C+z, d 


Ul) = aa wa 


saa e a a 
A eee 

= ell e): 

= piel f a 

= Fmf | d(2log(¢ ~ 2) ~1og¢)} -1 


= “Ar, {2arg(¢ = z) = arg¢} =k 


= ae 2ta 
= ae 


2. 


5122 


Determine all continuous functions on {z € Œ : 0 < |z| < 1} which are 
harmonic on {z : 0 < |z| < 1} and which are identically 0 on {z EC : |z| = 1}. 
(Minnesota) 

Solution. 

Suppose u(z) is a continuous function on {0 < |z| < 1} which is harmonic 
on {0 < |z| < 1} and identically zero on {|z| = 1}. Let *du = —uyd£ + uzdy 
and A = Ji 
v(z) = J *du, then v(z) is the conjugate harmonic function of u(z), but may 
be not single-valued. Define 


zļ=r du, where A is a real number not necessarily zero. Denote 


F(z) = (u(2) + iv(2)) ~ log, 
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then f(z) is a single-valued analytic function on {0 < |z| < 1} and Ref(z) is 
identically zero on {|z| = 1}. 


Let f(z) = Ý anz” be the Laurent expansion of f(z) on {0 < |z| < 
n=- 


1}, then lim }/fa-n| = 0 and lim V/|a,| < 1. Define g(z) = Ð bnz”, 
n= n00 


satisfying b-n = —bn for n = 0,1,2,---, and b_n = a-n for n = 1,2,- --. Then 
g(z) is an analytic function on {0 < |z| < +00}. When |z| = 1, it follows from 
Rebo = 0 and 


Re > bnz” = Re $ bane” te Re 5 u = —Re J Das” 
n=1 n=1 


n=—oo 


that Reg(z) = 0. Then f(z) — g(z) = 2 Cnz” is an analytic function in 


{|z| < 1} and Re(f(z) — g(z)) is identically zero on {|z| = 1}. Consider 
F(z) = ef)-9@) which is analytic and does not assume zero in {|z| < 1}, and 
|F(z)| = 1 on {|z| = 1}, by the maximum and minimum modulus principles, 
we have F(z) = e'®, hence f(z) = g(z) + ia. 

From the above discussion, we finally obtain 


+00 A 
u(z) = Re > bnz” + 5, los lzl 


n=— o 
where b-n = —bn and lim fbn] = 0 
n—-0o 
5123 
(a) Let f(z) be a holomorphic function in the disc |z| < r whose zeros in 


this disc are given by a1, a2,---,@, counted with multiplicity. Suppose further 
that |a;| < r for all j = 1,2,---,n, and |f(0)| = 1. Jensen’s formula states 


that 
1 Ve 940 3 l r 
— log |f(re’ = og (5) . 
ed S 248 \ Tgl 
Prove this. 
(b) With the hypotheses and notations of (a), let n(¢) be the number of a; 
(j = 1,2,---,n) such that {a;{ <t. Using Jensen’s formula, show that 


td 1 [7 3 
— = — * )|d0. 
[ofge] 
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(c) For r < R deduce an estimate on n(r) in terms of mo log | f (Re*®)|. 


(d) What can be said about the zeros of bounded holomorphic functions in 
the unit disc? 
(Harvard) 
Solution. 
(a) Let 


F(z) = se oe oa 


then F(z) is holomorphic and has no zero in the disc {|z| < r}, which im- 
plies that log |F(z)| is harmonic in {|z| < r}. By the mean value theorem of 
harmonic functions, 


log |F(0)| = xf "log |F(re*) |. 


Noting that 


and 


|F(re’®)| = |f(re**)|, 
we obtain that 


n 1 2r . 
Yop => I log |f (re) 1d. 
j=l 3 


(b) It is obvious that log py = = fia 
n(t) we have 


a a, By the definition of the function 


“ me dt 
> ea By m Op 
j=l 1 la;l 


which shows that the identity holds. 
(c) Apply the identity in (b), we have 


ie i ; R- d Ro d R 
sf eR f mS > f ny >n. 


i0 : 
Denote pmax. toe \f(Re’)| by M(.R), we obtain 


n(r) < M(B)/log =. 
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(d) Let f(z) be a bounded holomorphic function in {z : |z| < 1}. We know 
that f(z) can have countably many zeros. Suppose z = 0 is a zero of f(z) of 


multiplicity m > 0 with mO = = a, and let the other zeros be ordered by 


0 < |ai| < |a2| < - e Obviously lan| > 1. Apply Jensen’s formula in (a) to 
F(z) = iG) with 0 < r < 1 such that there is no zero of f on {|z| = r}, we 
have 


= xf log |f(re®)|d0 = Y log p toelak”) 


la;|<r 


Since f(z) is bounded, we assume 


1 2r F 
— l °\1d6 < M. 
TEE 


For any n, we can choose r such that r > |a,|, and hence 
Le <5 log( — ) < M — log(|a|r™). 
la aj|) $ la; \<r | aj] 
Let r — 1, we obtain 


ja;| > laļje7™ > 0, 


4: 


1 


I 


which implies that the series > (1 — |a;|) is convergent. 
j=l 


SECTION 2 
GEOMETRY OF ANALYTIC FUNCTIONS 


5201 


Find a one-to-one holomorphic map from the unit disk {|z| < 1} ont 
slit disk {|w| < 1} — {[0,1)}. 
(SUNY, Stony B 
Solution. 
We construct the map by the following steps: 


z+1 


zı = ¢1(z) =i :{z:|z| <1} — {z1 : Imz; < 0}; 


z-1 
= V2i): 


2 = g2(z1) = yzi -1 +21 (yz? -1 ; 
z1=—i 


{z1 : Imz; < 0} > {22 : |z2| < 1 and Imzz > 0}; 


w = $3(z2) = z2: {z2 : |z2| < 1 and Imz > 0} > 
{w : w| < 1}\{w : Imw = 0,0 < Rew < 1}. 


Then w = $3 0 $2 0 ġı(z) = f(z) is a one-to-one holomorphic map from the 
unit disk {|z| < 1} onto the slit disk {|w] < 1}\{[0,1)}. 


5202 


(a) Find a function f that conformally maps the region {z : |argz| < 1} 
one-to-one onto the region {w : |w| < 1}. Show that the function you have 
found satisfies the required conditions. 

(b) Is it possible to require that f(1) = 0 and f(2) = 3? If yes, give an 
explicit map; if No, explain why not. 

(Illinois) 
Solution. 

(a) ¢ = fi(z) = zĒł = eF'8* (log1 = 0) is a conformal map of {z : 
jargz| < 1} onto {¢ : Re¢ > 0}, and w = f2(¢) = si is a conformal map of 
{¢ : Re¢ > 0} onto {w : |w| < 1}. Hence 


-1 


w= fl2)= fho fld = = 
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is a conformal map of {z : jargz| < 1} onto {w : |w| < 1} with f(1) = 0 and 


f(2) = #2 
2541" 
(b) Suppose © = f(z)i is an arbitrary a Fa of {z : Jargz| < 1} onto 
{@ : || < 1} with f(1) = 0. Then w = F(®) = fof-'(@) i is a conformal map 


of {0 : |}w| < 1} onto {w : |w| < 1} with F(0) = 4 and w= F(w) = fof-'(w) 
is a conformal map of {w : |w| < 1} onto {0 : |w| < 1} with F(0) = 0. By 
Schwarz’s lemma, we have both |F(w#)| < |w{ and [F(w)| < [w|, which implies 
that |f(z)| = |f(z)| for every z € {z : |argz| < 1}. Since 


23-1 
2) = == A 
F(2) 2z +1 
we cannot require that f(2) = ł 
5203 


(1) Find one 1-1 onto conformal map f that sends the open quadrant 
{(z,y) : x > 0 and y > 0} onto the open lower half disc {(z,y) : z? + y? < 
1 and y < 0}. 

(2) Find all such f. 

( Toronto) 
Solution. 

(1) Let ¢ = ¢ı(z) = z?. It is a conformal map of {z = z + iy: z > 
0 and y > 0} onto {0 = E+ in: 7 > 0}. 

Let w = $2(C) = yC? — 146, where /¢? — i, a — 2i. It is a conformal 
map of {C = E + in : n > 0} onto {w = u+ iv: u? +v? <1 and v < 0}. 

Then w = $20 ġ1(z) = Vz% — 1 + z?, where V/z* — 1 n= —/2i is a 
required conformal map. cao 

(2) If f is an arbitrary conformal map satisfying the condition of (1), then 
oz! ofo #0 is a conformal map of the upper half plane onto itself, which 
can be represented by #(¢) = a+b where a,b,c,d € IR, ad — be > 0. Hence f 


ef +d’ 
can be written as ġ2 0 o ġ1(z). 


5204 


Map the disk {|z| < 1} with slits along the segments [a, 1], [—1,—}] (0 < 
a < 1,0 < b < 1) conformally on the full disk {|w| < 1} by means of a function 
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w = f(z) with f(0) = 0, f’(0) > 0. Compute f’(0) and the lengths of the arcs 
corresponding to the slits. 
(Harvard) 

Solution. 

We construct the conformal mapping by the following steps. 

(i) 21 = a(z) = 2+ 5: {lz| < 1}\{[a, U[-1, -b]} + @\{[-b- §,a+ 4}. 
It has the point correspondences $1(0) = œ, ¢1(a) = a + 4, $1(b) = —b — i, 
¢i(1) = 2 and ¢1(-1) = -2. 

(ii) 22 = dala) = ZACH :T\{[-b — a+ 1} + \(0,+00). Tt has 
the point correspondences É 


1 _V/ 2 
= — {x 
#2(00) = ~1, #-2) = (So) 
and Lai 
AAEN 
Gejala 


and it is easy to know that 
F 1 1 
(%2 0 ġ1)' (0) = —(a+ att) <0% 


(ii) z3 = ¢3(z2) = V/z2 : C\[0, +00) + {z3 : Imz3 > 0}. It has the point 
correspondences 


E EE 


Jat va a+ Va 
and : i 
EE E) 
ya ~ va ya ~ Va 
For the convenience of computation, let 

i 1 

pe pee 

sat va Fa ~ va 


We also know that ¢5(—1) = —$. 
(iv) w = ġ4(z3) = Zai : {z3 : Imz3 > 0} — {w : |w| < 1}. It is obvious 
that ¢4(i) = 0 and $4(4) = —$. 
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Now we define w = f(z) = $4 0 ¢30 $2 0 ¢1(z). From the above discussion, 


we know that f maps the unit disk with slits [—1, —b] and [a, 1] conformally 
onto the unit disk with f(0) = 0 and 


f'(0) = $4(4) - $3(—1) - (¢2 ° $1)'(0) = iat+= = + b+ 2 5) > 0. 


What correspond to the slits are the arc with endpoints 42! and 4t 


l AFi A-i 
containing point z = —1 and the arc with endpoints one and gti containing 


point z = 1. The lengths of the two arcs are 


1 
: A+i avo 
TE a ET = 4arctgA = dercte T 
Va 
and : 
Bti B-i yz va 
Ip = arg H — argo —* = darctg 5 = darctg s+ vb 


5205 


Let 0 < € < T, let Ye denote the arc {e** : e <t < 2r — e} and let Ne be 
the complement of y, in the Riemann sphere. If f is the conformal map of the 
unit disk onto Qe, f(0) = 0, f’(0) > 0, describe the part of the unit disc that 
f maps onto {|z| > 1}. 

(Stanford) 
Solution. 
We are going to find the map f by the following steps: 


= $1(z) =e" 


: |z| < 1} —> {z1 : Imz; < 0}, 


with ¢1(0) =e7**, arg¢i(0) = -35 -— €- 
z2 = ġ2(z1) = Jz: {z1 : Imz; < 0} > {z2 : Rezz > 0, Imze < 0}, 
with o(e7#) = e7 #4, arggs(e-#*) = —§. 


¢ = ¢3(z2) = efi. a : {z2 : Reze > 0,Imz, < 0} — Dı 
22 — €2 
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(shown in Fig.5.4), with ależ’) = 0, argd5(e"2') = $ + $, where Dy is a 
domain bounded by {¢ = e”, $ <9 < 2 — $} and an circular arc le which is 


gE 


orthogonal to {|¢]| = 1} and connects points e2* and e~ 2* in {|¢| < 1}. 


Fig.5.4 


Let &(z) = $3 o $2 0 ġı(z), then ® maps {z : |z| < 1} conformally onto Dı 
with (0) = 0, ®’(0) > 0. After considering the boundary correspondence, we 
know that l, corresponds to the arc {z = e” : |t| < e} under the map ©. Since 
the symmetric domain of {|z| < 1} with respect to arc {z = e" : |t| < €} is 
{|z| > 1}, and the symmetric domain of D, with respect to le is Da = {|¢| < 
1}\D1, by the reflection principle, (z) can be extended to a conformal map 
of Q, onto {¢: |¢| < 1}. Hence the conformal map f in the problem is nothing 
but the inverse of ©, and the domain f maps onto {|z| > 1} is Do, which is 
bounded by circular arcs I, and {¢ = e” : |6| < §}. 


5206 


Suppose that w = f(z) maps a simply conncted region G one-to-one and 
conformally onto a circular disk D, with center w = 0, radius r, such that 
f(a) = 0 and |f’(a)| = 1 for some point a € G. 

(1) Prove that the radius r = r(G,a) of D, is uniquely determined by G 
and a. 

(2) Determine r(G,a) if G is the region between the hyperbola zy = 1 
(x > 0, y > 0) and the positive axes, and if a = 1 + i. 

(Indiana) 
Solution. 

(1)Suppose Ç = g(z) is another conformal map of G onto a circular disk 
D,, with center = 0 and radius r1, such that g(a) = 0 and |g’(a)| = 1, then 
w = F(Ç) = f o g7+ (C) is a conformal map of {Ç : |¢| < rı} onto {w : |w| < r} 
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with F(0) = 0 and |F’(0)| = Fae naj = 1. Apply Schwarz’s lemma to F(¢) and 
we have |F’(0)| < =, hence rı < r. For the same reason, apply Schwarz’s 


lemma to F~1(w) and we have r < rı, which implies rı = r. In other words, 


r is uniquely determined by G and a. 
(2) We construct a conformal map of G onto a circular disk D, in the 
following steps: 


= $1(z) = 27: G > {z1 : 0 < Imz; < 2}, 
with ¢1(1 + $) = 2 + i, |¢4(1 + 4)| = V5. 
= $o(z1) = e7% : {z1 : 0 < Imz; < 2} > {z2 : Imz > 0}, 
with $o(3 + i) = ie™, |45(3 +4)| Fe. 
22 ie3™ : 
ae Z2 + ies™ 
with $3(ies” ) = 0, |¢5(ies”)| = ee 


Define F(z) = $3 . $2 o ¢1(z), as w = f(z) : G — {w : Jw] < Áb with 
f(a) = 0, |f'(a)| = 1. Hence r(G,a) = A 


w = ¢3(z2) = 
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Let T(z) = att be a Mobius transformation. 
(a) Assume that z1, z2 €@ are two distinct fixed points for T, i.e., T(z;) = 


zi, į = 1,2. Show that there exists a constant c such that 


T(z) — 21 = Z= Zi 


T(z) — z2 z= z2 


(b) Use (a) to find an expression for T” (z), n = 1,2,3,» if 


(Iowa) 


Solution. 
(a) Let a € @ be a point different from z1, z2. Because the cross ratio is 
invariant under Möbius transformations, we have 


(T(z), 21; T(a), z2) = (z, 21,4, z2), 
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which is 
T(z)— zı . T(a)- 21 We @-21 
T(z)— z2 ` T(a)— z2 2-22 @—zz 
Denoting 
T(a)— zı a—zı 
=: = 
T(a)— z2 a— 22 ? 
we obtain 


T(z)-21 z-=-z2ı 


T(z) — z2 z= 2 


(b) Since T"(z) = T(T"~4(z)), it is easy to have 


T"(z)— 24 T”-1(z) — z1 _ oT"? (z) — z1 = nZ ži 


T"(z) — 22 = ETa) — zy cm T"-2(z) —z. TE gaa 
When T(z) = 1-3: by solving the equation lz% = z, we obtain that z = +1 


are two fixed points of T. Choose a = 2, then T (a) = 5, hence c = aot : at = 
2: 


It follows from 


O T a 
T”(z)+1 ` z+1 


that 
(2” + 1)z — (2” — 1) 


TO= OHI) == De 


5208 


(a) Justify the statement that “the curves 


g? y? 


ga r 

form a family of confocal conics”. 

(b) Prove that such confocal conics intersect orthogonally, if at all. 

(c) Show that the transformation w = }(z+4) carries straight lines through 
the origin and circles centered at the origin into a family of confocal conics. 

(Harvard) 

Solution. 

(a) Without loss of generality, we assume a > b > 0. When —a? < À < —b?, 
the curves form a family of hyperbolas, while when \ > —b?, the curves form 
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a family of ellipses. Suppose the focuses of the conics are (tc(A),0). When 
—a? < à < —b?, 


e(d) = Va FA) + (PA) = Vao. 


When A > —b?, 


(a? +A) = (8 +2) = Va? — b. 


Hence the curves 5 
ee + I = 1 
a +à bBV+À 
form a family of confocal conics. 
(b) Suppose (zo, yo) is the intersection point of 


pp a 
a? +4 b2 + Aq 
and j i 
Dice Die cael ir 
iat pi Y 


where A1 Æ Ag. It followsfrom 


2 2 
To + Y ıı 
a? +à, bÀ 
and 
i a a 
a? tàs bhà 
that 


2 2 
To Yo 


=n t nn naa 

(a? + \x)(a? + à2) (b? + A1)(b? + Az) 
Noting that the tangent vector of Lı at (zo, yo) is T1 = (aan Rig) and 
the tangent vector of Lz at (to, yo) is P2 = (a pin) we have 


2 2 
>> -P To Yo 


= oo tt eo = 
T1: 12T FMa + 2) (F A)? +2) 


which implies that the confocal conics intersect orthogonally, if at all. 
(c) Let z = ret? , and 


ee E ee CS P cles 
w=u+iv= 5(z +7) = 3C + [)cosd + o(r— 7)sinð. 
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The image of straight lines through the origin is 

u? v? 
cos2?0  simn?ð 

which are hyperbolas in w-plane. Because 
cos? 6 + sin? 6 = 1, 

the focuses of the hyperbolas are (+1, 0). 
The image of circles centered at the origin is 

u? v? 


me Se 
rosie peT 


which are ellipses in w-plane. Because }(r + +)? — }(r — 4)? = 1, the focuses 
of the ellipses are (+1,0). Hence the transformation 

1 1 
w= 5(2+ 2) 


carries straight lines through the origin and circles centered at the origin into 
a family of confocal conics. 


5209 


If f : D(0,1) = {z : |z| < 1} —@ is an analytic function which satisfies 
f(0) = 0, and if 
|Ref(z)| < 1 for all z € D(0, 1), 


prove that 
4 
1 
<-. 
KOES 
(Indiana) 
Solution. 
It is easy to know that 
ers —1 


is a conformal mapping of the domain {¢ : |Re¢| < 1} onto the unit disk 
{w : |w| < 1} with g(0) = 0. Hence w = F(z) = g o f(z) is analytic in 
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D(0,1) and satisfies F(0) = 0 and |F(z)| < 1. By Schwarz’s lemma, we have 
|F’(0)| < 1. Because 


mie? 4() . f!(z) 
(eFF) + 1)? 


’ 


F'(z) = 9'(F(2))- f(z) = 


it follows from f(0) = 0 that 
4 


T 


IF 0) < 


5210 


Let Q = {z €@;-1 < Imz < 1}, and let F be the family of all analytic 
functions f : Q — C such that |f| < 1 on Q and f(0) = 0. Find 


sup |f (1). 
SEF 
(Indiana) 
Solution. 
It is obvious that ` 
c= fle) = Go 
=o) = e274+1 


is a conformal mapping of Q onto the unit disk with the origin fixed. For 
any analytic function w = f(z): Q — C such that |f| < 1 and f(0) = 0, we 
consider the composite function w = F(C) = f o fo*(¢). F(¢) is analytic in 
the unit disk such that |F(¢)| < 1 and F(0) = 0. By Schwarz’s lemma, 


|F(¢)] < Kl. 
Choose Co = ga, we have 
7-1 
Fo) = FI < Kol = S5- 


The equality holds if and only if F(C) = e*®¢, which implies 
ef? —1 


ez +1 


? 


sup |f(1)| = 
FEF 


and the supremum is attained by f(z) = e°? fo(z), where @ is a real number. 
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5211 


Let f be an analytic function on D = {z; |z| < 1} such that f(0) = —1, and 
suppose that |1 + f(z)| < 1+ |f(z)| whenever |z| < 1. Prove that |f’(0)| < 4. 


(Indiana) 
Solution. 
Let Q = C\{w = ut+iv:u> 0 and v = 0}. It follows from |1 + f(z)| < 
1+ |f(z)| that f(D) CQ. 
Set g(w) = vest, (Va| =i). Then go f(z) is an analytic function 


on D with go f(0) = 0 and ig o F(z)| < 1. By Schwarz’s lemma, 


(go fy) <1. 


Since 
7 


~ a 
OO Taar 


we have g'(—1) = —}. From 


(g © FY (0) = g'(-1)F'(0), 


we obtain 


IF (O)| < 4. 


5212 


Let P be the set of holomorphic function f on the open unit disc so that 
(i) Both the real and imaginary parts of f(z) are positive for |z| < 1, (ii) 
f(0)=1+i. Let E= {f(}): f € P}. Describe E explicitly. 
(Minnesota) 
Solution. 
Let f € P and define 


z f?(z)— 2i 
F) FA 


Then F is a holomorphic function on the unit disc with F (0) = 0 and |F(z)| < 
1. By Schwarz’s lemma, we have |F(z)| < |z|, which implies |F(4)| < 4. It 
should be noted that when f changes in P, F(}) can take any value in the 


disc {¢ : |Ç] < $}. Because w = zuto (that is the inverse of ¢ = wo) is a 


C = F(z) 
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conformal mapping of {Ç : |¢| < 4} onto {w : |w — i| < $}, we obtain that 
the set {f?(3): f € P} is equal to 

10 


; 4 2 
{w : |w — 374 < 5}= =p < arcsin 5, p? — “psing +4 < 0}. 


Hence 


1 : 1 
E= {f(5): f EP} = {re : |0 — A < Z arcsin £, rt — Or? sin 20-44 < 0}. 


If we denote the two roots of p? — 2 osin d +4 = 0 by pi(¢), p2(¢) where 
pı($) < po(¢) and |¢ — | < arcsin # She set E can also be represented by 


1 
fres : |8 — =< < 5 arcsin $, , V p1(280) < r < y p2(20 j}. 


5213 


Let 
y2 
at 3 > I}. 


If F is the family of all analytic function on Q such that |f| < 1 in Q and 
lim f(w) = 0, find sup |f(8)|. Your answer should be an explicit number, 
wr JEF 


Q={w=utiv: 


and you should prove your assertion. 
(Indiana) 
Solution. 
Define w = $(z) = 2(£ +2), it is easy to know that w = ¢(z) is a conformal 
map of D = {z: |z| < 1} onto Q with $(0) = œ and ¢(4 — V/12) = 8. 
Then F(z) = fo¢(z) = f(2(4 + 2)) is analytic in D and satisfies F(0) = 0 
and |F(z)| <1. By Schwarz’s lemma, 


|F(z)| < lz. 


Hence 

|f(8)| = |F(4— V12)| < 4 — v12. 
This upper bound can be reached if we let f = ¢~+ which belongs to family F 
and satisfies ¢~1(8) = 4 — v12. So we obtain 


sup |f(8)| = 4 — v12. 
FEF 
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5214 


Let D be the upper-half and let f 4 id be a conformal map of D onto itself 
such that f o f = id. Prove that f has a unique fixed point inside D. 
(SUNY, Stony Brook) 
Solution. 
Since f is a conformal map of D onto itself, it can be written as f(z) = ati, 
where a,b,c,d € IR and ad — bc > 0. Then 


(a? + bc)z + b(a + d) 
c(a + d)z +d? + be ` 


It follows from f o f = id that b(a + d) = c(a + d) = 0 and a? + be = 
d +be $0. 

Ifa+d #0, then b= c = 0. Hence ad—be > 0 and a? + be = d? + be impies 
f = id, which contradicts the condition f # id. Thus we have a + d = 0 and 
the inequality ad — bc > 0 can be written as bc + a? < 0. 

Now we consider the equation f(z) = gati = z, which is equivalent to 
cz? + (d — a)z — b = 0. Since A = (d — a)? + 4bc is equal to 4bc + 4a? < 0, we 
know that f(z) = z has two conjugate roots, one in the upper-half plane and 
the other in the lower-half plane. So f has a unique fixed point inside D. 


fof(z)= 


5215 


Let Q be a convex, open subset of @ and let f : Q — @ be an analytic 
function satisfying Ref’(z) > 0, z E Q. Prove that f is one-to-one in Q (ie., f 
is injective). 

(Indiana) 
Solution. 

Let z1 £ z2 be two arbitrary points in Q. L : z(t) = zı +t(z2— z1), t € [0,1] 

is the line segment connecting z1 and z2. Since Q is convex, L C Q, we have 


Tee Rae [ F'(ejdz = 1 f'(2(t))(22 — z1)dt. 


Hence 
f(z2) — f(z) 


22 — 21 


= f * adt. 


Since Ref'(z) > 0 for z € Q, we know that f f'(z(t))dt # 0, which implies 
f(z1) Æ f(z2) whenever z1 # z2. 
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5216 


Show that if the polynomial P(z) = anz”? + an_iz"~+ + -< + az + ao, 

n > 1, is one-to-one in the unit disk |z| < 1 and a; = 1, then |na,| < 1. 
(SUNY, Stony Brook) 
Solution. 

It follows from the univalence of P(z) in {|z| < 1} that P’(z) = na,z"~*+ 
(n— 1)an-1z”7? +++ ++ 2aqz +a; £ 0 for all z € {|z| < 1}. In other words, the 
roots of P’(z) are all situated outside the open unit disk. Let z1, z2,+++, Zn-1 
be the roots of P’(z), then |z;| > 1 for j = 1,2,---,n— 1. Because P’(z) can 
also be written as nan (z—21)(z — 22) +++ (z—2%n~1), by comparing the constant 
terms, we have 


n-i 
(-1)"—'na, II Zj = a1. 
j=1 


Since a; = 1, we obtain 


ay 
[nan] = eu <1. 


[I [1 
=1 


j 


5217 


Let P(z) be a polynomial on the complex plane, not identically zero; let 
H = {z: Rez > 0}. 

(a) If all roots of P(z) lie in H, show that the same is true for the roots of 
dP/dz. 

(b) For any non-vanishing polynomial P(z), use the result in (a) to show 
that the convex hull of the roots of P(z) contains the roots of dP/dz. 

(Courant Inst.) 

Solution. 

(a) Let z1,22,-+-, Zn be the zeros of P(z). By assumption, 


Rez; >0 (f= 1,2,---,n), 
and P(z) = a(z — 21)(z — z2)-++(z— Zn). It follows that 


o Pz) 1 1 1 
~ Piz)” z-z 2-22 Z— Zn 


(log P(z))’ 
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When z € {z : Rez < 0}, then § < arg(z—z,) < 3, or equivalently, Re < 
Jj 
n 


0. Hence Re > -+ < 0, which shows P can not be zero on {z : Rez < 0}. 


R- 2G 


(b) Let 21, 22,°°*,Zn be the zeros of P(z), and I is a directed straight line 
passing through two zeros z and z; such that the other zeros are on the right 
side of | (including on 1). Denote the intersectional angle from the positive 
direction of the imaginary axis to l by 6. When z is on the left side of l, we 
have Re{e~‘?(z — z;)} < 0. Hence 


. P'(z) n eè? 
iĝ = 
Re{e ri} = Ree <o, 


j=1 


which shows that the zeros of P’(z) do not lie on the left side of l. After 
considering all the directed straight lines passing through two of the zeros of 
P(z) such that the other zeros are on the right side of the line, we obtain that 
the zeros of P’(z) lie on the convex hull of the zeros of P(z). 


5218 


Let f(z) be a Laurent series centered at 0, convergent in @\{0}, with residue 
bat z= 0. 
(a) Show that there exists ¢ on {z €C : |z| = 1} with 


If(¢) -—¢77*1 > [b- 1], 
(b) Characterize those functions with 


= oe 
max |f(¢) —¢ "|= lb- 1l. 


(Minnesota) 
Solution. 


+00 
(a) Let f(z) = SS baz”, then 


mee]. JOU: 


© Ort Jiq=1 


Hence 


pie) GO -riie 


2Ti Jicj=1 
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If |f(¢) — ¿+j < |b — 1} holds for all ¢ with |¢| = 1, then 
B- 1s omar iC fle < p- 1h 
which is a contradiction. Hence there exists Ç with |¢| = 1 such that 
If(¢)-—¢~*] 2 lb = 1. 
(b) If iar \f(C) — ¿71| = |b — 1|, it follows from 


Base fot 


that 
If(¢) —¢-*] = lb- 11 
holds for all ¢ with |¢| = 1. 


Let f(¢) — T! = (b — 1)e'*(), where ¢ = eè? and ¢(@) is a continuous 
real-valued function. It follows from 


be FO- 


© Ori Jig 
that 
1 2r R 
Ea f ci(O0)+6) ap — 1 
2r Jo i 
which implies that 4(@) = —@, and hence 


¢ 


holds on {¢ : |¢| = 1}. Apply the discreteness of zeros for analytic functions 
to f(z) — 4, we obtain f(z) = 2, z €@\{0}. 


AOAC 


5219 


Assume f is analytic in a neighborhood of D, f maps D into D, and f 
maps ôD into ðD, where D = {z: |z| < 1}. 

(a) Show that Vz € AD, f'(z) #0. 

(b) Show that [arg f(e’®)] > 0 for 6 in R. 
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(c) Assume that f(0) = f’(0) = 0 and flap is a two-to-one map from 9D 
onto 0D. Show that f(z) # 0 whenever 0 < |z| < 1. 
(Indiana-Purdue) 
Solution. 
(a) Assume f’(zo) = 0, where zo € OD. Let f(zo) = wo € OD. Then 


f(z) — wo = (z — z0)"9(z), 


where n > 2, 
g(z) = bo + ba (z — zo) + b2(z — 20)? ++, 


with bo # 0. Let T be an arc in D defined by T = {z € D : |z — zo = r}, 
and denote by Ar¢(z) the change of ¢(z) when z goes along the arc T in 
the counterclockwise sense. It is demanded that r is sufficiently small such 
that Aparg(z — zo) > 3% and |g(z) — bo| < [Bol when z €I. It follows from 
f(z) — wo = (z — 20)" (2) (n > 2), that 


3 
Ararg(f(z) — wo) = nAparg(z — zo) + Apargg(z) > > = ; >T, 

which implies that f(z) assumes values outside the disk D when z € T. It is 
a contradiction to the fact that f maps D into D. Hence f’(z) # 0 for all 
z€ oD. 

(b) Let z = re’, and w = f(z) = Re”. A variation of the Cauchy-Riemann 
equations for analytic function w = f(z) is 

OR Op OR _ Oy 
Np OO? OR Oe 

Since f maps OD into OD, we know that 22 (e') = 0. If fee") = 0, then 
at point e’?, oR — = æ = = se = oe = 0, which Taiplies that 2 Of (ei) = Jee = 
0. But from (a) it is impossible. If oe (e'?) < 0, it follows. fort rok = = RE 
that 22 (e%) < 0. Since R = 1 when r = 1, (ef?) < 0 implies that R> 1 
when r < 1. This is also impossible. Hence we obtain 


sole?) = E largs (e) > 0 


(c) Because flap is a two-to-one map from ôD onto dD, a Az|ararg f(z) = 
2, which implies that f(z) has two zeros (counted by multiplicity) in D. Since 
f(0) = f’(0) = 0, z = 0 is a zero of f of multiplicity m = 2. Hence f(z) has 
no zero in {0 < |z| < 1}. 
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SECTION 3 
COMPLEX INTEGRATION 


5301 
Evaluate the integral 
(Indiana) 
Solution. 


Function e®* is analytic in {z : 0 < |z| < +00}, and its Laurent expansion 
around z = 0 is: 


Il 
ray 
+ 
m 
= 
+ 
m 

+ 
3] 
SJ 
+ 
—H—" 
+ 
Y| = 
[m 
ry 
+ 
NIN 
+ 
Nj 
PEEN 
NIN 
nN” 
we 

+ 
a 


The coefficient of the term i in the above development is 


1 


ma e 


1 
bed et 


By the residue theorem, we obtain 


L L 
i ef* dz = 2riRes (e .0) = 2rei. 
|z|=2 


5302 


J dz 
3 3 
y sin” z 


where y is the positively oriented circle {|z| = 1}. 


Evaluate 


(Indiana) 
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Solution. 
It is obvious that = 
pole. The Laurent expansion of 


is analytic in {z : 0 < |z| < 1}, and with z = 0 as a 


q5 around z = 0 can be obtained as follows: 


1 1 
sinz (z -423 h3 o)? 


agek) 


Hence the coefficient of the term + in the above development is 3. By the 


residue theorem, we have 


5303 


For what value of a is the function 


single-valued? 
(Indiana) 
Solution. 
Function F(z) = (++ 4)cosz is analytic in {z : 0 < |z| < +00}, and its 
Laurent expansion around z = 0 is: 


1 a 1 a 1, 14 
a a\ 1 a 1 
atleast C 
The necessary and sufficient condition for f(z) to be single-valued is that 


the residue of F(z) at z = 0 is zero, i.e., the coefficient of the term + in the 
above development is zero. Hence we obtain a = 2. 
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5304 


Define F 
h(z) = f (1+ zte™*) te~ cos(t?)dt. 
0 


What is the largest possible P so that h(z) is analytic for |z| < P? 


(Indiana-Purdue) 
Solution. 
When z = —e, 


h(—e) = f paon 


et — et 
It is easy to see that when t — 1, 


cos(t?) A 
et—et (t—1)?’ 


where A = 2 cos 1, which implies that the integral is divergent. Hence P can 
not be larger than e. 
For any r < e, let |z| < r. Consider the integral 


Hae i” cos(t ) at 


et + zt 


It follows from |e’ + zt| > et — rt and the convergence of the integral 


a |cos(t?)| y 
0 


et — rt 


oo 2 
l cos(t*) dt 
o &+zt 


is uniformly convergent in any compact subset of {z : |z| < e}. By Weierstrass 


theorem, we know that h(z) is analytic in {z : |z| < e}. Hence the largest 
possible P is equal to e. 


that 


5305 


Let f(z) be analytic in S = {z €@;|z| < 2}. Show that 
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Qn 
Z Í fle") cos? tdt = 2F(0) + £"(0). 


(Iowa) 
Solution. 
It is easy to see that 


sAr pi ra 
O = a, Oig | ea, 


2ri z 
I a 1 f(z), _ 1 A it) =i 
f (0) = Oni he =a dz = F) f(e He tdt. 


Note that 
1 


E ta 
0= E f(z)dz = F) flee” dt. 


It follows from the above three equalities that 


2f(0) + f'(0) 


1 7 o. ; : 
F f(e*)(2 +e” + e7*)dt 
0 


2 f ee 
= =| f(e) cos z% 


5306 


Suppose that the real-valued function u is harmonic in the disk {|z| < 2}, 
v is its harmonic conjugate and u(0) = v(0) = 0. Show that 


[Yor'o? = TGG sot), 


where y(t) = e?**, t € (0, 1]. 
(SUNY, Stony Brook) 
Solution. 
Let f(z) = u(z)+iv(z). Then f(z) is analytic in {z : |z| < 2}, and we have 


[ror = 2rift(0)= 0, 
y z 


[Pod = ([r 9) 
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lI 
~ 
N 
~“ 
A 
~ 
x 
N” 
a 
res 
N |e 
Ser 
Nee 


{i 
a 
| Ry 
mm 
TA 
R ean 
N 
Ne” 
a 
N 
wan” 
Il 
© 


It follows from ZA 
u) = 12470 


and 
(2) = 1078) 


that 


lI 


> dz 74 4) & 
[Pers = S OTO 
1 dz 
avos 


= g [COto e, 


which implies that 


[ewro =; [Ao 


5307 
Let f be an analytic fynction on an open set containing D(0, 1) = {z; |z| < 


1} 
(a) Prove that 


m 1 2r . i 
ZLo f empresas 


(b) If f(0) = 1, and if Ref (z) > 0 for all points z € D(0,1), prove that 


[Ffo] <2. 


(Indiana) 
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Solution. 
(a) Assume that 
co 
f(z) = So xz ’ 
k=0 


we have 


n! nT : 
=f Fejet = = 


| 
= 
Y 
4 
e 
Me 
Al 
z 
fas} 
| 
3 
D 
ee” 
a 
l 
3 
3 
a 
D 


k=0 


By Cauchy Integral Formula, 


Mout f 10 
| 


n! f’ ið\ „—nið 
a=F f Fie’ Je dé. 


dz” = 20% ¢|=1 cnt 
Hence 
dS 0) = f° f (et )e- "9 da + n! ice -nið 1g 
dz” ~ Qe Jo 2r Jo sie 
n! f7 ni ; 
= — ec" [Ref (e"®)]dð. 
T Jo 


(b) Because Ref(z) is harmonic on D(0,1), by the mean-value formula of 
harmonic functions, 


1 2r , 
al Ref(e’)dd = Ref (0) = 1. 


Noting that Ref(e*®) > 0, we have 


d” ! 2r A 
ati o = |= f e"it [Ref (e®)]d9 
2r 
< A je” [Ref (et? )]d8 

T Jo 


n! f’ i0 
== J Ref (ei) dd 
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5308 


If f is analytic in the unit disk and its derivative satisfies 
IFPI a- |e), 


show that the coefficients in the expansion 


f(z)= 5 Anz” 
n=0 


satisfy |a,| < e for n > 1, where e is the base of natural logarithms. 
(Stanford) 
Solution. 
It follows from 


F(z) = Dj anz” 
n=0 


that 
co 
f(zj= pe Nayz"—}, 
n=1 


where 


ig OPN (0<r<i). 


na, = — 
2Ti Jizj=r 2 


It is obvious that 
la| = |f'(0)| <1 <e. 


i 
n? 


For n > 1, we choose r = 1 — 


1 


lan] = 27n 


i 
~ 
jai 
+ 
|- 
~ 
3 
| 
nm 
A 
m 


5309 


Let f = u + iv be an entire function. 
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(a) Show that if u?(z) > v?(z) for all z €C, then f must be a constant. 

(b) Show that if |f(z)| < A+Blz|" for all z EC with some positive numbers 
A, B,h, then f(z) is a polynomial of degree bounded by h. 

(Stanford) 

Solution. 

(a) Let 

F(z) = eP O a e-(wle)-07(2))-2iu(e)0(2), 
Then F(z) is an entire function with 
|F(z)| = e7 (7 (z)—-07(z)) <1. 


By Liouville’s theorem, F(z) must be a constant, which implies that f(z) is a 
constant. 
(b) Let 
[oe] 
f(z)= X anz”. 


n=0 


zol f(z) 
an = dmi i nrd 


Then 


For any integer n > h, 


1 f(z) 1 g i0 
< — : = 
lanl < on ihe AFi |dz| zF l |f (Re*” )|d0 
A+BR 
== Re = 


Letting R — +00, we obtain that an = 0, which implies that f(z) is a polyno- 
mial of degree bounded by h. 


5310 


Let f be an entire function that satisfies |Re{f(z)}| < |z|” for all z, where 
n is a positive integer. Show that f is a polynomial of degree at most n. 
(Indiana) 
Solution. 
Let R be an arbitrary positive number. Then it follows from Schwarz’s 
theorem that when |z| < R, 


+z d 


Cz i 


1 : 
1O = za Jan PO + im{F(0)}. 


385 
Especially when |z| = R, 


1 n FE 
f(z) < gz 3R” - 2x + [Im{f(0)}| = 3R” + |Im{f(0)}|, 
which implies that there exist constants A, B such that 
|f(z)| < Alz|" + B 


holds for all z E C. 
Let 


f(z) = y akz", 
k=0 


1 F(Z) | 


— 2ri (ase zat 


where 


Hence when & >n, 


la ae FOl a < A 0 (r + +00), 


„ lelFrR k 


which shows that f(z) is a polynomial of degree at most n. 


5311 


Compute the double integral 


f | cos zdrdy 
D 


where D is the disk given by {z =z+iy€@:a7+y? < 1}. 
(Towa) 
Solution. 
First we have the following complex forms of Green’s formula: 


II w,dzdy ie: Lews — iwy)dedy 
D D? 
1 . 1 = 
7 -z f, w(dz — idy) = -5 f waz, 
2i Jap 
J | ordas = Ih =(wz + iwy)dedy 
D 


= ca w(dz + idy) = F) wdz. 
2i JəD 2i Jap 


I 
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The problem can be solved directly by either one of the above two forms: 


1 1 
If cos zdzdy = zJ Zcoszdz = — ee ay = 
D 2t Jjzj=1 2t Jiz=1 Z 


or 

17 ioe 1 ; 1 
cos zdrdy = a sin zdz = — = sin zd(—) 
D 2i J\z|=1 2i Jizj=1 z 

1 : 

= = edz = 
2i jzj=1 7 
5312 


Let a 
f(z)= > anz” 
n=0 


be analytic in D = {|z| < 1} and assume that the integral 
a= f | r@Pacdy 
D 
is finite. 


(a) Express A in terms of the coefficients an. 


(b) Prove that 
A 1 
If(z) — FOO) < area 


for z € D. 
(Indiana) 
Solution. 
(a) By 
f'(z2)= Snag) 
n=1 
we have 


D 
[l 


[ [roracay= f rar [PENA 


1 2r oo . co i 
J rdr f (E neuer ( Thin” te iD? ) do. 
0 0 n=1 n=1 
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Noting that 


2r 
iko „ibg J 0 kFl, 
f pag w={ >, k=l, 


we obtain that 


2m CO 


1 
Jf IF OPdzdy = | rar f XO n’ Jan|?r?” -do 
D 0 0 n=l 
1 œ oo 
2r | Son? lan Pr?" tr = TY nlan|?. 
0 n=1 n=1 


A 


i 


(b) By Cauchy’s inequality, we have 


(2) — #00) = Far (Vran: +2") 
co 1 A 
< [omer Sie [Peep 
n=1 


5313 


Let f be analytic in {0 < |z| < 1} andin L? with respect to planar Lebesque 


measure. Is 0 a removable singularity? Proof or counterexample. 
(Stanford) 


Solution. 
The answer to the problem is Yes. 
Let the Laurent expansion of f in {z: 0 < |z| < 1} be 


f= D5 oak, 


n=- 


where 


1 fe) F 
ln = pri ea nti (n = 0, +1, +2,---). 


From 


2x 70 
lan| < = | ee DI a9, 
2% Jo rn 
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we have 


1 2 ‘ 2 q 
jar < (E [T oera) <2 f ee Pra, 


Let € < 1 be a small positive number, and then 


2x 
f lan |r?" +1dr < zÍ a |f (re)? rdrdð < F) z)| dedy. 
see 


Then a, must be zero when n < —1. Otherwise, let € — +0, the left side of 
the above inequality will tend to infinity, while the right side of the inequality 
is finite, which leads to a contradiction. Hence 


f= ane", 
n=0 


which shows that z = 0 is a removable singularity of f. 


5314 


Evaluate the integral 


|dz| 4 
E eal?” lal £ p. 


(Indiana) 
Solution. 
Let z = pet? , a = re’?. 
|dz| l- pd0 
|zl=p |z — al? 7 (0) 24 72 — pr(et(@— $) + et(o- 9)) 


i pd 
TF p? + r2 — pr(e® + e~ #6) 
_ a _ Pdz/(iz) 


ip P ptr? —rz—pr/z r fz 


© 


pidz 
Pes rz? — (p? a5 r jz +F pr 


When r < p, 
/ |dz| 2 f pidz 
lzl=e |z = a|? |zl=p r(z = Ly (z = r) 
= 2m. Pl Res 2 Tv 
PV E= 2 e=7) 
27 p 
= per 
When r > p, 
J |dz| z I pidz 
lzl=p |z F al? |z|=p r(z = XY (z — r) 
; 2 
= ri. P Res RX ERE a 
r ANG 2)e-n' r 
a 2Tp 
o rp? 
5315 
Evaluate 


3 dz 
eee ahd, 
o a+sin* Zz 


by the method of residues. 
( Columbia) 


Solution. 
Denote 


zd 
I(a) = I — 
o a+sn'r 
It is obvious that I(a) is an analytic function in {a : |a| > 1}. Then we have 
a dz 2 2dz 
I(a) | a AE if ee 
o @+sin“z o 2a+1-— cos2r 


= f dz _1 T dz 
g o 2a+1—cosr 2 _» 2a + 1 — cosg’ 


Ii 
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Let z = e’*, then 


dz 
dr = >? 
Zz 
z+2z 
cosx = 7 5 


and 


idz 
Ila) = creed eae 
(a) E z2—2(2a4 1)z+1 


Denote the two roots of z? — 2(2a+ 1)z +1 = 0 by z and 22. Since z1 -z2 = 1, 
we may assume that |z1| > 1, |z2| < 1. By the residue theorem we have 


idz 2T 
noe fa (z — zi)\(z = 22) z1 = 29 


2T 
(z1 -+ z2)? — 4z1z2 2./a(a + 1) 
It should be noted that > —-i—— is also analytic in {a : |a| > 1}, and the 


a(a+1) 


branch of «/a(a + 1) should be chosen by argyala + 1) |asi= 0. 


5316 


Consider the function 
1 


ge0)= 1+zsind 


(a) Use the residue theorem to find an explicit formula for 
2n 
fl) = | oleo 
0 


when |z| < 1. 
(b) Integrate the Taylor expansion 


g(z,9) = Lao 


term by term to find the coefficients in the Taylor expansion 


f(z) =O haz" 
n=0 
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(c) Verify directly that (a) and (b) agree when |z| < 1. 
(Courant Inst.) 
Solution. 
(a) Let € = e°. Then 


sin 6 = - = >, 


and 


ye E E E E E 
fe) = f aos f z? + 2iC —z ic E l]=1 zC- -GY 


where Ci = L(V1 — z?—1), (2 = i(—v1 — z?—1), and the single-valued branch 
of v1 — z? in {|z| < 1} is defined by v1 -— z? |z=0= 1. Because |¢1 - C2] = 1, 
we know that ¢1 € {|Ċ| < 1} and ¢2 € {|¢| > 1}. Hence 
2 1 2T 
z) = 2ni- — - ——_- = ——. 
(b) It follows from | sin 6| < 1 and |z| < 1 that 


co 


g(z,0) = De 1)* sin% 0- 2%, (|z| < 1). 


k=0 


Since the series converges uniformly for all 6 € [0, 2r], the integration with 
respect to 0 can be taken term by term, and 


2x oo œ 
f(z) = f (S-n sin 6 - “| dð = X arz", 
0 k=0 k=0 
where s 
a, = (—1)* sin* 6d6. 
o 

It is easy to obtain that azn-1ı = 0 and 
(2n — 1)! 

(2n)!! 


(c) In order to verify that (a) and (b) agree when |z| < 1, we develop the 
function f(z) in (a) into a power series: 


k 
an = af sin?” 6d6 = - 2r. 
o 


ak D-t aS 
Taea A =2 2 
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Since 
CPCH BA) _ @n- nH 
n! — (m)! ? 


we know that the results in (a) and (b) agree when |z| < 1. 


(-1)"0, = (-1)" 


5317 
If a is real, show that 


R . 3 
lim e +44)" dg 
R-0o -R 


exists and is independent of a. 
(UC, Irvine) 
Solution. 
First we have 


2 


aa <e „e. 


It follows from the existence of 


R 2 
lim e`? dz 
R=>œ -R 
that 
= 4X2 
lim e7 tia)" dz 
Row J_R 
exists. 


Define f(z) = e77” and choose the contour of integration T = Py UT2U 
T3 Ul4 as shown in Fig.5.5. 


Fig.5.5 


As f(z) is analytic inside T, by Cauchy integral theorem, 


[ sae = a f(z)dz + ‘a fode +f f(z)dz+ ia Flz)dz 
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R 2 2 ¢ 2 - R a2 
J e77 dr +ie—® J e” —?Ryidy -f e (tia) dy 
-R 0 -R 


a 
ie J el +2Rvi gy 
0 


= 0. 


Letting R — 00, it follows from the facts that e~®” — 0 (R — co) and 


a a 
J et +2Ryi dy < J e!” dy 
0 0 
that 
R >ya R 2 
lim etio) dg = lim e* dz = yr. 
R- 00 -R R=>œ -R 
5318 
Let n > 2 be an integer. Compute 
foe} 
1 
J i: 
o i+2" 
(Iowa) 
Solution. 
r 
0 R 


Fig.5.6 


Let f(z) = TAL and select the integral contour I as shown in Fig.5.6. 
f(z) has one simple pole z = e7’ inside I. By the residue theorem, we have 


[fea = 2niRes( f,e"'). 
r 


R 2z 0 2zi 
dz n i ; en'dz 
d . i0 i80 f 
[to z f EE +f iRe™” f( Re” )d0 + ee 


R 2z 
2zi dz ” -poi 0 
=o nm? t t dé. 
(l-e J) ee +f iRe™ f(Re’’) 


i] 
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It is obvious that 


2r 
lim iRe’® f(Re*®)d0 = 0, 
Roo Jo 
and 
ep 1 1 
Res(f,e*) = ———— = j 
(f, ) (1 + zn)! reeki neon Ti 
Letting R — oo, we obtain 
a dz 2ri 2ri i oT 
o l+e” petri (1 -e%i) o n(ežt— e73) nsin F 


5319 


Evaluate 


with full justification. 
(Minnesota) 
Solution. 


Fig.5.7 


Define 
f(z)=e", 


3 
and choose the contour of integration T = }> I; as shown in Fig.5.7. Because 


FSL 
f(z) = e77 is analytic on T and inside T, by Cauchy integral theorem, we 
have 


f Tons 3 | fodz=0. 
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For the integral of f(z) on T2, we make a change of variable by w = z”, then 


f(z)dz al E Tee 
T2 Y2 2w3 


where 
m = {w : jw] = R?,0 < argw < Z}. 


By Jordan’s lemma, we have 


im f f(z)dz = 0. 
R- 00 Tə 


For the integral of f(z) on T3, we have 


R 
[ toa = -f et tetdz 
T's 0 


R R 
2 
-f Z (cos z? + sin x”)dx — if Z (cos z? — sin x”)dz. 
0 o 


It is well known that 
R 
ii fle)de = | ede > hs 
T: 0 2 


when R — oo. Hence we obtain by letting R — co that 


oo co / 
| (cos z? + sin z”)dx + if (cos z? — sin z”)dz = on 
0 0 


which implies 


Co co f 
J cos z7dz = | sin z°dz = aA 
0 0 4 
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Evaluate 


(Iowa) 
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Solution. 


Define 


2iz 


l-e 


f(z) = 


, 
z2 


and select the integral contour T as shown in Fig.5.8. Because f(z) is analytic 
inside I’, by Cauchy integral theorem, 


J flz)dz = 0, 


where 


[sea 


ti 


R 1e? T , i TE ] — eir 
J —de + J iRe” f(Re'®)do + l z— de 
€ T 0 -~R T 


0 

+ f ice” f (ce"?)d0 

R 2ix —2ir T 
2— = : l 
= J A AE i. iRe’® f (Redo 

€ T 0 
0 - . 

+ J iee” f (ce') dO 


R na 2 m 9 0 ; . 
Í a | iRe’® f(Re®)do + Í ice’? f(ec'®)dð. 
€ T 0 


T 


l 


It is easy to see that 
x a . 
lim J iRe’® f(Re®)d0 = 0 
R- œ 0 


and 


0 
im f ice’? f(ce*) do = —miRes(f, 0). 
5 to r 
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Since the Laurent expansion of f about z = 0 is 


f(z)= > anz”, 


n=-1 


where a_; = —2i, we know that Res(f,0) = —2i. 
Letting € — 0 and R — œ, we obtain 


© sin? g T 
3 drz = >. 
0 x 2 


5321 


Let f(z) be holomorphic in the unit disk |z| < 1. Prove that 


1 
J f(z)dz = L f(z) log zdz, 
o 


2ri Jizj=1 
where respective integration goes along the straight line from 0 to 1 and along 
the positively oriented unit circle starting from the point z = 1. The branch 
of log is chosen to be real for positive z. 
(SUNY, Stony Brook) 
Solution. 


Fig.5.9 


Let the contour of integration I be shown as in Fig.5.9, and the single- 
valued branch of logz be chosen by argz|z=-1 = 7. Since f(z)logz is holo- 
morphic inside the contour T, by Cauchy integral theorem, 


J f(z) log zdz = 0, 
r 
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where 


1 
[10 oza = i Fle)logede + | f(z) log zdz 


E i) . i f 
+ | f(z) (log x + 2rijdz + | flee?) log(ce® )ice’’ do 
1 2r 


1 
= -2ri f f(z)dz +f f(z) log zdz 
€ |z]=1 
2x . t S 
— | f(ee®)log(ee"? )ice do. 
0 
It is easy to see that 
2r n ; i 
lim f(e?) log(ee"® Jice*dd = 0. 
Eas 0 


Letting € — 0, we obtain 


T f(z)dz = = f(z) log zdz, 
0 =1 


2ri lz| 


where the integration contour |z| = 1 has starting point and end point z = 1, 
and the value of log z at the starting point z = 1 is defined as 0. 
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Find the value of da 
f log |a + be**| dg 
0 


where a and b are complex constants, not both equal to zero. 
(Harvard) 


Solution. 
First we assume |a| > |b|, and then the multi-valued analytic function 
log(a + bz) has single-valued branch on {z : |z| < 1}. Take ef? = z, then 


dọ = #, and 
2r i 
Re f | log(a + sag} 
0 


sal aen 
|zļ=1 iz 


Re{2z loga} = 27 log |al. 


2r 
J log |a + be't |do 
0 


i 
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When |a| < |b], we have 


lI 


2x 4: , 
J log |b + āe’? |do 
0 


= 2rlog |b| = 27 log |b]. 


2r 
J log |a + be’? ido 
0 


In the case |a| = |b|, let b = ae**. Then 


2x 2r 
J log |a + be'®|dġ = J (log |a| + log |1 + e+) |) dg 
0 0 


T 
= 2rlog {al +f log |1 + e*?|d¢. 
T 


on 


Fig.5.10 


In order to evaluate the integral 


J weit + elas, 


we define log(1 +2) 
0 z 
fo) =, 
z 
where the single-valued branch is defined by log(1 + z) |z:=0o= 0. Choose a 
contour of integration F = Ie U Ye as shown in Fig.5.10. Since f(z) is analytic 


on T and inside I’, by Cauchy integral theorem, fp f(z)dz = 0. Because 


[ EG 


log? + 34 


< 
-ry 


e-re >Q (e—0), 


we have 


r log |1+e'?|dé = Re f log(1 + e*®)dd 


-Fr A 
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: dz 
time { f log(1 +E} 


limre {> [ soaz} =0. 


Hence we obtain 


2r 
J log |a + be't |d = 27 max{log |a|, log |b|}. 
0 


5323 


Evaluate 
log z hi 
o (+z) 


(Iowa) 
Solution. 


Fig.5.11 


Let 


E log? z 
f(z) taii (14 2)?’ 


and select the integral path T as shown in Fig.5.11. The single-valued branch 
of log z is chosen by argz|,=-1 =. By the residue theorem, we have 


| f(z)dz = 2riRes(f, —1), 
r 
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R log? x ON os ; * (log x + 2ri)? 
28 tg iRe? (Re!) do J cee 
aes 2+ f" i f(Re’’)dé + j (I+2)3 dz 


0 
+f ice’? f(ce*?) dO 
2r 


7 i 
Oh (1+ z)? 


y 
= 
— 

N 
— 
a 
N 
| 


2a 
dz + f iRe” f( Re” )d8 
0 


0 
+ J ice”? f (ee!) dd. 
2r 
It is obvious that za 
lim f iRe’® f(Re®)do = 0 
R-0o (0) 
and 
0 . . 
lim I ice’® f (ce?) dO = 0. 
e0 2r 


In order to find Res(f,—1), we consider the Laurent expansion of f about 
z=-l: 


log°[(z+1)— 1] _ (wi+ log[1 — (z + 1)])? 


f(z) = (z+ 1)3 = (z +1) 
_ (mi-(z+1)-ł(z+1?----) 
7 (2+1) 
sI abei 


where a1 = 1 — mz. Hence 
2riRes(f,—1) = 2ri + 27°. 
As € —> 0 and R —> œ, it turns out that 


T —4rilog x + 4r? 
0 (1 + z)’ 


Comparing the imaginary parts on the two sides of the above identity, we 


obtain oy i 
og z 

— dr = —=. 

I CETS 


dz = 2ri + 2r?. 
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5324 


Evaluate the following integrals: 
(a) ries E ESN] (the integration is over the imaginary axis), 


(b) J Sde for a in the range —1 <a < 2. 
(Courant Inst.) 


Solution. 
(a) 
iR 
F 
T 
Fig.5.12 
Define 


1 
(z2 — 4) log(z + 1) 
The single-valued branch for log(z + 1) is chosen by log(z + 1)|z=0 = 0, and 


the contour T of integration is shown in Fig.5.12. As f(z) is analytic on and 
inside T except a simple pole at z = 2, we have 


[10a = 2riRes( f, 2), 


where 
f flz\dz = [7 IR JiRe do- [” F(ce!)ice*do 
r -F -F 
—ie +iR 
-| tod- f Foz, 
-iR te 
and ( 2) i 
i Zz go 
Reha) in (22 — 4jlog(z +1)  4log3` 
Because 


Jim f * f(Re')iRe! do = 0 
-4 
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and ` 
n z iðn- 40 > ri 
lim fleet jice dd = riRes{ f, 0) = zg 

e= x 

-f 


by letting € — 0 and R — œ, we obtain 


i dz = my 2 ) 
-io (z? -—4)log(z +1) 4 ( log3” 


Define 
f(z) = 


z 
z +1 
The single-valued branch for z“ is chosen by argz|,-259 = 0, and the contour 


T of integration is shown in Fig.5.13. As f(z) is analytic on and inside T except 
a simple pole at z = e3', we have 


J f(z)dz = 2riRes( f, e°), 
r 


where 
á K i 7 R 2ra, Qn: 
[sea = f foder f? fR jiria- | epla) eda 
T € 0 D 
an 
-f flee"? yiee" do, 
0 
and 
Res(f,e3*) = lim (z ~e3") f(z) 
zaes' 
~ Be 3 


404 


Because 
ae ; f 
lim J f(Re*)iRe’ do = 0 
Ro Jo 


when a < 2 and 


2x 


= , , 
lim flee? ice’ do = 0 
e>0 Jo 


when a > —1, by letting £ — 0 and R — œo, we obtain 
© ga T 
——— dr = ——s 
I s341" 3sin(252n) 


5325 


Show that = P a 
x m(l—a 
f (1+ ay ~ 4cos(42)’ 
for -l1<a<3,a1. What happens if a = 1? 
(Harvard) 


Solution. 
Let 


ze 


Fe) = ya 


where (argz"),-2>0 = 0, and select the integral path T as shown in Fig.5.14. 
By the residue theorem, we have 


[sea = 2riRes( f(z), i), 


Fig.5.14 


where 


=E (—2)%e'*™* 


R a rs 
_ z -p ið io 
[seas = / ape f iRe™ f(Re oa f aT dz 


0 
+ J ice”? f(ce’?)d0 
i , R z2 T 5 d 
= ra d 7 t 2 
(l+e | U+ z+ f iRe™ f( Re" )d6 
0 
+ | ice? f (ce )d9, 
and 


Res(f(z),i) = lim ‘eal ge 


It follows from æ < 3 that 
lim | iRe’® f(Re'®)d@ = 0, 
R-ow 0 


and from a > —1 that 
0 . . 
lim f ice"? f (ee? )d0 = 0. 
e=>0 x 


Letting € — 0 and R — oo, we obtain 


; mo, — Ve m1—@) ; na 
tra d usa a . 
(l+e i UFa 73 Dem ee 


When a £ 1, 


T z’ PAA a(1 — a) _ m1l-a) 
A (1 4: z2)? 4. (= gp) 4 cos(**) 


when @ = 1. 


z . q(l-a) 1 
— d = l A, ee ae 
[ (i+ a2)?" a1 4cos(#2) 2 
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oo . 
J er “dz 
0 


(a) Prove that 


converges if0 <a <1. 


405 
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(b) Use complex integration to show that 
f zx “coszdz = sin = -T(—a +1). 
0 


(Harvard) 
Solution. 


(a) 


oo 1 foe) oo 
J er “dz = (J zx” * cos gdr + J z “cos zdz) + if 27° sin edz. 
o 0 1 o 


It follows from æ < 1 that 
1 
f z “cos rdr 
0 


is convergent. It is also obvious that 


A 
J cos dz 
1 


x ® is monotonic decreasing and 


<2, 


A 
f sin gdz 
0 


<2, 


lim «*=0 fora>O. 
£— +00 


By Dirichlet’s criterion, we know that JE £7“ cos dg and So x sin edz are 
also convergent. Hence e'*z~- “dz is convergent when 0 < a < 1. 


(b) 


iR 


Fig.5.15 


Let f(z) = z~%e~”, and the contour of integration T is chosen as shown in 
Fig.5.15. The single-valued branch of f(z) on T is definde by z~°|;—2>0 > 0. 
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By Cauchy integral theorem, 
or e 6 hs 
f f(z)dz = f z%e"*dz + : iRe” f(Re"®)d8 + f a %e" ie ide 
r € 0 R 


0 
+ | iee”? f (ee )d0 = 0. 


2 


It follows from a < 1 that 
0 . . 
lim J ice"? f(ce*?)d6 = 0, 
and from a > 0 and Jordan’s lemma that 
lim f * IRe? f(Re?)d = 0. 
R=œ 0 
Letting € — 0 and R — œ, we have 
ae ra? 29. . 
I(-a+1)= f r` %e "dz = ie?" f redr. 
0 o 


Multiplying both sides by e 2 *, and comparing the imaginary parts, we obtain 


o0 
f z™® cos zdz = sin TT(-a +1). 
0 


5327 
Use a change of contour to show that 
a cos(az) z T te ast dt, 
0 T+ B o t? + 1 


provided that œ and 8 are positive. Define the left side as a limit of proper 
integral and show that the limit exists. 


(Courant Inst.) 
Solution. 
Since 
oe 
a 


7 


A 
I cos(ax)dz 
0 
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7 + PET is monotonic with respect to z and 


ifor t8 T” 
the convergence of the integral 


a cos(az) 
dz 
o «+f 
follows from Dirichlet’s criterion 
Define 


and choose the contour of integration T = T1 U T2 UT3 as shown in Fig.5.16 


Ri 
T 
G 
0 if R 
Fig.5.16 


By Cauchy integral theorem, we have 


[ sea = h ra a fede f de 


It follows from Jordan’s lemma that 


dz = 0. 


lim f f(z)dz = 0. 
R-0o T: 
Letting R — oo and considering the real part in the above identity, we obtain 


J odan f” ze a Ja te~ ot 
o «+8 0 o 


z2 +8? a= P41 


409 
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(a) Let c be the unit circle in the complex plane, and let f be a continuous 
@-valued function on c. Show that 


n= [£0 


eh 


is a holomorphic function of z in the interior of the unit disk. 
(b) Find a continuous f on c which is not identically zero, but so that the 
associated function F is identically zero. 
(Minnesota) 
Solution. 
(a) Let zo be an arbitrary point in the unit disk. Then 1 — |zo| = p > 0. 
Choosing 6 > 0 such that 6 < p, we prove that 
FC) 
F;(z)= | —--d 
7 (2) fa 
has a power series expansion in {|z — zo| < 6}. 


It is clear that 
6 
<-<1 
P 


z — zo 


-z 
when |z — zo| < 6 and ¢ € c. We can also assume |f(¢)| < M because f is 
continuous on c. Thus 


CE (OG 
-z (¢ — zo) — (z — zo) C — 20 l= mre 
a £0 Sza" 
i e) 


FO 2) a 
C= zo \=- z2) |7 p W’ 


n 
and = ($ y is convergent, the series 2 HO. (2 = ) converges uni- 


As 


formly se all ¢ € c. Hence termwise icoianion is permissible, and we obtain 


F;(z) = [Ex = Sat — zo)", 
e n=0 
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where |z — zo| < 6 and 


m= Leap 


Since zo is arbitrarily chosen in the unit disk, F4 (z) is holomorphic in {|z| < 1}. 
(b) Take F(C) = } (ICI = 1). Then 


F,(z) = lea" EE = -z)a=3 =(2ni — 2ri) = 0. 


In fact, f(¢) can be taken as eae for any positive integer n and fixed 
zo € {z: ams < 1}. When Ç € cc, 
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Let [a,b] be a finite interval in R and define, for z in D =¢ — [a,b], 


è dt 
f(z) = f a 
Show that f(z) is analytic in D. Given c, a < c < b, calculate the limit of f(z) 
as z tends to c from the upper half plane and as z tends to c from the lower 
half plane. 
(UC, Irvine) 
Solution. 
For any zo € D, choose 6 > 0 sufficiently small such that {z : |z — zo| < 
ô}N {z =xz+iy:y=0,a <z <b} =O. When |z— zo| < ô, a <t < b, we have 


i 1 1 1 3y. (z — 20)" 
t—z (t—z)- Ce t—2z 1-230 £4 (t—29)9+? 


and the series converges uniformly for t with a < t < b. Hence 


[Sef Ee) 


n= 


< [P dt a 
2 (/ (t— soa) (z — zo) 


f(z) 


i] 
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holds for z € {z : |z — zo| < 6}, which implies f(z) is analytic in {z : |z — zo| < 
ô}. Since zo is an arbitrary point in D, we obtain that f(z) is analytic in D. 
For z € D, f(z) can also be represented explicitly by 


è dt b pee 
f(z) = ; =f dlog(t — z) = log — 


where the single-valued branch is defined by arg (= 2) |lz=ro>b = 0. Let T; 
and Iz be two continuous curves connecting z = zo > b and z = c in the upper 
half plane and the lower half plane respectively. Then the limit of f(z) as z 


tends to c from the upper half plane is 


Cr 


log |< = log 
(as 


—b 
= + iAr,arg— 


b | 2 
+ Wt, 
a 
while the limit of f(z) as z tends to c from the lower half plane is 


c-b 


log |< | — Ti. 
a 


= log 


= = + iAr,arg— 


C— 


5330 


For each z € U = {z : Imz > 0} define 


1 eg 
sin“ t 
dt 
g= Qn =a 1t-z 
Determine which points a € IR have the following property: there exist € > 0 


and an analytic function f on D(a,¢) such that f(z) = g(z) for all z € U N 
D(a,¢€). 


(Indiana) 
Solution. 
Let T be the half unit circle in the lower half plane whose direction is 
defined from point z = —1 to point z = 1, and define a function 


sin” ¢ 
F(z) = Qi =S t-z di 
It follows from the Cauchy integral theorem that when z € U, f(z) = g(z). 


With a similar reason as in problem 5328, f(z) is analytic in the complement 
of T. Hence we obtain that for any a € R, a Æ +1, there exists € > 0 
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(e < min{|a—1], |a+1|}) such that f(z) is analytic in D(a, £) = {z : |z—a| < €} 
and f(z) = g(z) for all z € U N D(a,e). 
When a = +1, such a f(z) does not exist. The reason is as follows: As 


sin?t sin?t—sin?z  sin?z 


t-z t-z t—z’ 


where a is an analytic function of two variables for (t,z) E€ Œ x @, we 
know that 


We a sin’ t— sin? z y 
2ri Jı t-z 
is analytic for z E€ Ç. But 


1 1 sin? z sin?z f! sin? z z—-l 
— ——dt = dlog(t — z) = log ===; 
Ini | t—z ni a ed aa E 


which has branch points z = +1, hence g(z) can not be analytically continued 
to D(+1,€). 
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SECTION 4 
THE MAXIMUM MODULUS AND 
ARGUMENT PRINCIPLES 


5401 
Let a E€ C, |a| < 1, and consider the polynomial 
es _ tat), — &,2 
P(z) = 5 +(1— {al*)z 52 
Show that |P(z)| < 1 whenever |z| < 1. 


(Indiana) 
Solution. 


{| 


a a 
P(z) z + (1 —lel?)2— 52? 


2{(1— lal?) + 5(2 - a2) 
When |z| = 1, 
Re(= — az) = Re _(@)|= Re[= = “| = 0, 
jim(= = az)| < 2lal. 
Hence when |z| = 1, 
P(e)? = (1— lal’)? + (mf (E - ae)))? 
< (1-2lal? + laft) + lal? = 1 — lal? + fal! < 1. 


By the maximum modulus principle, |P(z)| < 1 whenever |z| < 1. 
5402 
Let f be holomorphic in the unit disk {|z| < 1}, continuous in {|z| < 1} 


and |f(z)| = 1 whenever |z| = 1. Prove that f is a rational function. 
(SUNY, Stony Brook) 
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Solution. 

If f(z) has infinite many zeros, by the isolatedness of the zeros of holomor- 
phic functions, the zeros must have limit points on the boundary of the unit 
disk. But it will violate the fact that f is continuous in {|z| < 1} and |f(z)| =1 
whenever |z| = 1. Hence f has only finite zeros in the unit disk. Denote all 
these zeros by 21, 22,---,Zn, multiple zeros being repeated, and define 


n 
Z — Zz 
= so I (5) 
eel 1— Zz 
Then F(z) is holomorphic in {|z| < 1}. continuous in {|z| < 1} and |F(z)| =1 


when |z| = 1. By the maximum modulus principle, |F(z)| < 1 in {|z| < 1}. 
Since F(z) has no zero in {|z| < 1}, Fi) is also holomorphic in {|z| < 1}, 


continuous in {|z| < 1} and Ea = 1 when |z| = 1. Application of the 


maximum modulus principle to gf yields |F(z)| > 1 in {|z| < 1}. Hence 
|F(z)| = 1 holds in {|z| < 1}, which implies F(z) = e° with a a real number. 


So we obtain 
_ ia Z — Zk 
es Il (Gas — Z). 


5403 


Let f be a continuous function on U = {z : |z| < 1} such that f is analytic 
in U. If f = 1 on the half-circle y = {e° : 0 < 6 < r}, prove that f = 1 
everywhere in U. 

(Indiana) 
Solution. 

Define F(z) = (f(z) -1)(f(—z)—1), then F(z) is also continuous on U and 
analytic in U. When z € OU, we have either f(z) -1 = 0 or f(-z) -1=0. 
Hence F(z) = 0 holds for all z € U, which implies either f(z) — 1 = 0 or 
f(—z)-1=0. Since f(z) — 1 = 0 is equivalent to f(—z) — 1 = 0, we obtain 
f(z) =1 for all z EU. 

Remark. The condition that “f = 1 on the half-circle y” can be weakened 
to that “f = 1 on an arc y = {e :0 <0 < =}, where n is a natural number”. 
In this case, the proof is the same except that F(z) is defined by 


F(z) = (f(z) — 1)(f(ze**) — 1)(f(ze™*) — 1) (flee) — 1). 
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5404 


Let S denote the sector in the complex plane given by S = {z:-—4 < 
argz < 4}. Let S denote the closure of S. Let f be a continuous complex 
function on S which is holomorphic in S. Suppose further 

(1) |f(z)| < 1 for all z in the boundary of S; 

(2) [f(a + iy)| < eY” for all æ + iy € S. 

Prove that |f(z)| < 1 for all z € $. 
(SUNY, Stony Brook) 
Solution. 

Let F(z) = e7% f(z), where € > 0 is an arbitrary fixed number. Then 
F(z) is also continuous on § and analytic in S. When z is on the boundary 
of S, |F(z)| = e=“? |f(2)| < 1. When |z] > +00 (-Ẹ < argz < 2), |F(2)| < 
e~** .eV® — 0. By the maximum modulus principle, we have |F(z)| < 1 for 
all z € S, which implies |f(z)| < [e**| = e®* for all z € S. Because € > 0 can 
be arbitrarily chosen, letting € — 0, we obtain |f(z)| < 1 for all z ES. 


5405 


Let K be a compact, connected subset of Œ containing more than one point 
and let f be a one-to-one conformal map of €\K onto A = {z : |z| < 1} with 
f(oo) = 0. If p is a polynomial of degree n for which |p(z)| < 1 for z € K, 
prove that 

\p(z)| < |f(z)" for z EC\K. 


(Indiana) 
Solution. 
Because f is a one-to-one conformal map of (\K onto A with f(oo) = 0, 
it has a simple zero at z = oo. Since p is a polynomial of degree n, it has a 
pole of order n at z = oo. Hence the function F(z) = p(z)f"(z) is analytic in 
@\K which contains point z = oo. As f(z) maps @\K onto A = {z: |z| < 1}, 
we have lim |f(z)| = 1. Together with |p(z)| < 1 for z € K, we know that the 
limit of |F (z)| when z tends to K can not be larger than 1. Apply the maximum 
modulus principle to F(z) on @\K, we obtain |F(z)| < 1 for z €@\K, which 
implies |p(z)| < |f(z)|~" for all z E@\K. 
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5406 


Suppose f and g (non-constant functions) are analytic in a region G and 
continuous on the closure G of the region. Assume that G is compact. Prove 
that |f| + |g| achieves its maximum value on the boundary of G. 

(Iowa) 
Solution. 

Assume that |f| + |g] achieves its maximum value c (c > 0) at zo € G, we 
prove that if zo € G, then f and g must be constants. 

Let 


|f(zo)| = F(zo)e™, —|g(20)| = g(zo)e**. 
Then for fixed ¢; and ¢2, 


F(z) = f(z)ei™ + g(z)e'? 
is analytic in G and continuous on G. It follows from 


IF(z)| < If) + lg(2)| < e, 
F(zo) = f(zo)e’*' + g(z0)e"®? = |f(z0)| + lg(zo)| = ¢ 
and zo E G that 
F(z) = f(z)é®! + g(z)e®? 
must be the constant c. 

Without loss of generality, we assume that f is not a constant, and try to 
lead to a contradiction. Since the image of an open set {z : |z — zo| < 6} CG 
under f is an open set which contains point f(zo), f(z) assumes all the values 
f(z) = f(zo) + cef? for small € > 0 and 0 < ¢ < 2m in {z : |z — zo| < ô}. Then 
when ¢+ ¢1 + 0, T, we have 


IFL l = IEI le- F(z)e'*| 

|f (20) + Ett] + |e — f(z0)e"®: — celts) 
lecP*#) + f(zo)e'®i| + Jee"®+t) — g(2o)e'* | 
> f(zo)e’*! + g(zo)e’* = c, 


which contradicts that zo is a maximum value point of |f|+|g|. Hence f must 
be a constant, which also implies g is a constant too. 
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5407 


Suppose f(z) is an entire function with 


1 
< —— : 
FOs Req ale 
Show that f(z) is identically 0. 
(Iowa) 
Solution. 
For any R > 0, consider function 


g(z) = (z — Ri)(z + Ri) f(z). 


When |z| = R, and Imz > 0, denote by 6 the angle between the line 
perpendicular to the imaginary axis and the line passing through z and Ri. 
Then 0 < 6 < §, and 


zo = sec < V2. 
Rez 


When |z| = R, and Imz < 0, denote by 8 the angle between the line perpen- 
dicular to the imaginary axis and the line passing through z and —Ri. Then 
0<0< , and 


z+ Ri 
Rez 


It follows from the above discussion that when |z| = R, 


= sec < V2. 


(z — Ri)(z + Ri) 


lo(2)| = e= RI + RAF(2)| < | 


< 2V2R. 


By the maximum modulus principle, when |z| < R, 


g(z) 2V2R 


If(z)| = G- RIG + Ri) < Raji 


Now fixing z, and letting R — +00, we obtain f(z) = 0. Since R can be 
arbitrarily large, we have f(z) = 0 for all z E@. 
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5408 
Suppose f is analytic on {z;0 < |z| < 1} and 
(| < log = 
Se 


Show that f = 0. 


(Indiana) 
Solution. 


Denote the Laurent expansion of f on {z;0 < |z| < 1} by 


fe)= X anz”, 


n=—-CoO 


where 


It follows that 


lanl < + Jelen 


When n < 0, letting r — 0, we have 


1 
TE log = 


an =0 (n= -—1,~2,:--), 


which implies z = 0 is a removable singularity of f. In other words, f can be 
extended to an analytic function of the unit disk. 


Since log il = 0 when |z| = 1. By the maximum modulus principle, we 
obtain 
feo. 
5409 


Let f be an analytic function on D = {z : |z| < 1}, f(D) C D and f(0) = 0. 
(a) Prove that |f(z) + f(—z)| < 2|z|? for all z in D and if equality occurs 
for some non-zero z in D, then f(z) = e'%z?. 
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(b) Prove that 


(Indiana) 
Solution. 


(a) Let F(z) = f(z) + f(—z), then F(0) = 0, 
F'(0) = lim Be) lim (2 — a2) =. 


z=0 z z=0 z 


Hence ZQ is analytic in D, and when z tends to OD, the limit of ZG) can 
not be larger than 2. By the maximum modulus principle, |f (z2) + f(—z)| < 
2|z|? holds for all z € D. 

If equality occurs for some non-zero z in D, we have 


f(z) + f(-z) = 2e"*z?, 


where q is a real constant. 
Let 


f(z) = >, anz”, 
n=1 
it follows from 
F(z) + f(—2) = 202? 


that 
az =e, a4=ag=---=0. 


Because |f(z)| < 1 for z E€ D, we have 


2r co 
tim =~ f(re®)Pa8 = J lan? <1. 
0 


n=1 


Since az = e*%, the other coefficients must be zero, which implies f(z) = e'®z?. 


(b) 
ig f(a)dz 


{| 


J : Fodz 4 [ “Hajle 


1 
zi eae 
o 3 


| / "(F(2) + f(-2))de 
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5410 


If f is analytic and |f(z)| < 1 on {z : |z| < 1}, prove that f(z) has a fixed 
point. 


(Rutgers) 
Solution. 
Let F(z) = f(z) — z and G(z) = —z. 
When |z| = 1, 


|F(z) - G(z)| = |F(z)| < 1 = |G()}. 


By Rouché’s theorem, F(z) and G(z) have the same number of zeros in 
{z : |z| < 1}. Since G(z) has only one simple zero in {z : |z| < 1}, we conclude 
that f(z) —z has one zero in {z : |z| < 1}, which implies that f(z) has a fixed 
point in {z : |z| < 1}. 


5411 


Let f(z) = z+e7*, à > 1. Prove or disprove: f(z) takes the value \ exactly 
once in the right half-plane. If the answer is yes, is the point necessarily real? 
Justify. 

(Iowa) 
Solution. 

Let R be a sufficiently large real number such that R > 2. Take a closed 

curve T on the right half-plane, where 


P= {2=2+iy:2=0,-R<y< R}U {e: |2|=R—5 < ange < Z}. 


Define 
F(z) =A-z-e* 
and 
G(z) =A-z. 
When z ET, 


|F (z) — G(z)| = le*| < 1 < |G(2)|. 


Since G(z) has exactly one zero inside I’, it follows from Rouché’s theorem that 
F(z) has exactly one zero inside T. Because R can be arbitrarily large, F(z) 
has exactly one zero in the right half-plane. Hence f(z) takes value à exactly 
once in the right half plane. 
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Take z = x > 0. We have 
F(z) =à- r-e”, 


which is a real-valued function of real variable z. Since F(z) is continuous and 
F(0) > 0, 


Pde io 


there must exist zo, 0 < zo < +00, such that F(zo) = 0. In other words, the 
point z in the right half-plane such that f(z) = A is necessarily real. 


5412 


Suppose f is analytic in a region which contains the closed unit disc {z : 
|z| < 1}. Assume f is non-zero on the unit circle {z : |z| = 1}. Let C denote 
the unit circle traversed in the counterclockwise sense. Suppose that 


a T Aper 


Fri Je F(2) 
1 FH) 
(2) ar aries dz = 0, 
and 
1 2f'(z) 1 
— dz = =. 
O Fede pay =e 
Find the location of the zeros of f in the open unit disc {z : |z| < 1}. 
(Iowa) 
Solution. 
Assume z1, 22,***,Zņ are the zeros of f(z) in {z : |z| < 1}, multiple zeros 


being repeated. Then 
f(z) = 9(z) [[(@ - 4), 
j=1 


where g(z) is analytic and has no zero in {z : |z| < 1}. We have 


1 ey = ea dlog f(z) 
2ri Je 


2ri Je F(z) 
- yg kOe, 5 \e 
— mi (4 S45): 


j=1 


= n. 
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It follows from (1) that n = 2, i.e., f(z) has two zeros in the unit disk. Then 
for f(z) = (z — z1)(z — z2)g(z), 


1 f'(z) EE S z z zg'(z) 
2ri aay = wif (<e+ + g(z) ) ae 


= 24+2=0 
and 
1 2f'(z) 1 J 2? z? z?g'(z) 
z= dz = — mican 
2ri as f(z) £ 2ri Je rea eee g(z) d 
E E OO 
= rta =g 


which show that z1,2 = +}. Hence z = +3 are the only zeros of f(z) in the 
unit disc. 


5413 


(a) How many roots does this equation 
4 = 
z*4+z+5=0 


have in the first quadrant? 
(b) How many of them have argument between { and $? 
(Indiana—Purdue) 
Solution. 


(a) Let R be sufficiently large such that when |z| = R, 


jz + 5| > [2]. 
Set 
f(z) =2t4245 
and 
g(z) = 2z* +5. 
Choose a closed curve 
T = {z=2+iy0<2< Ry =O} U {z: |z| = R,0 < argz < z) 


U{z =a+iy:2=0,0<y< R} 
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It is obvious that 
|F(z) — g(2)| < lolz) 


holds when z € T. By Rouché’s theorem, the numbers of the zeros of f and 
g inside T are equal. Since g has only one zero inside I, f has also one zero 
inside T. Noting that R can be arbitrarily large, we know that 


zt+z+5=0 


has one root in the first quadrant. 
(b) Let R be sufficiently large such that when |z| = R, 28 is approximately 
zero. Set 


f(z) =2t +245 


and 
Ty; = {z=a2+iy:2=0,0<y< R}, 
Ty = {z=ret?:0<r< R}, 

and x x 
Ts = {z:]e]= R,T < argz < 5}. 


It is easy to see that Imf(z) > 0 when 
z € (Ti Ul 2)\{z = 0}, 
f(0) =5, and 
f(Ri) € {w:0 <argw <e}, f(Ret*) e{wia—e < argu < r} 


where £ > 0 is very small. We also know that 


Ar,argf(z) = Ar,argz* + Ar,arg (1 + z5) ; 


where Ar,argf(z) denotes the change of argf(z) when z goes continuously 
from Ret! to Ri along T3. It is obvious that 


Ap, argz* = m, 


while 


2+5 
Ar, arg (2 + -A ) 
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is very small. Let T = T1 U T2 UTS is taken once counterclockwise, it follows 
from the above discussion that 


Arargf(z) = 2r. 


By the argument principle, the number of the roots of f(z) = 0 inside T is 
equal to 


LF Sys 1 eck Z 
= r FO dz = A log f(z) = 5, Araref(z) ie 


Hence 
f(z) =z4+z4+5=0 


has exactly one root in the domain 


{z : F < ange < 5} 


5414 


Prove that the equation sin z = z has infinitely many solutions in @. 


(Indiana) 
Solution. 
Let 


f(z) =sinz—z 
and z = g + iy, then f(z) can be written as 


e? — em? 


f(z) = oer a —~z= : (ev-* E e 9+?) = (z + iy). 


For any fixed natural number n, choose a positive number t >> logn and a 
closed contour T = Fi UT U T3 UT in the counterclockwise sense, where 


Ty = {z=xz+iy:2nr <r < 2(n+ 1)r,y = 0}, 
T = {z=2+iy:2=2(n4+1)7,0<y<t}, 
T3 = {z=x+iy:2nr <r < 2(n+1)r,y =t}, 


and 
T4 = {z=r+iy:z= nr, 0<y<t}. 
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Then we consider the image of T under w = f(z): 
f(T1) = {w =utiv: —2(n + 1)r < u < —2nr,v = 0} 
with the direction from the right to the left; 


f(T2) = {w= u+iv: u= —2(n+1)r,0 <v < (ef —e*) -t} 


dole 


with the direction upwards; f(T3) lies in the annulus 


1 1 1 
fu : set (Getter ant 1r) < lw <z + Ge +t+2(n+ Dr) } 


starting from 


1 1 
w = —2(n+1)r +i (Fe! — mere ~ 1) 


and ending at 
1 1 
w= ~nr +i Ge — z = t) 
in the counterclockwise sense; 
1 
f(Ts) = {w = u+ iv: u= —2nr,0 <v < 5 (e-e) er 


with the direction downwards. 

Hence the winding number of f(T) around w = 0 is 1. By the argument 
principle, f(z) = sinz — z has one zero inside the contour I. Since n is 
arbitrarily chosen, we conclude that sinz = z has infinitely many solutions in 
C. 

Remark. This problem can also be proved by Hadamard’s theorem. 

Assume that 

f(z) =sinz—z 


has only finite zeros in @, and denote all the zeros by z1, 22,:++,2%n, multiple 
zeros being repeated. By Hadamard’s theorem, f(z) can be written as 


F(z) =e) 9(2), 


where 
n 


p(z) = [[@- ) 


k=1 


and g(z) is a polynomial. 
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It is obvious that f(z) is an entire function of order \ = 1, where 


log log {max rc} 
Ye lin I 


T= 00 log rT ; 


which implies that g(z) must be a polynomial of degree 1. Hence we have 
sinz — z = e” +y(z), 


Let z = x+iy and z be fixed. By letting y —> +00 and y — —o respectively, 
and comparing the increasing order on both sides, we obtain that Ima < 0 in 
the former case and that Ima > 0 in the latter case. This contradiction implies 
that sinz = z has infinite many solutions in @. 


5415 


(a) Let f be a non-constant analytic function in the annulus {1 < |z| < 2} 
and suppose that |f] = 5 on the boundary. Show that f has at least two zeros. 

(b) If f is meromorphic in the annulus, is the statement in part (a) still 
true? 


(Stanford) 

Solution. 
(a) Let D = {z:1 < |z| < 2} and ðD = T1 UL, where Ty = {z: |z| = 2} 
is in the counterclockwise sense, and Tz = {z : |z| = 1} is in the clockwise 


sense. Because f is non-constant analytic in D and |f| = 5 when z € 0D, we 
know that both f(T1) and f(T) must pe {w : |w| = 5} in the counterclockwise 
sense. Hence +Ar,argf(z) > 1 and ;~Ar,argf(z) > 1. In other words, 


=o Aoparef(z) >2 

which shows by the argument principle that f has at least two zeros in D. 
(b) If f is meromorphic in D, the statement in (a) is not true. It might 

occur that f(T1) and f(T2) are two subarcs of {w : |w| = 5}, or both f(T1) 

and f(T2) are {w : |w] = 5} in the clockwise sense. In the latter case, f has no 

zero in D. The following is a counterexample. Let g(¢) be a conformal map of 


{o=e+in + pes where a= 5 (V3+—), b= 5 (v2-=)} 
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onto {w : |w| > 5} with the normalization g(0) = co, g'(0) > 0. Then 


molar) 


is a non-constant meromorphic function in D with |f| = 5 when z € OD. But 
f has no zero in D. 


5416 


Let n be a positive integer, and let P be a polynomial of exact degree 2n: 
P(z) = ao + aiz + gz? +- + an2”, 


where each aj E C, and azn # 0. Suppose that there is no real number g such 
that P(x) = 0, and suppose that 


i T P'(x) E 
lim I. Pay = 0. 


Prove that P has exactly n roots (counted with multiplicity) in the open upper 
half plane {z €@ : Imz > 0}. 
(Indiana) 
Solution. 
Let r > 0 be sufficiently large such that when |z| = r, 


jaznz™" | > [ao + az + +++ + azn-12°"7t]. 
Take a closed contour T = 1, UY in the counterclockwise sense, where 


Ti = {z= re” :0<6<7} 
and 
T,={z=2+iy:-r<ae<r,y=O}. 
Then the number of zeros of P(z) inside T is equal to 


J ei PP eg T 
Qni Ip Plz)" ~ 2ri f. Piz)“ t ri T> PO ` 


It is already known that 


PPO, f Pe) 
dz = Í dz = 0. 
r Jn, PO) i f Plz) 
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We also have 


1 P'(z) 1 
Jri re Plz) dz = a dlog P(z) = ~ Ar, argP(2) 


ao + aız +: + a2 _12?”-1 
= = Arang (aznz?”) + = Ar, arg (: + en i, 


Gan z2” 
Note that j 
5, Aare (aanz7") =n 
and es 
1 TE z2- 
lim = Ar,arg (1+ ate) Sy: 
T—00 Anz” 


we obtain that P has exactly n roots (counted with multiplicity) in the open 
upper half plane. 


5417 
Consider the function 
1 141 11 
Hast kiar iz 
(a) What does the integral 
1 F(z) iz 
Imi lzļ=r o~” 


count? 
(b) What is the value of the integral for large n and fixed r? 
(c) What does this tell you about the zeros of f(z) for large n? 
(Courant Inst.) 


Solution. 
(a) Let 
= tye a, el nee ea 
FO) = F(Z) =1LEC g Hg to + aC 
From 
1 re PO de 
Qni Iz= F(z) Oat lea FG) ) a 
E 1 PO 4 
~ 2m ae FO dc, 
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we know that the negative of 


1 f(z) 
2ri |z|=r f(z) ‘“ 


represents the number of zeros of F(¢) in {|¢| < 4}, which is just the number 
of zeros of f(z) in {|z| >r}. 
(b) When n — oo, F(C) converges to ef uniformly in any compact subset 
of C. Let 
min les | =m, 
KKl= 
then m > 0. 
When n is sufficiently large, 


IF(¢) — ef] < m < |e] 


for |¢| = 4, which implies the numbers of zeros for F(¢) and ef in {|¢| < +} 
are equal. Since ef has no zero in @, we obtain 


1 f(z) 


ant jzl=r f(z) 


for fixed r and large n. 

(c) From the above discussion, we conclude that for any fixed r > 0, when 
n is sufficiently large, there is no zero of f(z) in {|z| > r}. In other words, all 
the n zeros of f(z) are in {|z| < r}. 


5418 


(a) Suppose that f(z) is analytic in the closed disk |z| < R, and that there 
is a unique, simple solution zı of the equation f(z) = w in {|z| < R}. Show 
that this solution is given by the formula 


nf a 
a, 2i |z|=R ERTA j 


(b) Show that, if the integer n is sufficiently large, the equation 


ae) 


has exactly one solution with |z| < 2. 
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(c) If zı is the solution in (b), show that 


(Courant Inst.) 
Solution. 
(a) Let 
f(z) — w = (z — 21) Q(z), 


where Q(z) is analytic and has no zero in {|z| < R}. Then 


Fe) o z)— w)! = Nog(z —z z z = 1 Q'(z) 
Aap g( f(z) — w) = [log(z - z1) + log Q(z)] sa 
Hence 


1 zf'(z) Loe z rhe 2Q'(z) 
2ri Ta Fae T 2ri Jaat + i |z|=R Q(z) da 


T / z 
= aen dz = 24. 
2ri |Jz|=R Z 7 71 


(b) Let 


z 


fa(z) =2-1- (2), g(z) =z-1, 


and 
Tr: = {|z| = 2- e}. 


For fixed large n, we choose £ > 0 sufficiently small such that when z € T,, 
zj” Enn 
|\fa(z2) — g(z)| = |z| =(1- 35)" <1-e < lg(2)l. 


Hence fa(z) and g(z) have the same number of zeros in {|z| < 2— €}, and the 
number is 1. Since € can be arbitrarily small, the equation z = 1+ (z)" has 
exactly one solution (denoted by z) in {|z| < 2}. 

(c) fa(z) is a continuous real-valued function for 1 < z < 3. When n is 
sufficiently large, we have f,(1) < 0 and fn (3) > 0. 


Hence we have zi”) € (1, 3 . It follows from 


| = [2 


that 
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which implies 


a (n) 
a ()—1)" = im 2-2 
ia rt) = ia 
5419 


Let to 
Q= D(0, DIS =3} 


Find all analytic functions f : Q — Q with the following property: if y is 
any cycle in Q which is not homologous to zero (mod Q), then f * y is not 
homologous to zero (mod 9). 
(Indiana) 
Solution. 
Since f is analytic in Q and bounded by |f(z)| < 1, the points z = +3 
must be the removable singularities of f. Let 


=t- i=}, nate alae, 


where € > 0 is small, and the directions of yı and y2 are both in the counter- 
clockwise sense. Since 71, y2 are not homologous to zero (mod Q), f * yı and 
f * 72 are also not homologous to zero (mod Q). As £ tends to zero, f(y1) and 
F (v2) will tend to either w = 7 or w = -}, because otherwise, f * yı or f * y2 


will be homologous to zero (mod Q). Hence we obtain 
1 1 


Now we claim that the case that f(4) = f(—4) will not happen. If, for 
example, 


1 1 1 
IDIOPS 
we assume that z = ł is a zero of f(z) — ł of order n and z = -4 is a zero of 


f(z) — § of order m, then 

f * (my — ny2) 
is homologous to zero (mod 2), while my, — ny2 is not homologous to zero 
(mod Q), which is a contradiction. Thus we obtain either 


MQ=p 1-3-3 
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ps 1 1 I o1 
IDT 5s 7 
In the case of i i 1 i 
Ipay Teg) 

we consider the function 
_i _1i 
F(z) pran F(z) 2, g 2 


1- 4f(z) 1-2 


which is analytic in D(0, 1) and satisfies |F (z)| < 1. It follows from F(—4) = 1 
that F(z) = 1, which implies that f(z) = z. 


In th f 
n the case o 1 1 


z. 


1 1 
f(—5) = >? 


we consider the function 


-fotz 2-3 


Gul 1+ $f(z) “j= iz 


which is also analytic in D(0,1) and satisfies |G(z)| < 1. It follows from 
G(-$) = —1 that G(z) = —1, which implies that f(z) = —z. Thus we 
conclude that the functions which satisfy the requirements of the problem are 


f(z) =z and f(z) = =z. 
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SECTION 5 
SERIES AND NORMAL FAMILIES 


5501 


Let 
oo 
Sane" 
n=0 


have a radius of convergence r and let the function f(z) to which it converges 
have exactly one singular point zo, on |z| = r, which is a simple pole. Prove 
that 

lim @n/@n41 = Zo- 

n= 

(Indiana) 
Solution. 
Assume that the residue of f(z) at zo is A, and define 


Fe) = fle)- <>. 
Then F(z) is analytic on {z : |z| < r}. In other words, the Taylor expansion 
of F(z) at z = 0 has a radius of convergence larger than r. Hence the power 
series 


F(z) 


{| 
Ma 
RQ 
š 
N 
3 
N 
as 
è 


is convergent at z = zo, which implies 


A 
li an + = Zn = 0. 
Sara ( <a) 9 


It follows that 
, í A 
lim anzọ = —— #0 
n= Zo 
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and 
n+l A 
lim @n4126" = —— £0, 
n Zo 
and we obtain 
P an 
lim = Zo 


5502 


(1) Show that the series 


-X a"/n 


n>1 


is convergent for 1 # œa €@ with |a| = 1. 
(2) Show that this series converges to log(1 — æ) for such a. 
(Minnesota) 


Solution. 
(1) Let a =e", t € (0,27), then 


3 a” B cos nt + isin nt 
nn n : 
n>1 n>1 


For t € (0,27) we have 


n . . 
sin g — sin nthe 1 
X cos kt| = OMe F SE 
a sin 5 sin 5 
and 

ie cos $ — cos anthy 1 

X sin kt} = |— rl =. 
ret 2 sin 5 sin 5 


Because 4 tends to zero monotonically, by Dirichlet’s criterion we know that 
both >> 8" and J, #22t converge, which shows that — }> 2 is convergent 


n>1 n>1 n>1 
for 1 4a EC with |a| = 1. 
(2) Let 


fe=- = (<1. 


n>1 
Differentiating term by term, we have 


f(2)= -yo2 = sah, 


n>1 
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Integrating both sides on the above identity, we obtain f(z) = log(1 — z), for 
lel <1. 

Let a = e, z = re where 0 < r <1,0<¢t < 2r. It follows from Abel’s 
limit theorem that 


-EF = Dee Es 


n>1 n n>1 n>1 
lim log(1 — re”) = log(1 — e*) = log(1 — a). 


eint it)n 


1i 


5503 


Consider a power series 
foe] 
Da 
—~n 
Show that the series converges to a holomorphic function on the open unit 


disk centered at origin. Prove that the boundary of the disk is the natural 
boundary of the function. 


(Columbia) 
Solution. 


First of all, we prove the following proposition: If the radius of convergence 


of 
f(zj= > anz” 
n=0 


is equal to 1 and an > 0 for all n, then z = 1 is a singular point of f(z). 
Assume the proposition is false, i.e., z = 1 is a regular point of f, then for 
fixed x € (0,1) there exists a small real number 6 > 0 such that the power 
series expansion of f at point z is convergent at z = 1+6. Suppose the series 


is 
oo 
> by (z — z), 


Eo 
ii 
© 


where 


(k) œ 
by = f re. aM n(n —1)---(n—k + 1)anz” 


Sueos > Mn Br PPD ae _ akan 


k=0 k=On=k 


is convergent at z = 1 + ô. Noting that when z = 1+ 6 the right side in the 
above identity is a convergent double series with positive terms, and hence the 


order of summation can be changed, we assert that when z = 1 + 6, 


So be (z - x) > 5 mn = Brn tH, T z)Fan—* 
k=0 


k=0n=k 


= ye De ee a 


= 5 anz”, 
n=0 


which contradicts the statement that the radius of convergence of 


co 
> anz” 
n=0 


is equal to 1. 
Now we return to the power series 


It follows from 


that the radius of convergence of 


cea l 
2E 


is equal to 1. By the above proposition, z = 1 is a singular point of F(z). 


any natural numbers p and q, 


Cc 
1 
Šri am Ziri n! Zin! 
F(ze? ™) = 3 Lee” ) > z7 


eat 


For 
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Since z = 1 is a singular point of 
Sie 
=” 
it is also a singular point of F(ze?™). In other words, z = e Pisa singular 
2. 

point of F(z). Since the set {e7 37 + p,q =1,2,++-} is dense on {|z| = 1}, we 
conclude that the unit circle {|z| = 1} is the natural boundary of F(z). 

Remark. By the above discussion, the boundary of the unit disk is also the 
natural boundary of the function 3 a2"! although the series is absolutely 


=1 
and uniformly convergent on the closure of the unit disk. 


5504 


Suppose f is analytic in U = {|z| < 1} with f(0) = 0 and |f(z)| < 1 for all 
z E€ U. If the sequence {fn } is defined by composition 


falz) = FEC FD) 
AA 


n 


and 
a(z) > g(2) 
for all z € U, prove that either g(z) = 0 or g(z) = z. 
(Indiana-Purdue) 

Solution. 

By Schwarz’s lemma, it follows from f(0) = 0 and |f(z)| < 1 that |f(z)| < 
|z| for all z € U, and if |f(z)| = |z| for some z # 0, then f(z) = e'z where a 
is a real number. 

In the case when f(z) = e!%z. falz) = e'"%z. Since fa(z) is convergent, 
we obtain a = 0, which implies that f(z) = z and g(z) = z. 


In other cases, we have 


for allz EU. Let O< r< 1. Then 


max 
lzl<r 
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For all z € {|z| < r}, we have 


If(z)| < Alzl, 
BEL = IEI AEI < >? lel, 


|fa(2)| 


|f(fn—1(z))| < Alfn-a(Z)| < à” |z], 


Hence f,(z) converges to zero uniformly in- {|z| < r}. Since 0 < r < 1 is 
arbitrarily chosen, we obtain g(z) = 0 for all z € U. 
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Let {fn}; be a sequence of analytic functions in a domain D which 
converges uniformaly on compact subsets of D to a function f on D. 

(a) Prove that if f,(z) # 0 for all n > 1 and z € D, then either f is 
identically zero in D or f(z) £ 0 for all z € D. 

(b) If each fn is one-to-one on D, show that f is either constant or one-to- 
one on D. 

(UC, Irvine) 

Solution. 

(a) First of all, we know from Weierstrass’ theorem that f is analytic on 
D. Suppose f is not identically zero, but has a zero point zo E€ D. Since the 
zeros of a non-zero analytic function are isolated, there exists r > 0, such that 
f(z) #0 when 

z2€{z:0< |z-zl<r}CD. 


Let m be the minimum value of |f(z)| on 
{z:|z— zo] =r}. 


Then m > 0. As {fn} converges to f(z) uniformly on compact subsets of D, 
we know that for sufficiently large n, 


lfa(z) — flz)l < m < If(2)| 


holds on {z : |z — zo| = r}. It follows from Rouché’s theorem that f, and 
f have the same number of zeros in {z : |z — zo| < r}. Since zo is a zero of 
f, fn must have a zero in {z : |z — zo| < r}. which is a contradiction to the 
assumption that fp(z) Æ 0 for all z € D. 
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(b) Suppose f is not a constant, and is not one-to-one on D. Then there 
exist 21,22 E D (zı # z2), such that f(z1) = f(z2) (denote it by a). Choose 
r > 0 sufficiently small, such that 


{z : jz — zil < r} A {z: |z- z| <r} =9, 
{z : |z -zıl < r}U {z: |z- z2|<r}cD, 


and f(z)—a # 0 in {z : 0 < |z — zı| < r} U {z :0 < |z — z2| <r}. Let m be 
the minimum value of | f(z) — a] on {z : |z — zı] = r or jz — z2| = r}. Then 
m > 0. With the same reason as in (a), when n is sufficiently large, 


(fa(z) — a) ~= (F(z) — a)l = lfa (2) — F(z) < m < |f(2) - al 


holds on {z : |z — z1| = r or |z — z2| = r}. It follows from Rouché’s theorem 
that fa(z)—a and f(z)—a have the same number of zeros in {z : |z — z1| < r} 
and {z : |z — z2| < r} respectively. In other words, there exists 


zi € {z:|z—- z| <r} 


and 
z3 E€ {z: |z — z2| < r}, 


such that fa(z1)— a = 0 and fa(z2)— a = 0, which implies fn(21) = fn(z4) 
(z, Æ 24). This is a contradiction to the assumption that fn is one-to-one on 


D. 


5506 


Let D C @ be a bounded domain, and let {fa} be a sequence of analytic 
automorphisms of D such that 


lim fa(a) =b € ðD 
n00 
for some point a € D. Prove that 
n ad 


for every z € D. 
(Indiana) 
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Solution. 
Take ap € D, ao # a. If {fn(ao)} does not converge to b, there exists a 


subsequence of {fn(a@o)} converging to bo # b. Without loss of generality, we 
assume 


lim f,(a) =b € OD, 
noo 
lim fa (ao) = bo £ b. 


Since {f,(z)} is a normal family, there is a subsequence {f,,(z)} converging 
uniformly on compact subsets of D to f(z). Because f(a) # f(ao), f(z) isa 
non-constant analytic function of D. 

Let r be sufficiently small such that f(z)—b has no zero in {z : 0 < |z—a] < 
r} C D, then m = min{|f(z) — b| : |z — a| =r} > 0. Since {fn, } converges 
uniformly to f on {z : |z — a| = r}, when k is sufficiently large, 


fnr (2) = F= m (2) — b) — (F(Z) — b)| < m < |f(2) — b 


on {z : |z — a| = r}. By Rouche’s theorem, f,,(z) — b has zero(s) in {z : 
|z — a| <r}, which is a contradiction to the fact that fn, does not assume the 
value b € ôD in D because fn, is an automorphism of D. 
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Which of the following families are normal, and which is compact? Justify 
your answers. 

(a) F = {f : f is analytic in D, f(0) = 0, diam f(D) < 2} 

(b) G = {g : g is analytic in D,g(0) = 1,Re{g} > 0, diam g(D) > 1}. 
Here the diameter of a set S is diam S = sup{|z — ¢|: z,¢ € S}. 

(Indiana) 
Solution. 

(a) For any f € F, it follows from f(0) = 0 and diam f(D) < 2 that 
\f(z)| < 2, which shows that F is normal. 

Let {fn} be a sequence of functions in F. Then there exists a subsequence 
{fn, } converging uniformly in compact subsets of D to f(z), which obviously 
satisfies the conditions that f(z) is analytic in D and f(0) = 0. For any two 
fixed points z,¢ € D, we have 


\fn, (2) ae fai (9)| < 2 
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because diam f,,(D) < 2. We choose a compact subset K C D such that 
z,¢ € K. It follows from the uniform convergence of {fn, } on K that 


If(z) — FO) < 2. 


Since z,¢ € D can be arbitrarily chosen, we obtain diam f(D) < 2, hence 
f(z) € F, which shows that F is also compact. 

(b) Let {gn} be any sequence of functions in G. Then for G,(z) = e~ 9"), 
we have |G,(z)| < 1. Hence there exists a subsequence {G,, } converging 
uniformly in compact subsets of D to a function G(z) which is either a constant 
or a non-constant analytic function in D. If G(z) is a constant, then the 
constant is e7! because 


G(0) = lim e790 = e7}, 


if G(z) is non-constant analytic, since G,(z) Æ 0 for all z € D, by Hurwitz’s 
theorem, we have G(z) # 0 for all z € D. Hence we can define an analytic 
function g(z) = — log G(z), where the single-valued branch is chosen by g(0) = 
— log G(0) = 1, and we conclude that 


Gn, (Z) = — log Gn, (z) 


converges uniformly in compact subsets of D to g(z), which shows that family 
G is normal. But family G is not compact. First we can choose a sequence of 
functions g,(z) in G as follows: gn(z) is a conformal mapping of D onto 


1 1 
Qn = {wi |w- 1| < 3} Y tw: fw -3| < 1} U {w : [Imu| < =,1 < Rew < 3} 


satisfying gn(0) = 1, g}, (0) > 0. By the Riemann mapping theorem, such a 
mapping gn exists and is unique, and it is obvious that gn satisfies all the con- 
ditions required by the family G. Because the domain sequence {9n } converges 
to Q = {w : |w — 1| < 4} which is called the kernel of {Qn} with respect to 
w = 1, by Caratheodory’s theorem, {gn(z)} converges uniformly in compact 
subsets of D to g(z) which is a conformal mapping of D onto Q. Since diam 
g(D) = $, g(z) does not belong to the family G, which shows that G is not 
compact. 
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Suppose that 1 < p < oo and ec > 0 is a real number. Let F be the set of 
all analytic functions f on {|z| < 1} such that 
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2r 
sup f lf (ret?) Pde < c. 
0<r<1 J0 
Show that F is a normal family. 
(Illinois) 
Solution. 

It suffices to prove that the functions in F are uniformly bounded on every 
compact set of {z| < 1}. We prove the assertion by contradiction. If it is 
not the case, then there exist zn € D, fn E€ F such that zn — zo € D and 
falza) > o. 

Let 1 — |zg| = 3r. Then when n is sufficiently large, |z, — zo| < r. By 
Cauchy integral formula, 


fulen)= gq ff PD a, er <p< sr). 
\¢ 


2ri “glee $ — 2s 
Hence 
3 2r f 
|fa(ža)| < Fr A |fn(zo + pe’?)|d0 
3 2r 3 5 2r : 
< a (f itot ppan) -( [7 a0) 
0 0 
3 2r , $ 
P 
where 
1 1 
~4+-=1. 
P @q 
Then 
on A 3r 3r 2r wis 
3p fra) pdp < \fn(Zo + pe | pdpdé 
2r 2r 0 
1 2x 5 c 
< f fO lle )Ppdodo < $. 
o Jo 


As n — oo, the left side of the above inequality tends to infinity, while the 
right side of the inequality is a constant. The contradiction implies that F is 
a normal family. 
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(a) Let f be holomorphic for |z| < R and satisfy f(0) = 0, f’(0) Æ 0, 
f(z) # 0 for 0 < |z| <r < R. Let C be the circle |z| = p where p < r. Show 
that ifed 
B tf ja 
gw) = = c f- w 


define a holomorphic function of w for 
lwl < m = min |f(pe")), 
and that z = g(w) is the unique solution of 


f(z)=w 


that tends to zero with w. 


(b) Find the Taylor’s expansion of g(w), and apply this to find the explicit 
series expansion of the root of the equation 


z2? +3z-w=0 


that tends to zero with w. 
(Harvard) 
Solution. 
(a) It follows from 


jul < m = min |f(pe) 
that when t € C, 


1 
fw TE i) -E ggn Fos 


Hence 
an) = hf MOH FS (Lf PO a) wn 


Qari (t)— w 2ri Jo f(t)e+! 


which implies that g(w) is holomorphic in {w : |w| < m}. 


444 


Let T be the image of C under f where C is the circle {z : |z| = p} taken 
once counterclockwise. Because 


jw] < m = min |f(pe™)), 


the winding number 

n(T,0) = n(T, w), 
which shows that f(z) and f(z) — w have the same number of zeros in {z : 
|z| < p}. Since z = 0 is the only simple zero of f in {z : |z| < p}, we know that 


f(z) = w has a unique solution in {z : |z| < p}. Denote the unique solution 
by zı, then 


f(t) — w= (t - z21)Q(¢) 
where Q(t) is analytic and has no zero in {t : |t| < p}, and 


fi) = Ilo — w)! = flog(t —z o T. a0) 
Fp —w 7 DBO -vN = lost — 1) + log Qe) = > + Be 
Hence 
_ 1 psp 1 pit pea) 
gw). = 2ri Jo f(t)—w m ratt c Q(t) í 


= Ži, 


which shows that g(w) is just the unique solution of f(z) = w. As the constant 
term in the Taylor expansion of g(w) is 


1 f tf® 
2ri Jo f(t) 


which is obviously zero, we assert that the unique solution g(w) tends to zero 
together with w. 


dt 


(b) Let 
f(z) = 2° + 3z, 
then : x 
g(w) = = : fies = dian", 
where 


1 tf'(t) 1 eee #2\~"—* 
ep ee apes fe ee dt. 
an = ori Jo FÆ T oni Je gee (IT 3 
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After some computation, we obtain aj, = 0 and 


_ ji 1 Pease: Sate 
E Imi Jo 3 |t Cag) + Oe dt 


1 
33k—2 


(BCe + OE3). 
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Find an explicit formula for a meromorphic function f whose only singu- 
larities are simple poles at —1, —2, —3,--- with residue n at z = —n. Prove in 
detail that your function has all the required properties. 

(Illinois) 
Solution. 
By Mittag-Leffler’s theorem, we construct 


= n z ~ z? 
fe) = ( -14ź)= 7. 
Seen n <4 n(n + z) 
For any natural number N, when |z| < N, n> 2N, 
z? 2N? 
n(n+z)}— n’ 
Hence 
È 
aean 2) 


converges uniformly in {|z| < N} to a function which is analytic in {|z| < N}. 
In addition, 


B2 
ani 1+ 2) 


is a meromorphic function whose only singularities in {|z| < N} are simple 


poles at z = —1, —2,---, -N +1 with residue n at z = —n. So f(z) is analytic 
in {|z| < N}\{-1,-2,---,-N+1}, and z = —1, —2, ---,—N +1 are its simple 
poles with residue n at z = —n. 


Because N can be chosen arbitrarily large, it is obvious that f(z) has all 
the required properties of the problem. 
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(a) Does there exist a sequence of polynomials {P, } such that P,(z) + 4 
uniformly on the annulus 1 < |z| < 2? If Yes, give an explicit formula for the 
Pa; if No, explain why not. 

(b) Does there exist an entire function g whose zero-set is {yn(1 +i) : n = 
0, 1,2,3,---}? If Yes, give an explicit formula for g; if No, explain why not. 

(Illinois) 
Solution. 

(a) No. If there exists a sequence of polynomials {Pp} such that P,(z) > 4 
uniformly on {1 < |z| < 2}, then for any £ € (0, $), there exists N > 0 such 
that when n > N, | Pa(z — 4| < € holds for all z € {1 < |z| < 2}. Multiply 
both sides by |z|?, we have 


\z?Pa(z) —1)<elzl?<4e<1 forze {1 < |z| < 2}. 


Because z”P,(z) — 1 is an analytic function in {|z| < 2}, it follows from the 
maximum modulus principle that 


\z7Pa(z) —1) <1 


holds for all z € {|z| < 2}. The contradiction follows by taking z = 0 in the 
inequality. 
(b) Yes. The function g can be chosen as 


Cc 
_ Z Z+’ 
g(z)=z G-ż)= aan) 
li an 


where an = /n(1 +i). 
For any R > 0, let |z| < R and choose N > R?. Then when n > N, 


O Zz yeStHEY) = oe a eae 
log{(1 - Že | = dog -2)+245(4) 
S 1,243 Lee 

> EOR. . a 


It is easy to see that 


R3 
n3/2 E 


— leant wa 
log la ae l 
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oo 
3 
Because $ Æ converges, we know that 
n=N 


= z 1 2 
S log [a - Zesta] 
n=N an 


is analytic in {z : |z| < R}, which implies 
[oe] 
II (= = jest HEY 
n=N an 
is analytic in {z : |z| < R}. Hence g(z) is analytic in {z : |z| < R}, and its 
2 
zeros in {z : |z| < R} are 0,a1,a2,°++,ax (= -l<k< R), Since R can 
be arbitrarily large, we see that g(z) is an entire function with the required 
zero-set. 


5512 


State whether the following statement is True or False, and prove your 
assertion. 
For each positive integer n there exists an entire function f, such that 


1 
ee [Refn(z) — log |z|| < = 


(Indiana) 
Solution. 
False. 
We prove the assertion by contradiction. 
If for each positive number n there exists an entire function fn such that 


1 
Pape [Refn(z) — log |zl| < =» 


then for 1 < |z| < 2, we have 
—1 < Ref,(z) < 1 +log2. 


Define F,(z) = ef). Then F,(z) are entire functions with no zeros, and 


L < |Fa(2)| = PhO < 2e 
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for 1 < |z| < 2. By the maximum modulus principle, |F,(z)| < 2e for |z| < 2. 
Hence {F,(z)} is a normal family in {z : |z| < 2}, and there exists a subse- 
quence {F,,(z)} converging locally uniformly to an analytic function F(z) in 
{z : |z| < 2}. Since |Fa(z)| > 4 for 1 < |z| < 2, F(z) cannot be identically 
zero, and by Hurwitz’s theorem F(z) has no zero in {z : |z| < 2}. But we have 
for 1 < |z| < 2, 


|F(2)| = Jim [Fn,(2)| = lim Reta G) = eloslel = |z], 


which implies that F(z) = az with |a| = 1 in {z : |z| < 2}. This is a 
contradiction to the fact that F(z) has no zero in {z : |z| < 2}. 


5513 


Let G = D\(—1,0], where D = {z : |z| < 1}. 
(a) Give a single-valued definition for z‘ in G. 
(b) Why should there exist a sequence of polynomials P, such that 


: _ yi 
Jim P,(z) =z 


for all z in G? 

(c) Can the polynomials be chosen so that there exists a constant M with 
|Pn(z)| < M for all z € G and all n? Justify your answer. 

(Indiana) 
Solution. 

(a) z' is defined by e*!°8*. In domain G, single-valued branch of log z can 
be chosen. For example, a single-valued branch of zê in G can be defined by 
argzlocz<1 = 0. 

(b) Choose 


1 1 1 
Kya {e:-<[2|$1-—, —-r+=<amge<x—“} 
n n n n 
where n > 2. Then Kn C Kn41, and 
lim K, =G. 
n= 


Because the complement of Kn is connected and contains z = oo, we know by 
Runge’s theorem that there exists a sequence of polynomials which converges 
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uniformly on Kn to z'. In other words, we can find a polynomial P,(z) such 
that 


1 
P,(z) —z'|< = 
[Pa(2) - 2] < = 


for all z € Kn. Hence {Pa(z);n = 1,2,-+-} converges to z’ uniformly on 
compact subsets of G. 

(c) No. If there exists M with |P,(z)| < M for all z € G and all n, 
then because P,(z) are continuous on D, |Pn(z)| < M for all z € D and 
all n. It follows that {P,(z)} is a normal family in D, and there exists a 
subsequence P,,(z) which converges uniformly on compact subsets of D to an 
analytic function f(z) in D. Since P,(z) converges to z‘ in G, hence zf = f(z) 
for z € G, which implies that z* can be extended to a single-valued analytic 
function in D. It is obvious impossible, so the contradiction is obtained. 


5514 


(a) Prove that 
2 sacs 1 


7 ara ary 
sin’az „£ (z—n) 


(b) Use this to show that 


1 ex 2 
cot mz = — =: 
g j oaen 


Justify your steps. 
(c) Develop 7 cot mz in a Laurent series about tie origin directly and by 


use of (b), with enough terms to find the values of BE and > 4. 


Solution. 
(a) Let 
z2 


f(z) = 


sin? Tz 


The singular part of f at z = n (n = 0, +1, +2, +++) is TAF Now we consider 


the series 
D (z—n)? = = 


n=—00 
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For any natural number N and |z| < N, 


faites 
(z -= n)? 


4 


< — 
= n2 


[es] 
holds for n > 2N and n < —2N. It follows from the convergence of Y 4 
n=2N 
n=—2N 


[oe] 
and D> áth 5 eat is analytic in 
-00 n=—-00 


{lz| < N}\{z = 0, +1,---,+(N — 1)}. 


Because N can be arbitrarily large, we obtain the result that 


is a meromorphic function which has the same singularities as f(z). 
Let 


~ 1 
g(z) = f(z) - p2 Geant 
Then g(z) is an entire function. 
As f(z) and 
foo} 
2 1 
Peat akg 


are both periodic functions with period equal to 1, we restrict z in the strip 
{z:0 < Rez < 1}. 


It is obvious that 
lim f(z) =0. 


Imz+00 
As the convergence of 
oo 
eae, 
Zn) 
A ea) 
is uniform for 


|Imz| > 1, 


the limit of the series for Imy — oo can be obtained by taking the limit in 
each term and the limit is also zero. Hence g(z) is a bounded entire function, 
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which implies that g(z) is a constant. It is obvious that the constant must be 
zero. Thus we obtain the identity 


een 2 ea o 


(b) Let 
F(z) = metgrz. 


The singular part of F at z = n (n = 0,41,+2,---) is =+. Now we consider 


the series z z 
1 1 1 1 2z 
Pa = (++) ~ "Lp e 
With similar discussion to that in (a), we know that 
1 A z 
z $ > z?- n? 


is a meromorphic function which has the same singularities as F(z). 
Let 


F(z) = ee ar + Gle). 


Then G(z) is an entire function. AET both sides of the above identity, 
we obtain 


g2? 


Comparing this identity with (1), we have G’(z) = 0 which implies that G = ¢ 
(c is a constant). For 


1 A 2 
F(z)= piace +c 
it follows from the fact that F(z) and 
1 A z 
z + > z2 — n? 
n=1 


are both odd functions that c = 0. Hence we obtain 


1 
ron b+ ae (2) 
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(c) The Laurent expansion of cot rz about the origin is 


1 2 4 
OORT =- — Lz- Lge... (3) 
z 


It follows from (2) and (3) that around the origin, 
aes 1 2 4 5 
ha e n (o) 


n=l 


Take z = 0, we obtain 


After differentiating (4) on both sides, we can also obtain 


Fai Tê 
D 


n=l 
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Let 21,+++,2n be distinct complex numbers. Let f and g be polynomials, 
f of degree < n — 2 and 


g(z) = (2 = 21) +++ (2 — za). 


(a) Show that 


(b) Show that there exists a polynomial of degree < n — 2 with f(z;) = aj 


if and only if 
aj 
=0. 
2 g'(z;) 


(c) Given a sequence of complex numbers 21, z2,--+ such that |zn| — 00, 
does there exist an entire function f with f(zj) = aj? Can you write this 
function down? 

(Harvard) 
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Solution. 
(a) Take R sufficiently large such that 


21,22,°°;2n € {lz| < R}. 


Because 
9(z) = (z — z1)(z — za) +++ (z — Zn) 


is of degree n, while f(z) is of degree < n — 2, 


f(z) P f(z) sa 
bie nae)" = dim, f oO mas 


i ate = ari Ynes (f (z Lela) = mri 9 Fe 


f(z) _ 
3 9'(2j) 


(b) If f(z) is a polynomial of degree < n ~ 2 with f(z;) = a; (j = 
1,2,---,n), then by ne we have 


Since 


we obtain 


If a1,@2,°++,@n are n ae numbers such that 


n 


S= 
1 9 (i) 
we construct the function f(z) by 


aj g(z) 
MAS 3 re) G-a 


For each 7, 


g(z) 


AR = (z — 21) ++- (2 — zj-1)(z — 241) °°: (Z — Zn) 


is a polynomial of degree n — 1, and the coefficient of z"~1 is 1. Since 


n aj 
—i =), 
2 g'(z;) 
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the coefficient of z"—1 of f(z) is zero. In other words, f(z) is a polynomial of 
degree < n — 2. 


Because ( ) 
; a; g(z 
lim 1." = dj, 
z>z; g'(z;) (z-z) 7 
while for k # j, 
ak g(z) =0 


g'(zk) ` Z= zp lexay 
f(z) satisfies the condition f(z;) = a; (j = 1,2,+-+,n). 
(c) For the given sequence 24, z2, + ++, such that |zn| — 00, by the Weierstrass 
theorem about the canonical product of entire functions, we can construct an 
entire function g(z) with simple zeros 21, z2,---. Then we define 


f(z) = 5 un(z) = Yo erza) glz) an l 
n=1 


= z—%n g'(zn) 


where Yn is chosen such that when |z| < eal 


erza) g(z) . an 
Z— Zn g'(Zn) 


1 
lun(2)| = <5. 


Because |z,| — co, for any R > 0, there exists N > 0 such that |z,| > 2R 
when n > N. Hence 


1 
lun(z)| < n2 


holds for all |z| < R when n > N. In other words, ` un(z) converges uni- 
1 
R}. Since R can be 


n 
formly for all |z| < R, so that f(z) is analytic in {|z| 
arbitrarily large, f(z) is an entire function. 

It is easy to see that 


lim un(z) = lim ere(s—2n) 92) a = ün, 
tin ttn Z— Zn g' (Zn) 


while for k # n, 
ur(Zn) = 0, 


which implies that f(z) is an entire function satisfying the required condition. 


Part VI 


Partial Differential Equations 
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SECTION 1 
GENERAL THEORY 


6101 
a) Let A = (a;;)?;.1 be a real matrix. Show that 


w 
z, Ax)dx = ——"~—— trace A. 
oe ) n(n + 2) 


Here (-,-) is the dot product of vectors in IR” and wp is the area of the unit 
sphere in JR”. 
b) Show that u € C2(JR") implies 


S (Au)?dz = AA |D;;ul?dz. 


i,j=l 


(Iowa) 
Solution. 


a) It is not difficult to verify that 


J Qij£;zjdr = 0, Vi £ j 
je}<1 


1S ree 2 
f rjdzr =: = I r pdz. 
|zį<1 |z|<1 


and 


Therefore, 


ti 


nurd 
[de rêde 


1 
— trace af |z| dz 
n |z|<1 


f (z, Az)dz 
ļe|<1 


li 


————~ trace A. 
n(n aT 
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b) First let u € C§°(IR"). By applying Green’s formula, we get immediately 
Au)*dz J D,;u- D;;udz 
[a Sf Dae Di; 


ij=1 


D J |Dijuļ?dz. 
R” 


i j=1 


As CQ JR") is dense in H2(JR"), the conclusion is true for u € C3(JR"). 


6102 


Let T be a distribution on JR and suppose that T’ = 0 on JR. Show that 
T = const; i.e., show that there is a number a such that 


T($) = J aġdz for all ¢ € CF (R). 
R 
(Indiana) 
Solution. 
T’ = 0 if and only if 
T(¢’)=0, Vee CSUR). 
It is easy to verify that a function ¢ in C (JR) is the derivative of a function 


in C° (IR) if and only if 
j ġdz = 0. 
R 


Take a function p € CÒ (IR) such that 


f r=. 


Then it is easy to verify that for any ¢ € C (IR) 


v=4- | ddzp 


f v = 0. 


satisfies the condition 
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Hence T(?) = 0 and 
T(#) = | agde, vO € CPR) 


where a = T (p). 


6103 


Let u € H*(JR") with s > n/2. Show that i lit u(x) = 0. 
T| 00 


(Cincinnati) 
Solution. 
We show first that @ € L'(R") if u € H*(IR") with s > n/2. In fact, 
u € H*(JR") if and only if (1 + |€|?)*/?@ € L?UR"). And it is clear that 
(1+ |€|?)~*/? € L?(IR") if s > n/2. Therefore, we have @ € L1(JR"). 
Then we get immediately 


ula) = ae fy, O — 0 


as |z| — œœ. 


6104 


Let u be defined for f € D((0,1)) by 
o0 7 1 
(u, f) aLi ) (=) g 


Determine whether u is a distribution on (0,1), and support your answer. 
(Indiana) 
Solution. 
It is clear that u, defined above, is a linear functional in D((0,1)). Let {fk} 
be a sequence in D((0, 1)) such that 


fk — 0 in D((0, 1)), as k > œ. 
Then we have a compact interval [a,b] C (0,1) such that 


suppfx C [a,b], Vk 
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and 

A — 0 uniformly on [a, b} as k — 00, 
for any nonnegative integer n. 


Let N be a positive integer such that 


kg 
WV a. 


Then we have 


(u, fe) = sre (=) +0, as k — œ. 


n=0 


Therefore, u is continuous in D((0,1)), and is a distribution on (0, 1). 


6105 


Let 
B = {(x,y)|2? +4? < 1}. 
For which p > 1 does the function 


x 
u(z, y) = —= 
RA Ty 
belong to W1?(B)? 
(Iowa) 
Solution. 
Let 
= 1 r? 
us(z,y) ja [p21 y2 Fy? =. (x? + y?)3/2? 
= vy 
u(x, y) = “rgy 


It is clear that uy, uy € L'(B). 
We show that 


ð 
=u = ur and — u = ty 


Ox oy 


in the sense of distributions, that is 


f wededy = -f uz ọdzrdy 
B B 
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f ugydzdy = -f uy Pdzdy 

B B 

for all ¢ € C§°(B). By B. we denote the ball centred at the origin with the 
radius € < 1. Let Q, = B\B, and S, = ôB.. Then we have 


J ud,dzdy = -f usġdzdy + f ug cos( 7’, z)ds 
Ne n 5 


e e 


for any ¢ € CF (B). Letting « — 0 in the above inequality, we get Zu = Ug. 


Similarly, gu = Uy. 


It is not difficult to verify that 
U, Uz, Uy E L’ (B) 
for 1 < p< 2. Therefore, u € W1?(B) for 1 < p < 2. And we can verify that 
uy ¢ L’(B), 


which means that u ¢ W?(B) for p = 2. 


6106 


Let & be a smooth hypersurface dividing IR” into two disjoint open regions 
Qı and Q2. Denote by v = v(x) the unit normal to ÈE pointing into Qe. 
Suppose v : IR” — JR” solves the equation 


dive(x) = b(z) for ze R”-— £ (*) 


in the classical (C+) sense where b is a continuous function. Assume further- 
more that v lies in both C°(M1) and C°(MQ2) (but not necessarily C°(IR")!) 
with 


vt(zo)= lim v(x), v (zo)= lim v(z) 
£—>To 220 
TEN, TEN 


for each zp € E. Derive a necessary and sufficient condition in terms of vt, 
v7 and v for v to be a distribution solution of (*) on all of JR”. 
(Indiana) 
Solution. 
v is a distribution solution of (+) in JR” if and only if 
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-f v: Vọdz = bọdz, Yọ € CSUR"). (1) 
n R” 


By Green’s formula, we have 


- [Vode - | v-Vódz- f v-Vġda 
- [oot or) -vds+ f divo - ae. 


Hence the equation (1) is equivalent to 


J o(vt — v7) -vds =0, Yọ € CSUR"). 
2 
Therefore v is a distribution solution to (*) on all of IR” if and only if 


(vt —v-)-v=0 on E. 


6107 


Recall the definition of the curl operator in two dimensions acting on a 
vector field U (z, y) = (ulz, y), v(x, y)): 


V x U = ty — ve. 


(a) Give a definition of what it means for a (not necessarily continuous) 
vector field U to have curl zero in the sense of distributions. 
(b) Suppose U takes the form 


oS U1, (x,y) € Qı, 
ven ={ ea 


where Qı and Qz are open sets such that 2; U Q2 = R?, T = N,N AN is a 
smooth curve, and U, and Uz are (different) constant vectors. If U has curl 
zero in JR? in the sense of distributions, describe as completely as possible the 
curve I. 
(Indiana) 
Solution. 
(a) Let u,v € Ljo_ UR”). Then 


curl U = 0 


in the sense of distributions is defined as 
f (—udy + v¢r)drdy=0, Y$ € CF (IR?). 
JR? 


(b) Let U1 = (u1, 01), U2 = (u2, v2), where u1, v1, u2 and vz are constants. 
Then curl U = 0 if and only if 


|, Citu + oide)dedy +f (—uady + vade)dedy =0, V6 € OF UR), 
Integrating by parts, we have 
| (u1 — u2)ddz + (vı — v2)¢dy=0, Vo € CS°(IR?). 
Therefore, T is a straight line defined by 


(u1 — uz)dz + (vı — v2)dy = 0. 


6108 


Let p be a polynomial in n variables, and assume that the set {z : p(tx) = 0} 
is bounded. Prove that there exists a tempered distribution E on JR” such that 
p(D)E — ô € S. Here S is the Schwartz class of rapidly decreasing functions, 
and 6 is the Dirac distribution defined by ô- ¢ = ¢(0). 

(Indiana) 
Solution. 

As the set {£ : p(ié) = 0} is bounded, there exists a positive constant R 

such that 
{8 : PCE) = 0} C 18: IE] < R}. 
Construct a function xr € CY (IR”) such that 


xR(E)=1, VE | {E : |g] < R} 


- 0 k| < R 
A < 
E a > 3 
«) { (1-xredy, E> R. 
It is clear that Ê € S’(IR") N C™(JR"), where S’(IR”) denotes the space of 
tempered distributions on JR”, and that 


oe oy 0, JE < R, 
A = { ins | > R. 
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It is easy to see that 
p(ié) B(E) — 1 € CH (R"). 
Therefore, we get 
p(D)E -6E S, 


where E = F-1(B) € S’UIR"). 
6109 


Let P(D) be an mth order linear constant coefficient partial differential 
operator on R”; i.e., 


P(D)= > C,D* 
laļ<m 
where @ denotes a multi-index a = (a1, @2,-++,@,) and the Ca are constants. 


Suppose 
P(ig)= J` Calig)? #0 for all € € IR" — {0}. 


lal<m 


If u € S’ satisfies P(D)u = 0, prove that u must be a polynomial. (Here $’ 
denotes the space of tempered distributions on JR”.) 
(Indiana) 
Solution. 
Let u(é) be the Fourier transform of u. Transforming the equation, we get 


P(ig)u(g) = 0. 
From the transformed equation, we can see that 
suppu = {0}. 


Therefore, G(E£) must be finite linear combinations of the derivatives of the 
Dirac delta function 6(€) at {0}, i.e., 


HE = $ a.6(8), 


Jal<n 
where a = (a1, @2,°+-,@p) is a multi-index and a, are constants. Hence 
1 
Ta —1 a ZS . 
u(x) = D aa F716) = ry 5 aal ~iz)” 


lal <N jal <N 


is a polynomial. 
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6110 


(a) Show that 
1 


li —«? /4t -6 
Sot Yat (2) 


in D’. 

(b) Show how to define 4 as a distribution (i.e., define the Cauchy Principle 
Value and show that it is in D’). 

(c) Calculate rigorously the derivative of log |x| and express the result in 
terms of your answer to (b). 

(d) Calculate the Fourier transform of the distribution +. 

(Indiana) 

Solution. 

(a) It is well-known that 


> 1 —x?°/4t 

——e dz=1 Vt>0. 

| 7 
For any ¢ € D, we have 

oo loo} 
1 —a?/4t 1 f eae 
— dz = — Y h(2Vty)dy. 
| sage in = Ze fe Vindu 


Then it is not difficult to verify that 


; Sri ys 
im |f ggg Oe- so) 
: 1 2 
Hence i 
ae) 


(b) We define the distribution 4 by its Cauchy Principle Value Vp+ as 


follows: 
(p=,4) = lim, ( p #2) ap $ f tas) Vo ED. 


The linearity of the functional Vp+ is obvious. Further, suppose that ¢, — 0 
in D. Let suppn C (—a,a) Vn. Then we have 


Ly ye ft bn(t)—bn(-2) 5, _, _ 
(V2, 40) = lim, f z dz => 0, asn — oœ. 
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1 


Therefore, Vp = is a distribution in D’. 
(c) For any ¢ € D, we have 


(log |x|, ’(#)) 


J ” ogli (jde 


-00 


lim, (i +f) veri oi 
im, ((#(-2) - #e))toge - (f+ [”) Eoas) 


—(Vp =>) 


Hence # log |z| = V,3. 
(d) By F(f) we denote the Fourier transform of a tempered distribution f 
For any ¢ € S, we have 


(C 


)) 


(V=, F(A) 


-a (Eo 
= ~2i lim, 7 S sin(zé)g(x)dzdé 


00 M 
= -2i tim | A (2) | z sin(xé) ded 


= -ir f” imagoa. 


Here, we have applied the integral equality 


Therefore, we obtain 


a) Let 


1 f° 1 
if = sin(zé)dé = 1 for x > 0. 
—00 


T 
1 DA 
F (v) = —tmsigne. 
z 
6111 


Lu(z) = > üaD“u(z) x € IR” 


jo|gm 
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where the a} s are constants, and @ is a multi-index. What is a fundamental 
solution of L? When is it unique? 
b) If I} denotes the Heaviside step function 


HOS aay 
Show that i 
Fet) = ELOLE- le) 


is a fundamental solution of the wave operator W (u) = utt — Ure on IR?. 
c) Express the solution of the Cauchy problem 


Utt — Une = ¢(@,t), -coo<ar<o, t>0 
u(z,0) = f(z), uw(z,0) = g(x), —00 < z< œ 


(f,g, sufficiently nice) in terms of the above fundamental solution. Simplify 
your result to obtain D’Alembert’s solution of this problem. 
(Indiana) 
Solution. 
a) A distribution E € D'(IR”) is called a fundamental solution of the dif- 
ferential operator L if 
LE(z) = 6(z), 


where 6(z) is the Dirac function. 
Let L* be the formal adjoint of L defined by 


L* v(x) = > (-1)'*! D° (aav(£)). 
lalgm 


If L* S is dense in S, where S is the space of rapidly decreasing functions, then 
the operator L has at most one fundamental solution in S’. 
b) We need only to show that 
ap a6 
— — =, |} drdt = °° (IR*), 
F(a,t) (3 x) zdt = $(0,0) Yọ € CS (R°) 


IR? 


In fact 
2 | F(x,t)( dee coe brx dxdt 
R? 
= 1 (ftt — $xz)dedt 
[z|<¢ 


= - i dt a gore (x, t)dz + es dz A Pilz, t)dt 
+ f g J 7 bulz, t)dt 


= m (¢2(—t, t) — Oz (t, t))dé — [ a T) + elz, x))dex 


= [ott + de(t,eae— | (tt) -dlt tdt 
0 0 
= 2¢(0,0). 
c) The solution of the Cauchy problem 


Utt — Urr = $(2,t), zE R, t>0 
u(z,0) = u(x, 0) = 0 


is given by 


ue) = f te [6-64-86 ag 


= eh, p(x — £, t — r)d€é 
= afer fl Monae 


The solution of the Cauchy problem 


Utt —Ure = 0, LER, t>0 
u(z,0)=0, w(z,0)= g(x) 


is given by 
wat) = foe sr (Gta 
1 ft 
= zJ g(a — £)dE 
-t 
1 xa+t 
= 5]. sO. 
Therefore, the solution of the original Cauchy problem can be obtained as 


att 
wet) = Ff torti [aa 
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sh fe [ae 


This is just the D’Alembert’s formula when ¢ = 0. 


6112 


Let u be the solution of the initial problem 


Utt = —Unjxjryc,, TE R?,t > 0, 
u(z,0)=0, w(z,0)= ¢(z), 


where summation is understood in the pde, and ¢ is a C™ function on IR? 
with compact support. Assume that there is a constant C such that 


Ilu(-, t)llzz(rs) < Ct*/*/logt, 
and prove that 
IEO =0. 


(Indiana) 
Solution. 


By applying Fourier transform to the problem, we have 


Ttt + Elta =0 
G(é,0)=0, (E, 0) = $E), 


where % and $ denote the Fourier transforms of u and ¢ with respect to z, 
respectively. 
By solving the above transformed problem, it yields that 


FE 


(E, t) = BE 


sin(|é 7t). 


Therefore, we have 


cue. if E TE 
f neoa = [SEY aint epee. 


Set 7 = tig in the integral in the right side of the above equality. It is reduced 


to 
; 4, psn? (m) , 
im Kale, 4) [Pde =H f Bey pan 
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This implies that 


$(0) = 1 o(x)dx = 0. 
Rs 
In fact, if 16(0)| = 2a £ 0, then there exists a positive constant r such that 
IPE) >a, VE eR |e <r. 


And when t > 3, we have 


IV 


A 2 i -i 2 sin *(\n/? ) 
fimeorae A an 


+2 2 
att f SERA (In| Yai 
Ini<a— Il 


This contradicts the condition satisfied by the solution u, given in the problem. 


IV 


6113 


Given ¢ € S (rapidly decreasing functions) over JR}, consider the solution 
u of the Schrodinger Equation 


iut + ter =0 (2 € R',t>0), 
u(x, 0) = (zx). 


Show that 
lim |u(a, t)| dz =| \o(€)|?dé. 
lél<4 


t—= oo |z|<t 


Here $ denotes the Fourier Transform of ¢. 
(Indiana) 
Solution. 
It can be verified that the Poisson’s formula for the Cauchy problem of the 
heat equation applies to the Schrödinger equation. So we have 


1 -ži i 
ulz, t) = N g E o(y)e 


And then 


1 
lu(z,t)| dz = — d(y)er af dz. 
fia 4nt |z|<t JR: 


Set z = 26, we get 


2 
[metas = apf, | ene ay| a 
Sak p(yje- nt d E 
= on rele g Jm y)e 4t | È 
1 


— —— 


2 
, (ue dy| dé 


lel<3 
= J |A(£)|?dé, as t — 00. 
lel< 3 


Here the Fourier transform of ¢ is defined by 


7 1 y 
He) = Te [ude ay. 
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SECTION 2 
ELLIPTIC EQUATIONS 


6201 


Let u £ 0 satisfy u € C?(IR"), Au = 0 on IR". Show that 


f udr 


does not exist. 
(Indiana) 
Solution. 
There exists a point z? € IR” such that u(x?) 4 0. Applying the mean- 
value property for the harmonic function u, we have 


u(z?) = l | i u(x)dS, 
x-2% =p 


Wy pr} 


where wpn is the surface area of the unit sphere in JR”. Schwarz’s inequality 
gives 


u? (x?) 


IA 


1 2 
wnp lp—2°l=p |p—2°|=p 
1 
oe f w?(a)dSe, 
Wnp |r-2°|=p 


J u?(x)dS, > wap” tu? (z?). 
lz-z°|=p 


that is 


Then we have 


IV 


i u?(x)dz 
|je~2°|<r 


h ag toys: dp 


wu? (2°) f piap 
0 


w 
= (n°), 


J u?’ (z)dz 


I 


IV 
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for any r > 0. The conclusion follows as r — oo. 


6202 


Let u € C°(Q) be weakly harmonic in an open set Q, i.e., the relation 


| uAddz = 0 
2 


holds for all ¢ € C2(Q). Show that u is then harmonic in Q. 


(Iowa) 
Solution. 


Set 


= Cenia, ja} <1 
w= E le| > 1, 


where C is a constant such that 


is p(z)dz = 1. 


pe(y) = Ep (=) . 


Then it is easy to see that 


For x € Q, set 


Pe(y) € C0 (9), 
provided £ < dist(x, ðN). Therefore, we have 
f u(y)Aype (y) = 0, 


le., 


O=e7 g u(y)Azp (E24 2) dy = Azue(z), 


Ue(%) = E7 el u(y)p == r) dy. 


This implies that for any compact set K C Q, us is harmonic in K if € < 
dist(K, 02). 
It is well-known that 


where 


Ue — u uniformly in K, ase— 0. 


Therefore u is harmonic in Q. 
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6203 


Let f(x,y) be a locally bounded function, harmonic in z € JR? and con- 
tinuous in y € IR?. Show that f is continuous in (æ, y), i.e., as a function on 
RR. 

(Indiana) 
Solution. 

Let (x°, y?) € Rt and R > 0 be given. Then there exists a constant M > 0 

such that 


Ify) <M, Wey) E Rt, e-z? + ly- y? < 2R’. 


Applying the mean-value theorem to the harmonic function gL, we have 


of 4 of 
321 oY) = Í. -= (z, y)dz, 


aR? -<8 Oz, 
R 
WE, y) E€ RR, E = z°| < 9? ly — y°| < R. 


By Green’s formula, we get 


depl a * 
Len = FR? fas f(x,y) cos(n, 21)dS, 
4M R 
< R’ V(é,y) € IR$, |E — °| < zly- l< R. 


For 5h, we have the same estimation. 

These estimations imply that f(x,y) is continuous at x = x° uniformly 
with respect to y near y°. Then the conclusion that f(x,y) is continuous at 
(2°, y°) € IR* follows immediately. 


6204 


Suppose u is a function defined on JR” such that 
(i) u is bounded and continuous on the half-space zp > 0 of IR”, 
(ii) u = 0 on £n = 0, 
(iii) u is harmonic in z, > 0. 
Prove that u=0 on x, > 0. 
(Indiana) 
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Solution. 
Redefine the function u in the half-space x, < 0 as an odd function of £a: 


u(z', tn) = —u(z’,-tn), Van <0 


where x’ = (21,+--,2n-1). By using the uniqueness theorem of the Dirichlet 
problem and the Poisson’s formula of the Dirichlet problem in a ball, we can 
verify that the redefined function u is harmonic in any ball centred at the 
origin in JR". Therefore, u is bounded and harmonic in JR". Thanks to the 
Liouville’s theorem, we get u = 0 immediately. 


6205 


Let u(x) be C? on the half-space IRẸ} = {z : £n > 0} and continuous on 
the boundary OR} = {x : £n = 0}, and let g(x) be a compactly supported, 
C* function on dR} = {z: 2, = 0}. If u, bounded, satisfies 


Au = 0, Zn > 0, 
{ u=g, £n = 0, (3) 


show that its “tangential” derivatives 2 EFE j = 1,---,n—1, are bounded in 
magnitude by max|Vg| on all of R} = {x : £n > 0}. (Warning: you must 
justify any assumptions of regularity you make on the solution u.) 
(Indiana) 
Solution. 
By the uniqueness of the bounded solution to the Dirichlet problem (3), we 
can show that the unique bounded solution to the problem (3) is given by 


A _ 28n gE ag’ 
uean = Te Sa GET EPF 


where x! = (21,-++,%n-1), E = (&1,-++,€n-1) and wn is the surface measure 


of the unit sphere in R”. 
It is not difficult to verify from the above formula that 


=—Uu(2',2_) = 


ð , t 
ae 9 (€ dE 
= f 285 ? j=l, ,n-—1 
GER Wn JR 


naa (23 + |æ — £2)? 
and 


jane J a 
= wn ree (x2 + |x! — €'|2)n/2° 
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Therefore, we have 


ô ; ô 
—u(z', zn) < max |~—g(é’ j=1, = ,n—i1 
ie (2', Zn) See Zo, j=l,---,n-1, 
which are just we want to show. 
6206 


Show that the problem 


Au = —1 for |z| < 1,|y| < 1, 
u=0 for |z|=1, 
ðu Ou _ 


has at most one solution. (Here u = u(z,y) is a function of two variables x 
and y, and is a classical solution). 


( Cincinnati) 
Solution. 


We need only prove that the problem 


Au=0_ for |x| < 1,|y| <1, 
u=0 for |z|=1, 


ðu Ou 
T for jy|=1 


has the unique solution u = 0. It is easy to see that 


/ uAudzdy = 0. 
lz|<1,ly|<1 


Integrating the above integral by parts, we have 


/ uAudzdy 
|e|<1,|y|<1 
1 ðu du 
J: (as) = us) dy 


1 
+f (eZen — ut, —1)) dz 


0 
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2 2 
= ee ((3) i a ) nee 
es ve (žen z ute) de 
2 2 
-frama (C38) + ($8) ) 
= 5 (w%(1,1) ~ u%(-1, 1) — w(1, -1) + w(-1,-1)) 
2 2 
-hrama (E * (Bs) ) em 
2 2 
-hrama (E) + (55) Je 


Then we get u = 0 immediately. 


6207 


Let Q be a bounded normal domain in R?, and suppose a is such that a 
nontrivial solution exists to 
-V7u=a7u inQ, (4) 
u=0 on ôN. 


(a) Show that @ is a real number, and that u can be chosen to be real- 
valued. 

(b) Suppose a; # az are such that nontrivial real solutions u; and uz 
satisfy (x). Show that 


J uy(7")u2(7)dv = 0. 
Q 

(Indiana-Purdue) 
Solution. 


(a) Multiplying the equation in the problem (*) by the complex conjugate 
of the solution u, and integrating the resulting equation in Q, we obtain 


[Naz f ju|?dv, 
2 a 


which implies that œ is a real number. Then it is clear that u can be chosen 
to be real-valued. 
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(b) Suppose that uz and uz are chosen to be real-valued. Multiplying the 
equation satisfied by uz 


-Vu = au in Q 
and the equation satisfied by uz 
—V?u = ažuz in Q 


by uz and uy, respectively, and integrating the resulting equations in Q, we 


can obtain 
J Vui  Vugdv = o f Uy Ugdv 
2 2 


J Vur: Vuzdv = a | uruzdu. 
n n 


From the above integral equalities, we get immediately 


and 


(aj — a3) f uruzdv = 0, 
Q 


which implies the conclusion of the problem. 


6208 


Let Q C JR” be an open set. Let u be a continuous function on Q. Prove 
the equivalance of these two notions of “subharmonic”. 

(i) For every æ E Q and r > 0 such that the ball B(z,r) centered at z with 
radius r satisfies B(z,r) CC Q one has 


l 
u(x) < f u(y)dSy. 
( ) Wart t aB(2,r) ( ) y 


(Here wn denotes the surface area of the unit sphere in JR” and B(x,r) CC Q 
means that the closure of B is contained within Q.) 

(ii) For every ball B CC Q and every harmonic function h € C°(B) such 
that u < h on ðB, one has u < h in B. 

(Indiana) 

Solution. 

Let u be subhamonic in the sense of (i). By a standard argument, we can 
show that u can not take its maximum in Q unless u is a constant. 
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Let h be the function given in (ii). Then v = u — h is also subharmonic in 
the sense of (i). Hence that v < 0 on OB implies that v < 0 in B. 

Conversely, let u be subhamonic in the sense of (ii). We define the function 
h as follows: 

Ah=0 in B(z,r), 
{ h=u on OB(z,r). 

From the definition of subhamonicity in the sense of (ii), and the mean-value 
theorem, we have 


1 
u(x) < h(x) = a , wwiasy. 


This completes the proof. 


6209 


Let Q C IR” be an open set, and let u be harmonic in Q and continuous in 
Q. 
a) Show that 2 is harmonic in Q for each i. 
b) Let BC a “where B is the open ball centered at x of radius r. Show 
that 5 
|Vu(z)| < z sup{lu(y)] : |e — yl =r}. 


c) Show that, if Q is bounded and z € 2, 


|Vu(z)| < ~~ sup{luly)l : y € 2} 


Ha) ) 
where d(x) = dist(z, ôN). 
(Indiana) 

Solution. 

a) The conclusion is clear. 

b) Applying the mean-value theorem for the harmonic function = in the 
ball B, we have 

Sala) = T f ues 

where wp is the surface area of the unit sphere in IR” , hence wn /n is the volume 
of the unit ball. 

By using the Green’s formula, the above equality can be rewritten as 


Ou nr = 
3a, (7) = ae ie u(y) cos( T, 2;)dS. 
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And therefore, we have 


du 
Oa, (z) 


I lu(y)laS 
OB 


n 
— sup |u(y)|. 
T ƏB 


Wnr” 


IA 


c) The conclusion can be obtained from the result of the part b) immedi- 
ately. 


6210 


Let Q C IR? be bounded and open with smooth boundary. Let u E€ CH@)N 
C? (N) solve 
Au+k’u=0 inQ (k>0). 


Derive an appropriate mean-value property for the solution. 


(Indiana) 
Solution. 


First we look for the fundamental solutions of the equation. Let r = |z]. 
Then the spherically symmetric solutions depending only on r satisfy 


a kru=0. 
ar? —;(ru) + k*ru= 
For this ordinary differential equation, there are two linearly independent so- 
lutions: 
= Ž cos(kr), Ž sin(kr) 
u = = cos(kr), z sin(kr). 
Let u 4% a solution to the equation Au + k?u = 0. By the fundamental 


solution i cos kr, it is not difficult to verify that 


wir = EL, (oni (eet) 


?-u(2)) dSz, Yz? EQ, 


Trg 

where rzo, = |x — z°|. 
Let R < dist(z?, ðN) be a fixed positive constsant. By B(x°, R) we denote 
the ball centered at z? with radius R. Applying the above integral formula in 
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the domain B(z°, R), we get 


1 ô 1 
(0) SEEE n 
u(x ) = 4r OB(«x°,R) (ue) Orzo (= coa( hts .)) 


ula) dSz. (1) 


k 
EA cos(kT gog) TES 


Now we look for a function g(x, x°), which satisfies 
(As +k?)g(z,2°)=0, 2 € B(x°, R), 
cos(krzo,), £ € OB(x°, R). 


0) _ 
g(2,2°) = ATT poz 


It is easy to see that the function 


g(x, 2°) = cot(p p) Arete) 


satisfies the above conditions. For this function, it is easy to verify that 


1 ð A a 8 
a LOREA ee) 


u(2)) dS,. (2) 


Subtracting the equation (2) from the equation (1), we obtain 


u(z°) : u( ia (= cos(krzoz ) 


= x 
4n OB(x°,R) Or zox Try 

1 
— cot(k R)-—— sin(krsos)) dSz 


k 


4nRsin(kR) Jp(20,R) ule) abe: 


This is a mean-value theorem for equation Au + k?u = 0. 


6211 


Let u € C?(JR”) satisfy 
Au=u+l. (1) 


Prove that its spherical mean, defined by 


1 


= —_ u(y)dS,, 20 
2n|z| JaB(o,\2|) (45y # 


v(z) 


482 
and v(0) = u(0), also satisfies (1), for z # 0. Here, B(0,r) denotes the ball of 


radius r, dSy the element of arc length. 
(Indiana) 


Solution. 
Set r = |z|. Then we have 


1 
u(r) = F eae u(rw)dS., 


and 


Zu = Ef D uluas 
gl = arg Ug; (rw )wid Sw 


(0,1) i=1 
1 2 
= — Uy, (y)widS,. 
aa Jno 2 Ods, 
Applying Green’s formula, we get 
ð 1 
= = — A d 
a") 2ar JB(0,r) u(y)dy 
1 r 
= — u(y) + 1)dS, | dp. 
Fa h, (Soro ted tD) 
Then it follows that 
ð ð 1 
ann A Saa = >— 1)d 
ôr (o) Qn suse mes 
= r(v(r) +1). 
Therefore iè 3 
Av(r) = ae (Z) =v(r)+1. 


The proof is completed. 


6212 


Let B = {(z,y) | z? +y? < 1}. Prove that the problem 


Agee 2 iy u=0ondB 


VEET 


has exactly one weak solution u in H}(B). 


Solution. 
Let 


z y 1 
SSS, UW FOO f à 
[£2 + y? 4 /£z? +y? [z? +y? 
It is easy to see that v, w € L?(B) and 


Ov Ow 


P= ae By 


in the sense of distributions (see the solution to the problem 6105). This 
implies that f € H~1(B). Hence the problem admits a unique weak solution 
u € HA(B). 


6213 


(a) Let Q be a bounded domain in IR” with smooth boundary ôN, and 
f € I?(N), and g € L?(3N) be given. Consider the problem 


[erau : (gradv) + Auvdz = f fudz + J godo Wwe W? (Q) (1) 
Q 9) an 


where A > 0. Show that the problem (1) has a unique solution u € W®?(Q). 
(b) Will the conclusion of part (a) be valid if À = 0? Explain. 
(c) Soppose that f,g and 00 are sufficiently smooth, write problem (1) in 
the classical form. 
( Cincinnati) 
Solution. 
(a) Define the inner product in W1?(Q) by 


(u,v) = [iea -(gradv) + Auvjdz, Yu, v € W™?(Q). 


And denote the corresponding norm in W1? (Q) by ||- ||1. Then by applying 
Cauchy inequality and the trace theorem in Sobolev’s spaces, we get 


[fede + f gvda 


1A 


llfllrzam lell + lgliz lellzan 
Cllells, 


1A 
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where C is a constant. Therefore, 


F(v) = f toes + ie gvda 


is a bounded linear functional in W1}? (Q). Thanks to the Riesz theorem, there 
exists a function u € W1?(Q) such that 


F(v) = (u,v), Vo e W? (Q). 


Then u is a solution to the problem (1). The uniqueness is clear. 

(b) By the classical form of the problem, it is easy to see that the conclusion 
of the part (a) is false if \ = 0 even for smooth f and g. 

(c) Suppose that f,g and 3N are sufficiently smooth. Integrating by parts, 
we have 


ô 
J (erau): (gradv)ae = f geodo — f (Auvaa. 
Q an On a 
Therefore, the classical form of the problem (1) is 
—Aut+rAu=f inQ, 
Ou 


mI on 02. 


6214 


Let Q be a unit ball in IR” centered at zero. Consider the following problem 
Find u € Hé(Q) such that 


i; Vu: V¢dz =) ġdz', Y$ € HG(Q), 
a NN{xn=0} 


where IR” 3 x = (21,°++, 2n-1,2n) = (2’, Zn). Prove the existence of a unique 
solution of that problem. 
Denote ut = u lan{e,>0} and u~ = u lan{e,<o}, and assume that ut are 
regular enough. Show that Au* = 0 and that 
Ou- Aut 


Gn be, on QNA {zrn = 0}. 


(Cincinnati) 
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Solution. 
Define the scalar product in H4(Q) by 


(u,v); = i Vu- Vudz. 
2 


By the Cauchy inequality and the trace theory in Sobolev spaces, we can 


get 
1/2 
(/ i) (/ i’ 
QAN{z,=0} Nn{x,=0} 


Clelia, 


where ||-|]1 is the norm in Hd(Q). According to the Riesz theorem, there exists 
u € H3(Q) such that 


1/2 


lA 


J ¢dz' 
NN{zn=0} 


IA 


ugs f ġdz', Vý € H(Q). 
QN{rn=0} 


This proves the existence of the solution to the problem. 

The uniqueness of the solution to the problem is clear. 

Assume that ut are regular enough. Write the equation in the following 
form 

Vut - Vọdz + J Vu: Vọdz = f ġdz', 
Ny = NN{en=0} 

where Q4} = QN {£n > 0} and QD. = ON {zn < 0}. Integrating the above 
equation by parts, we have 


— Aut - ġdz — Au” - ġdz 
M4 a 


ðu” w 
PT = Ory AN{2,=0} $ $ o( ) 


From the above equation, we get immediately that 
Aut =0 in Qs, 


du" _ aut 
Otn O2n 


= 1 on QN {z = 0}. 


The proof is completed. 
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6215 
a) Let u € WŁ? (Q) satisfy 
[ve -Vddz >0 Vd E WŁ?(Q),¢ > 0. (I) 


Show that u > 0 ae. in Q. 
b) Let u € W1?(Q) satisfy (I) above, show that 


infu >infu (essinf) 
2 an 


(Cincinnati) 
Solution. 
a) This is a corollary of the conclusion in b) of this problem. 
b) If inf u = —oo, the proposition is true. 


Assume that inf u =l > —œ. Let 


¢(x) = max{l — u, 0}. 


Then it can be verified that ¢ € Wọ” (Q) and 


_j -Vu, u<l 
ve={ u>l. 


Now we have 


fve : Vġdz = -f \V¢l?dz < 0. 


From the above inequality and (I), it holds that 


if |V¢l2de = 0. 
2 


By the Poincaré inequality with the above estimate, we obtain 


[Pas =0. 


¢=0 ae.inQ 


Hence 


This implies that u > l a.e. in Q. 
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6216 


Consider functions Un, Un, w E W??(Q) N WÈ? (Q), such that 


—Atpa ttn = v, 


—Atn—7ny, = 0, 


in Q. Prove that un — w strongly in L?(Q), as n > +00. 
(Cincinnati) 
Solution. 
Multiplying the first equation and the second equation by u, and v, re- 
spectively, and then integrating the resulting equations in Q, we get 


f WUndT, 
a 


0. 


[i 


-f EE dt + A 
a 


-f Aun ` vade — nlvnl|22 
Q 


By using Green’s formula and noting that Un, Un € wE?’ (9), both equations 
above can be written as 
J Wun dz, 
2 


0. 


J Voq + EES A A 
2 


I Vin: Vundz — n||val|72 
2 


i WU, dz 
2 


Then we have 


llunllž2 + rlleallze 


1 1 
< jllellze + 5lluallze- 
Therefore, we obtain 
{un} is bounded in L?() (1) 
and 
Un —> 0 strongly in [?(Q). (2) 


Multiplying the first equation by v, and integrating it on Q, we have 


Ieee + f unonde = f wonda. 
2 n 
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By noting (1) and (2), it follows from above equality that 
Un — 0 strongly in WE? (Q). (3) 


Multiplying the first equation and the second equation by Aun and Avy 
respectively, and then integrating the resulting equations, we can get 


f wAundz, 
2 


= J AunAvndr + n||Vunll22 = 0. 
2 


-f Av, Aundz — ||V un]? 
a 


Hence 
||Vuallz2 + 2||Vonl|z2 = [ve -Vundz. 


This implies that 
{un} is bounded in W}? (Q). (4) 


Multiply the first equation by Av,. By similar consideration, we can get 
finally 


—||Avallz2 — f Vun ` Vundz = f Vw: Vondz. 
a Q 
By noting (3) and (4), it follows from the above equality that 
Av, > 0 strongly in L? (Q). 


This gives us the conclusion of the problem. 


6217 


Assume Q C IR” is a bounded open set with smooth boundary and let 
f € CL(Q). Suppose uz E C® (N) satisfies Au, +u, = f and has the property 
that for some positive number M, 


J u,(z)*dz < M 
a 


for k = 1,2,---. Prove that there exist a function u € C™(Q) satisfying 
Au +u = f and a subsequence {u,,;} such that ux; converges uniformly to u 
on each compact subset of 2. 

(Indiana) 


Solution. 

As {ux} is bounded in L?(Q), there exists a subsequence {u,,} such that 
Uz; converges to u weakly in L?(Q), and therefore in D'(Q). Then Au +u = f 
in the sense of the distribution. By the regularity theorem of the elliptic 
equations, we have u E€ C'™(Q). 

Now we show the second conclusion. Set vz, = uz — u1. It is clear that vg 
satisfies 

Avg +vp = 0 in Q 


and 


J lux(z)| dz < C, Wk=1,2,---. 
Q 


Hereafter, by C we denote various constants. 

Let 1 be a subdomain of Q such that Q, CC Q and R = dist(dO, 1) 
fixed. For any z € 91, by B(x,r) we denote the ball with the radius r (< R) 
centered at z. By the mean-value theorem for the equation Au + u = 0 (for 
the case n = 3, see the solution to the problem 6210), we have 


Mmes ff | 0ds, 


Tr 


where h(r) is a continuous function of r. Integrating the above equality from 
0 to R with respect to r, we find that 


R -1 
v(x) = (/ h)a) J vą(y)dy. 
0 B(z,R) 
Here R can be chosen so small that if h(r)dr # 0. Therefore, it holds that 
lvz(x)| < C, Ve € W, k =1,2,---. (1) 


Set vp = wk + zk, Where w and zę are defined by 


Au, = —Uk in Q, 
we=0 on AQ, 
and 
Az, =0 in Qi, 


Zk =v% on 601, 
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respectively. By applying the solution formula of the Dirichlet’s problem for 
the Poisson’s equation, we can get from the estimation (1) 


|Vwz(2)| < C, Va € Qi, k = 1,2,---. 


It is clear that 
max |z,(x)| < C, Vk =1,2,---. 
ni 


And by applying the mean-value property for the harmonic solutions, we can 
obtain from the above estimation 


|Vzxe(x)| < C in any compact subset of 23. 


Then by using the Ascoli-Arzela theorem, we prove the second conclusion 
of the problem immediately. 


6218 


Let Q be a bounded Lipschits domain in JR", and 


1 2 
5 five dz, 
{v € Hj(Q): hi <v <h ae. in Q}, 


IC) 


A 


where hy, hg: Q — JR are given smooth functions. 
(a) Show that if A # 0, there exists u € A satisfying 


I(u) = min I(v). 
(b) Show that 
f VuV(v — ujde > 0 WEA. 
n 


(Iowa) 


Solution. 
(a) Let {un} be the minimizing sequence of I(v) in A, i.e., 


im, I(un) = inf, I(v). 


Define the norm of v in H4(Q) as 


fot = (f Voltas) 
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Then we get the boundedness of {||wn||1}. Therefore, there exists a subsequence 
of {un}, for simplicity we still denote it by {un }, such that 


Un —u in Ha(Q) 


and 
Un >u in L?(Q). 


And there exists a subsequence of {up}, denoted still by {un }, such that 
Un >u a.e. in 2. 
Therefore, we get u € A and that 
llull < liminf |jun|lı = lim 21(un) 
by the weak lower semicontinuity of ||v||1. This implies that 
I(u) = min I(v). 


The conclusion of (a) is proved. 
(b) It is easy to verify that 


ut+tiv-usEA, WEAN<t<1. 


Let 
F(t) = [ve +t(v — u)) : V(u + t(v —u))dz. 


Then F(t) has the minimum at t = 0. Therefore we have 
F'(0) > 0. 


This implies 
i; Vu-V(v — u)dz > 0. 
a 


The proof is completed. 
6219 


Let Q C IR”, n > 1, be a bounded domain with smooth boundary. Let 
u € C1(Q) be harmonic in Q. 


492 


a. Prove that 
max |Vu] = max |Vul. 
n an 


(Note: In both parts a and b of this question, you may cite, without proof, 
any standard maximum principles you are using.) 
b. Suppose there exist functions 61,82 € C?(N) N CHQ) such that 


A®, <0, AS > 0, 2 =u=%, on ON. 
Prove that 
max |Vu| < max (max IVs], max |7221) 
a an an 


(Indiana) 
Solution. 
a. The conclusion is an immediate corollary of the following inequality: 


A(|Vul?) = 2 J, tziz; 2 0. 
i, j=1 
b. For the function ®, — u, we have 
A(z- u)>0 inQ 
and 
,—u=0 on 9. 
From the maximum principle, it holds that 
sup( Pa —u)= max(®2 —u)=0, 
i.e., 
(x) < ulz), Ve En. 


Similarly, we have 
u(z) < @i(x), Veen. 


Therefore, it holds that 


(x) — B2(x°) u(x) — u(x?) 
|e — 29| = |x — z°| 
eS 0 
PUSTET Vr E€ Q, z? € an. 
a jz — z°| 


This inequality implies the conclusion of the part b. 
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6220 


Let Q be an open subset of IR”. Suppose u € C?(Q) is a solution of the 
equation Au = u? with the property that |Vu(z)| < 1 for each z € ôN. Prove 
that |Vu(x)| < 1 for all z E€ Q. 


(Indiana) 
Solution. 
Set 


w = |Vu}?. 


It is easy to see that w € C?(Q) N C1(®) and 


n 
Aw=2 > iat + 6u?|Vul? > 0. 


tj=l 


Therefore, w takes its maximum on 2) at some point on N. Hence w < 1 on 
ôN implies that w < 1 in Q. 


6221 


Consider (a nonlinear) equation 


—Au=Aw(1—u) ing, 
u=0 on dQ, (1) 


where à > 0 is a parameter, and OQ sufficiently smooth. 

(a) Prove that for any solution u of (1), 0< u <1. 

(b) Show that if à > 0 is sufficiently small, the only solution of (1) is u = 0. 

(Cincinnati) 

Solution. 

(a) If u < 1 is false, then there exists z? € Q such that u takes maximum 
at z? and 

u(x) > 1. 


For the maximum point 2°, it is clear that 


Au(z°) <0, 


—Au(z°) > 0. 
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This contradicts the assumption that 
du? (1 — u)(2°) < 0. 


Hence u < 1. 

As Au*(1 — u) > 0, u can not take minimum in Q unless u = 0. Hence 
u> 0. 

(b) Multiplying the equation by u and integrating the resulting equality on 


Q, we can get 
J |Vu| dz = af u?(1 — u)dz. 
a a 
By using the conclusion of (a), it holds that 


[ utas < af juļ?’dz. 
2 2 


Applying Poincaré inequality, we obtain from the above inequality 
J |Vul?dx < AC J |Vul?dz, 
n 2 


where C is a constant. If à < C~!, we have u = 0 immediately. 


6222 


Let Q be a bounded normal domain in JR” with smooth boundary 02. Let 
W be the exterior unit normal on NQ. Show that the only solution of the 
boundary value problem for the biharmonic equation: 


A(Au) =0 inQ 


u=0 on @Q, 
Ow i on 02 
ðn 4 


is the trivial one u = 0. Assume u € C*((). 
(Indiana-Purdue) 
Solution. 
Integrating by parts and taking the boundary conditions into account, we 
have 


oo | A(Au)udz 
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UI 


J (auas ~ f V(Au) - Vudz 
an On 2 


ð ðu 2 
A (Zaw -— Aust) dS + f \Aul2dz 


f |Au|?dz. 
2 


Therefore, u is harmonic in Q. Taking into account u = 0 on OQ, we get u = 0 
immediately. 


Il 
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SECTION 3 
PARABOLIC EQUATIONS 


6301 


Consider the Cauchy problem for the Heat Operator in JR}: 
Up = Upp (—OO< z< 00,t> 0) 
u(z,0) = f(z) (~< z< oo), 


where f is bounded, continuous, and satisfies 


T |f(z)|?dz < œ. 


Show that there exists a constant C such that 
C 
Ju(z, t)| < ja 

for all -co < z < œ, t > 0. 


(Indiana) 
Solution. 


The solution to the problem is given by the Poisson’s formula 


u(z, - (oy? 
=a l 


By the Cauchy inequality, we have 


edl s see (S rav) (ioe 


Set y = z + V2tn in the second integral of the above inequality. Then we get 
immediately 


C 
ju(z,t)| < na 
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6302 


Let 2 C JR” be an open set with smooth boundary and suppose u € 
C™(Q x [0,00)) is a solution of the equation 


wm — Au = f 


with u = 0 on 02 x [0,00). Assume that 


Jim | Fede = 0. 
Let 
wit) = f u(at)Pae. 
2 


Prove that y(t) — 0 as t — +00. 


(Indiana) 
Solution. 


Multiplying the equation by u and then integrating the resulting equation 
on Q, we can get 


— | luf, tlli + [Vul Hll zm = udz. 
P7 zl CH ) + Vul dla) i 


The Poincaré inequality gives 


llu(-, Hllžz < CllIVul, Hll) 


where C > 0 is a constant. For any € > 0, it holds that 


[ fudz 


Taking € = 1/C, we obtain 


1 1 
<5 (coe) + EA). 


d 1 
qe) t+ Gave s CIF (-*)IlZ2¢a): 


Solving this differential inequality, we have 


t 
w(t) <e-S'¥(0) +0 f en FEF, TI Zaayar- 
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It is not difficult to verify that 
t 
[ POPU MIR aydr o, a8 t+ +00 
0 


if IFE Dll) — 0 as t — +00. This completes the proof. 


6303 


Consider the Cauchy problem 


Ut = Ugy (—o0< r< œ,t> 0), 
u(x, 0) = f(x), 
where f is bounded and continuous. 
a) Using the Fourier Transform, construct explicitly a fandamental solution 


for this problem, and write down the solution u. 


b) State a maximum principle for this problem. Why is the Tychanov 
non-uniqueness example possible? 
c) Suppose in addition that f € L1(IR). Show that 


jim u(x,t) = 0. 
d) Show how to solve the problem 
Ut = Uzr (2 >0,t>0) 
u(z, 0) = F(z) (z > 0) 
u(0,t)=0 (t>0) 


by using a) and an appropriate extension of f. 


(Indiana) 
Solution. 


a) Let (£, t) be the Fourier transform of u(x,t) with respect to z. Trans- 
forming the following Cauchy problem with the initial data 6(x): 


Ut = Ugs (—o0 < z< œ,t> 0) 
u(z,0) = 6(z2), 
we get 
Ue + CU = 0, 
é,0) = 1. 
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The solution to the transformed problem is given by 
(E, t) = eE, 
Then the inverse Fourier transform of & gives the fundamental solution to the 


problem 
2 


1 i 2 1 z 
uļlz, t) = — e®s-E tde = eT, 
( ) 2r Ts £ 2V Tt 


From this fundamental solution, we can get the explicit representation for 
the solution u(x,t) to the general Cauchy problem with the initial data f(z) 


1 (2-y)? 
u(x,t) = wal. o(y)e— a dy 


b) The maximum principle can be stated as follows: Suppose that u(x,t) 
is bounded and continuous on JR x [0,7], and satisfies the heat equation in 
IR x (0,T] with the initial data f(x). Then it holds that 


inf f(x) < u(x,t) < sup f(x) for (x,t) € R x (0,7). 
TER ceR 


The Techanov non-uniqueness example is possible for some unbounded so- 
lutions. 

c) The conclusion is clear. 

d) Defined an odd function ¢(z) as follows: 


A f(z), z> 0, 
a= { _f(-2), 2 <0. 


Then by solving the following Cauchy problem: 


Up = Ugs (—o0 < z< œ,t > 0), 


u(x, 0) = g(x), 
we get the solution to the initial-boundary problem 


~ (exw? oe) 
dy. 


u(z,t) = wal fay (e = 
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Consider the problem 


Ut = Ury (2 €IR,t>0) 
u(x, 0) = uo(z) € L?(IR). 


Find a bound on JZ Jus(z,t)|?dz in t > 0. 


(Indiana) 
Solution. 


From the Poisson’s formula for the Cauchy problem of the heat equation, 
we can find that 


1 a (2-9)? 
Ug (x£,t) = ———— U z — yje a ~ dy. 
2 (x,t) t/a J. o(y)(z — y) y 
Then by using the Cauchy inequality, we have 
1 foe] 
melt)? < see | bote- SP ay f (e — yer H dy, 
16at ~co 


And therefore, it holds that 


oœ 2 1 2 2 g ee 
f_i < plok f Ew [yer Fay 
-œ 


OO oo 


A 


1 
= z lluollz2ur): 


We can also get the result by the method of energy integrals. 
Multiplying the heat equation by u and tu: respectively, and integrating 
the resulting equations in JR x (0, T), we can obtain 


oo T poo o0 
1 J lu(z, T)|?de + f / |uz(2,t)[?dedt = 2 J luo(2)|?dz 
2 -00 0 -%0 2 — 00 
T pœ T poo 
f J tlue(a, t)|?>dadt =| J ture(£,t)u:(x,t)dzdt. 
0 -œ (0) -0 


Adding the double of the second equality to the first one, we have 


oo T oo 
Fi hz, T) Pde + f J Juz (x, t)| dzdt 
~ 00 0 — 0 
T poo 
+2 f J tju:(z,t)| dzdt 
0 = 


œœ T poo 
= F jo(a) Pde +2 f J tire (©, t) up (x, t)dxdt. 
0 -00 


and 
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It can be calculated that 


T poo 
2 f J ture (x, t)ue(z, t)dadt 
0 -0 


T poo 
-2 f J tus(z,t)uzt(x,t)dzdt 
0 00 


T d oe) T foe) 
-| EC f_ tueteoract) aes f f” jualest) ava 
0 dt -0 (0) —oo 
oo T poo 
-r | jus(e,T)Pde + | J juz (z, t)| dxdt. 
-0 0 -—oo 


Here we have applied the assumption 


o0 
ime f lus(z,£)[ dz = 0, 
e—=0 SoS 


otherwise an approach to the function uo(z) by a sequence of functions in 
C5 (IR") can be used. 
From the above two equalities, we have 


oo co 
; J lu(z, T)|?de +T J lus(z, T)|?dz 


= ~00 
T po 
+2 J tlug(zx, t)|?dadt 
0 = 
se a E 
= 5 / koaa 
— 00 


Therefore, we get an estimation 


o0 1 oo 
I jus (z, t)| dz < F |uo(x)|?dz, Yt > 0. 


6305 


For the indicated domain Q (interior of the parabola) let Qr denote the 
points (x,t) with z € Q and t < T. Let Bı denote the open line-segment 
forming the top of OQz7, and let Bz = ANr\Bı. Let u(x,t) € C°(Qr) with 
Ure, Ut E C°(N7 U B1) be a solution of 


Ure — Ut + a(z,t)u = f(z, t) 
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with a, f € C°(Q). Show that if a < 0, f < 0 in Qr, then every non-constant 
solution u assumes its negative minimum (if one exists) on Bz. What can you 


say ifa <0, f > 0 in Qr? 
cy 


(Iowa) 


-r 


Fig.6.1 
Solution. 
Suppose that u assumes its negative minimum at (x°, t?) € Qr U Bı. Then 
we have 
u(z°,t9) <0, u(z?, t?) <0 
and 
Usz(z?,t?) > 0. 
Hence 


Ure (2°, t?) — uy (2°, t°) + a(2°, t°)u(x®, t?) > 0. 


This contradicts f(x°,t°) < 0. (Here a < 0 should be assumed in Qr U By). 
Ifa < 0, f > 0 in Qr, we can say that every non-constant solution assumes 
its positive maximum (if there exists one) on B2. 
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Consider the boundary-value problem 


Ure tup=0 (OX 2< m7 andt > 0), 
B.C. u(0,t) = 0, 

Ug (a, t) = 0, 
LC. u(x, 0) = f(z). 


Use the sequence {f,(z) = nt sin ("4*2)} and an appropriate space of con- 


tinuous functions to decide whether this problem is well-posed. 
(Indiana—Purdue) 
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Solution. 

When n is even integer, f,(z) is the eigenfunction of the corresponding 
two-point boundary value problem. By setting u = f,(z)Tn(t), we can find 
the solution un to the problem with the initial data f(z) = f, (2) 


_ 2 , n+1 (22) 
un(e) = = sin ( > 2)e a), 


Let 
IAI = gaz, E 


for all f € C[0, x]. It is clear that 
fal} — 0 asn — oœ. 
But for any fixed t > 0 
||ttn(-, £)|| — 00 as n— oo, 


This implies that the problem is not well-posed in the space of continuous 
functions with the norm defined above. 


6307 


In Probability Theory one encounters the Ornstein-Uhlenbeck process, in 
which the particles of Brownian motion are subjected to an elastic force. One 
is required to solve 


Ut = Ure — TU, (x EIR,t> 0) 
u(z,0) = uo(z). 


Assume up E S and find u. (You should be able to find u explicitly; if not, 
leave your result in the form of a one-dimensional integral.) 
(Indiana) 
Solution. 
By @(£, t) we denote the Fourier transform of u with respect to x. It is easy 
to see that 
et 


F(zuz) = ine Plus) = = OR EE: 
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Then the transformed equation and initial condition are in the following form 


Ou Ou 2 
a EDE =(1- ¿a €€R,t>0, 


@(E, 0) = T(E). 


Solving the above Cauchy problem for the first order linear partial differ- 
ential equation, we can obtain 


ai(é,t) = — et Fe" - DE? Tolet). 
It is not difficult to verify that 
F-1(Go(e*€)) = e tuo(e~*z) 


and a 
F- He” z(e”) — — $! ee Hetty , 
2r(e? — 1) 
Therefore, we get the solution to the problem 


Ley)? 


u(a,t) = 2(7F =) dy. 


ae Je uo(e™*y)e" 


Remark. From the above solution formula, we can find a convenient trans- 
formation of variables to the problem. In fact, set 


1 
T= g(t — e7”), E= er. 


Then the problem is transformed into the following 


ðu &u 
Ir T Oe (EE R,T > 0) 


T=0: u=uo(€). 


The above solution formula can be obtained easily from the Poisson’s formula 
for the Cauchy problem of the heat equation. 


6308 


Let L be the usual heat operator 


r-2 (Ë... Z 
=a (a t Ut gaz)” 


let ¢ € D(IR"), and let h be a fixed point of IR”. Consider the problem 


505 


(Lu)(z,t) = u(x —h,t), 2 € R",t>0, 
u(z,0) = ¢(2), z€ RR” 
for an unknown function u(z, t). 

a. Derive an explicit representation for a solution u(z,t) of the above 
problem in terms of the initial data. (You should prove that your u is well- 
defined, but you need not prove that it represents a smooth solution.) 

b. Assume that ¢ is the Fourier transform of a function which vanishes in 


the ball of radius R > 0 centered at the origin. Show then that the solution u 


satisfies 


(1-R?)t 


\lu(-,#)[|n2uR») Se llllrz(r»)- 


(Indiana) 
Solution. 
a. Let u(€,t) be the Fourier transform of u with respect to x. Transforming 
the above problem we obtain 


a + (E? -e7 ™a= 0, EER", t> O0, 
{ @(E, 0) = $E), aapa 
which admids the following solution 
E, t) = Flee UP- ih, 


The inverse Fourier transform of & gives us the explicit representation for the 
solution u(z,t) to the problem 


2 os FE eit €- (lel? -exp(—ih-€))t 
ust) =a | 2O! mim gE, 


It is clear that e'?-§-(lél?-exp(-ih-€))t € LIIR”) and $(€) € S. Therefore, the 
above representation is well defined. 
b. By the Plancherel theorem, we have 


(27) =" aC, t)r") 


(2n)-" J COK- 
Rr 

(2x)-* J COAG, 
lel>R 


(myer O 
eC- lgl 


lut, 4) IZ2 cae») 


i 


IA 


L?UR*): 


This is just the conclusion of the problem. 
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6309 


Let Q C IR” be a bounded domain and assume u(x,t) > 0 is a function 
with u € C?(Q x [0,00)), which solves the equation 


wu — Au = -ut 


(heat conduction with heat loss due to radiation) with the boundary condition 
u ljon= 0. Prove that we can find a constant C such that 


E(1) = [Pea <C 


regardless of the initial value u(z, 0). 
(Iowa) 
Solution. 
Multiplying both sides of the equation by u and integrating on Q, we have 


funa- f Au : udt = -f uřdz. 
NQ n 2 


By using the Green’s formula and noting the boundary condition, we get from 
above equality 


1d 2gp — / 5 
5 pe) + f Vel dz = Be dz, (1) 


where E(t) = fp ude. 
The Holder inequality gives 


E(t) < ( f uae) 
jas (J a) l 


| uřdz > |Q ŻE? (t). 
2 


Using above estimation, we get from (1) 


ld 


2 We 
2 < |Q? E? (t). 
zg < —|Q| 72E? (t) 
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The above inequality can be written as 
ds s 
—E~2(t) > 3|Q|7?. 
$ B-36) > 30 
Integrating the above inequality from 0 to t, we have 


E~3(t) > E~2(0) + 3|Q\-2t. 


z) < ay o. 


It follows that 


This completes the proof. 


6310 
Let 
u € C?(B(0,r) x (0, T]) n C(B(0,r) x [0, T]) 
satisfy 
u, +u? +sin(u) = Asu, B(0,r) x (0,T], 
u=h, ðB(0,r) x [0, T), 
u=g, B(0,r) x {0} 
with g, h continuous and g,h < 1. Prove that maxu < 1 on B(0,r) x [0, T]. 
(Indiana) 
Solution. 


If the conclusion of the problem is false, then there exists (x°, t?) € B(0,r) x 
(0, T] such that u takes the maximum at (2°, t°) and 


u(x°,t®) > 1. 


It is clear that 
u,(2°,t?)>0 and A,(2°,t®) <0. 


Therefore, we must have 


(ut — Azu)(x°, t°) > 0. (1) 
But from the equation we get 
(u — Asu)(z?, t?) = —(u? +sin(u))(2°, 2°) 
_ —1-sin1 <0, if u(x?,t?) = 1, 
z —u?(x?, t?) — sin u(z?, 4?) < 0, if u(z?,t?) > 1. 


This contradicts (1). 
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6311 


Let u € C?(Q x (0,T)) NC%(Q x [0, T]) be a solution to the problem 


u=0 z E 0N,t>0, 


u, = Au- u? zEQ,t>0, 
u(2,0) = fle) 2EQ, 


where 2 is a smooth bounded domain in JR”. 
(a) Prove that 


llullzz(m (t) < lf llz2qay for all t € (0, T]. 


(b) Prove that 
[|u| za) (4) < Flle for all t € (0, T]. 


(c) Prove that the solution to this boundary value problem is unique. 
(d) Show that for f € L*(%) N H*(Q), the following bound also holds: 


llulla t) + lulli H < Flt + Illia 


(Indiana) 
Solution. 
(a) Multiplying the equation by u, and integrating the resulting equation 


on Q, we get 
f uudr = J Au - udg -f utdz. 
2 n R 


By applying Green’s formula, we obtain from above integral equality 


a3 ff wdz = -f IWultde — f utdz < 0. 


Then we get the conclusion immediately. 
(b) First we show that u can not take the positive maximum in Q x (0, T]. 
In fact, if u take the positive maximum at (x°,t°) € Q x (0,T], then we must 
have 
u,(2°, t°) > 0 and Au(x®, t?) < 0. 


Hence 


(u, — Au)(2°, t?) > 0. 


This contradicts the inequality 
—u?(x?, t?) < 0. 


In a similar way, we can show that u can not take the negative minimum 
in Q x (0, T]. 
Therefore, we have 


lulle (t) < Ilfllræm Yt € (0, T]. 


(c) Let wy and uz be both solutions to the boundary value problem, and 
w = u — uz. The w solves the following problem: 


w= Ì, x E€ ôNQ,t > 0, 


w, = Aw — (u? + urus +72)w, zEQ,t>0, 
w(z,0) = 0, TER. 


By a similar deduction as done ìn (a), we can get 


llwllzzm (t) <0, Vt € (0, T] 


for above problem. 
This implies that uj = uz, and the uniqueness of the solution is proved. 


(d) Multiplying the equation by u and u? respectively, and integrating the 
resulting equations, we get 


[ Gar = f Au- ude ~ f wudz 

n n a 
[m= | auas- f wae. 
a 2 n 


By applying Green’s formula to the first terms in the right side of the both 
equalities above, we can obtain 


dff a d ey z ; 

nals, (eee — f= a < 

5 (qf we) +5 (5 A [tae so 
us TE =- f 3u?|Vudz — | uSde <0. 


Adding the both inequalities above, we have 


2 (/ utdz +f Vuds) <0. 
dt \Jo n 


and 


and 
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This differential inequality, combining with (a) if necessary, implies the con- 
clusion of (d). 


6312 


For each p € JR", let A(p) be a real positive definite n x n matrix with 
entries a;;(p). Assume A € C1(IR"). Let Q C IR” be a bounded open set. 
Prove (from first principles) the following comparison principle: 

Let u and v be C? solutions to the inequalities 


Ut <aij(Vu)ur;2; for (x,t) E€ Q x (0,00) 
and 

v > aij(Vv)vz,2, for (x,t) E Q x (0,00), 
respectively. Suppose, furthermore, that u and v are continuous on Q x [0, 00) 
and satisfy the condition u < v on the parabolic boundary 


(Q x {0}) U (3N x [0,00)). 


Then u < v on 2 x [0, 00). 
(Indiana) 
Solution. 
Set w = u — v and 


1 > 
by (x,t) = ay oat (Wy + O(Vu — Vv))d0vz;2;- 
i,j ihe 


Then from the given differential inequalities, we can obtain a differential in- 
equality for w as follow: 


n 


> a;;(Vu)wee; + So be(2,t) We, — w > l. 
ij=1 k=1 


By applying the maximum principle to the above differential inequality, we 
find 
w<0 on Q x [0,00). 


This is the result we need. 
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6313 


For Q C IR” bounded and open, let u € C?(Q x [0,00)). Assume a;; (zx, t, 
z,p) and b;(x,t,z) are continuous functions of their arguments and assume 
that 


n 
D> ai;(2,t, 2, PEE; > A(z,t,2,p)|EP? > 0 for every € € IR” — {0}, 
i j=1 
where à is a positive function. Suppose u satisfies the inequality 


n 


n 
ut — > aij (T, t, U, Vu)ute;e; — XO bi(2,t, ujus; >0 frreEQ,t>Q. 


ij=1 i=1 
Prove that for any T > 0 
mn u(x,t) = min uļ(z,t) 
where Q = (Q x {0}) U(AQ x [0, T]). 


(Indiana) 
Solution. 


First we prove that if w € C? (Q x [0, 00)) satisfies 


n 


n 
We — x a;; (x,t, u, Vu)We:e; = XO bi(t,2, u)we, > 0, at (x,t) EQx (0, T], 
> 


t,j=1 
(1) 
then (z,¢) can not be the minimum point of w in Q x (0,T]. In fact, at the 
minimum point (x,t), it must hold that 


we <0, We; = 0 


and 
n 


> aij (z, t, Uy Vu)wejx; > 0, 
ij=1 
which contradicts (1). 
Now suppose that u takes the minimum at (z°,t?) € Q x (0, T] and 


u(z?, t?) < min u. 
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Take a > 0 large enough so that 
aai1(z,t,u, Vu) + bi(z,t,u, Vu) >0, for (x,t) € Q x [0, T]. 


Then 

w = u — cet”: 
takes its minimum at some point in Q x (0, T], if € > 0 is sufficiently small. 
However, for the function w we have 


n 


n 
we — > aj;(z,t, u, Vu)we,2; — XO bi(2,t, wwe, 
i,j=l1 t=1 
> e€a(ays(z,t,u, Vuja + bi(z,t, u))e*! 
> 0, for all (x,t) EQ x (0, TI. 


This is in contradiction with w having minimum point in Q x (0, T]. 
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SECTION 4 
HYPERBOLIC EQUATIONS 


6401 


Assume that g is smooth and in L}(IR"), n arbitrary. Let a(€,t) be the 
Fourier transform (with respect to x) of the solution to the n-dimensional wave 
equation: 


Utt — ce Au = 0, 
u(z,0) = 0, 
u(z,0) = g(x). 


Show that the LP? norm of t(-,t) at time t for p > n is bounded by a constant 
times t1-"/P, 
(Indiana) 
Solution. 
Transforming the equation and the initial conditions, we have 


Ute + PEPR = 0, 
I(E, 0) = 0, 
T(E, 0) = FE), 


and 


T(E, t) = ~~ 9(E) sin(clé|t). 


zk | 


apaa L f IKD 
faresi f, RE iepa. 


cP 


Then 


g € L'(JR") implies that 9(€) is bounded in IR”. Therefore, it holds with a 
positive constant M that 


cel€|t)|? 
leasa f EEROR ae 


Set ņ = cét in the integrand. Then we get 


i P 
a P? as Met m Leii ni ip 
| IlbecR )- ( ) Re in]? 
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p > n ensures the convergence of the integral. The above estimation gives the 
conclusion of the problem. 


6402 


Consider the Cauchy problem for the wave equation 


w:-Au=0, w=u(z,t), cE R",t>0 
u(x, 0) = u(x), 
uz(@, 0) = u (z). 


Assume to, uy € S. 
(a) Use the Fourier-transform to show that the total energy at time t 


Bt) = 5 f (et) + Vaule, tde 


is constant in time. 
(b) Let Eo denote the constant energy in (a), i.e., E(t) = Eo. Show that 


: 2 _ y 2dr — 
jim S uz (z, t)dz = im im |Vru(x,t)|"de = Eo. 


(Iowa) 
Solution. 
(a) Taking the Fourier-transforms of the wave equation and of the initial 
conditions with respect to the variable z = (x,,:--,Z,), we have 


Utt + JERE, t) = 0, 
(E, 0) = to(€), 
T(E, 0) = ü (£), 


where € = (€1,---,€n). Solving the above initial problem of the ordinary 
differential equation, we get 


(£) 


T(E, t) = To(é) cos(|élt) + il 


sin(|élė) 


and 


T(E, t) = —To(E)|€| sin(|E|t) + 81 (€) cos(]ëlt). (1) 
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Therefore 
f (I@a(E, t)? + [EP aE, t) Pde = J (8E? + EPOCE) PaE. 
R” R” 


Then we can complete the proof of (a) by the Plancherel theorem. 
(b) From (1), we have 


EDP = OPE sin? (El) + E1) cos? let) 
—2Re( Go) sin( Ele) cos( le) 
=} liio(€)/Ple[2(1 — cos(2|elt)) + OC + cos(2\eHh) 
—Re(toi1) sin(2|E|t) 
= HOP + ERIBE) — Eole)? coll) 


+ [fi (€)P? cos(2lélt) — Re(@oas) sin(2Ié) 


Integrating the above equation on JR” and noting that 


im f aoe cos(2lg lee 
R? 


lim f [a(€ cos(2|etedg 


t= oo R 


lim | Re(@%o%@1) sin(2|é|t)dé 
t= IRS 


= 0, 


we obtain 
: r 1 A A 
Jim, f RED S (OP +EP. 
R” R” 
Then the Plancherel theorem gives us 


x 2 2 
jim u; (x, t)dx = Eo. 


Combining this with (a), we finish the proof of (b). 


6403 


Consider the initial problem for the wave equation in three space variables: 
Ug ey + Use, + Ursrs — Ute = 0; BE R?,t > 0, 
u(z,0) = ¢(z); z€ RR’, 
ur(z,0) = ¥(2); z eR. 
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(a) Write down the formula for the solution of the problem. 

(b) If ġ and 4% vanish outside a ball of radius 3 centered at the origin, find 
the set of points in JR? where you are sure that u vanishes when t = 10. 

(c) If ¢ vanishes everywhere in JR°, and 


0, for |x| < 1, 
p(z)= 4 k, for 1< |z|< 2, 
0, for 2 < |z|, 


where k is a constant, find u(0,¢) for all t > 0. (Your answer should be explicit, 


no integrals). 
(Indiana-Purdue) 


Solution. 


(a) 


1 l] 1 
u(x,t) = Iri = P(y)dS + a (4, las soas) . 


(b) By applying the domain of dependence for the solutions to the wave 
equation, we can verify that u vanishes when t = 10 for |z| < 7 or |x| > 13. 
In fact, when |z| < 7, it holds that 


ly| > 3 for all y € {y: ly — 2| = 10}. 


F808 = J 99M = 2 


Similarly, we can show that the above equality holds when |z| > 13. 
(c) It is easy to verify that 


Therefore 


0, O<t<1, 

u(0,t)=¢ kt, 1<t<2, 
0, 2<t. 
6404 


Let Q be the upper-half space in IR” 


Q = {(x1, 22,23) E€ IR?; 23 > 0}. 
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Consider the initial-boundary value problem 
u ui dui u 
on? be o oe rEQ,t>0, 
u(z,0)=¢(z), u(z,0)=y¥(z); EQ, 
u(z,t)=0, 2 €d0,t>0. 
(a) Write down a formula for the value u(z,t) of the solution at (x,t), 
z € Q, when 
t < £3. 
(b) Find a formula for the value u(x,t) of the solution at (x,t), x € Q for 
all t > 0. 


(Indiana-Purdue) 
Solution. 


(a) When z € Q and 0 < t < 23, the domain of dependence for the value 


u(x,t) at (x,t) isin Q. The value u(x,t) is given by the formula for the Cauchy 
problem of the equation: 


1 0 1 
u(z,t) = Tal Toast p(y)dS + a (á J, 40s) . 


(b) Define P(x) and (x) as both odd functions with respect to z3 in IR? 
as follows: 


= olz, £2, £3), T3 > 0, 
22) { —$(21,22,—23), 23 <0, 


<> p(%1, £2, £3), T3 > 0, 
Ey l —(21,%2,—-23), £3 <0, 


respectively. Then the value u(z, t) is given by 


u(z,t) = oo Tens tas + È (á ass soas) i 


If both ¢ and 4% satisfy certain compatibility conditions, it is easy to see 
that u(z,t) given by the above formula satisfies the wave equation and the 
initial conditions. When z3 = 0, 


| eS Parnis 
y—r|=t 


ys=v/ t? —(y1—21)? —(y2—22)? 


-f v(y1, Y2, —y3)dS = 0. 
ys=-y t? -(y1—21)?—-(y2—42)? 
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In a similar way, we have 
J ®(y)ds =0, when g3 = Q. 
ly-x|=t 


Therefore, u(x,t) satisfies the boundary condition on z3 = 0. 


6405 


Let u(z,t) be a solution of class C? to the Cauchy problem 


Ut = Au (x E€ IR” ,t > 0), 
u(z, 0) = ¢(z), ur(z, 0) = p(z); (K = CF 


with compact support. Define the local energy by 


Ex(u(t)) = 5 [g(t + |Vul?)der 


(i) Use the energy indentity to show that 


Er-7(u(0)) < Er(u(t)) < Eryr(u(0)). 


Conclude that the total energy E.(u(t)) is conserved. 

(ii) When n = 3, evaluate jim Er(u(t)). 

(iii) Do (ii) above when n = 1. 

(iv) Let n = 2, ¢ = 0 and suppose that 4% = 0 for |x| > k, where z = 
(#1, %2). Show that u satisfies 


lu(x,t)| < e(t +r + 2k)? (t-r + 2a f (s(x) de 
le|<k 
for some constant c, on the set r < t — 4k. (Here r = |z|). 


(Indiana) 
Solution. 


(i) For t € [0, T], we have 


1 R-T+t 
Ex-res(ult)) = f J _ C + 1WaP asap. 
zl=p 


By the above expression, we can calculate that 


d 1 2 2 
Snerpu) = 5 fonnt + [Vul?)as 


| 


+ J (UtUtt + Vu. Vuz)dx 
ja) <R-T+t 
1 
= 3 J (u? + |Vul?)ds 
jaJ=R-T+t 


+f (upAu+ Vu-Vur)dz 
je|SR-T+t 
i (x + [Vul? + 2uz st) dS 
|jz|=>R-T+t On 


z|=R-T+t ju4 


Hence 
Er-r(u(0)) < Er—-rye(u(t)) < Er(u(t)). 
Similarly, we can show that for t € [0, T) 
d 
gër) <0. 
Hence 
Eryr-1(u(t)) < Eryr(u(0)), Yt € [0, T]. 
Then the estimation 


Er(u(t)) < Er+r(u(0)) 


is obtained from the clear inequality 
Er(u(t)) < Eryr-t(u(t)), vte (0, T]. 


It is clear that the total energy E,,(u(t)) equals to E..(u(0)). 
(ii) From the formula of the solution to the problem 


a fı 1 
u(z,t) = z (i i soas) Fo [bos 


it is easy to verify 
Er(u(t))=0 ift>R+a, 


1 
2 
1 n 
7 F Y (u cos(n, zi) + us;) dS > 0. 
| 
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520 


where a is the radius of a ball in which supp¢ U suppy is contained. Hence 
jim Ep(u(t)) = 0. 


(iii) By the formula 


1 1 ett 
u(t) = Z(H + oer) +5 VOdo, 
a—t 
it is easy to evalute 
jim Ep(u(t)) = 0. 
(iv) When n = 2, the solution is given by 


u = Ca zW d 
= a E VE- |y- z}? ý 


If |x| < t — 4k, it is easy to see that 


{y : ly] < k} c fy: ly- z| <t} 
Hence the formula of the solution can be rewritten as 
u(x,t) = d =I 
2T Siyick yt? — ly — z|? 
When |x| < t — 4k and |y| < k, we have 
|y — æ| < |z| + 2k, 


and hence 
1 1 


Jea E ~ Vet eF a el 2R) 


It is easy to verify that 


t — |z| + 2k 
—— < — 4k. 
TEE Vt — |z| > 


Therefore, we obtain 


v3 


aD < oe 


(t+ |x| + 2k)? (t — lel + 2)? i POl 
y 


Yt — |x| > 4k. 
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6406 


Let Q C IR” be a bounded domain and assume u(z,t) is a function with 
u € C?(® x [0,00)), which solves the equation 


ur — Au=u 
with the boundary condition uļən = 0. With 
E(t) = TEE t) + |Vru(z, t)? dz 
prove that there is a C < oo such that 
E(t) < exp(Ct)E(0) 
for all t > 0. 


(Iowa) 
Solution. 


Multiplying the equation by us and integrating the resulting equation with 
respect to z in Q, we have 


d 
gett) = | vnde. 


Here we have applied the Green’s formula: 


J u,Audz =f Vrut Veudz. 
a a 


By the Poincaré inequality, we can conclude that 
i uude 
a 


Thus we obtain a differential inequality for E(t) 


IA 


1 
> l EEEE EE 
< CB(t). 


d 
ZEE) < CEG). 


Then E(t) < exp(Ct)E(0) is an immediate consequence of the above differen- 
tial inequality. 
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(a) Find the explicit form of the solution of the initial value problem 


where r? = 2?+23+422, and f(n) is a C? function on the real line with compact 
support such that 


f(n)=0, 1 <0, 
Í E (o +30- pr} dn = 1, 


where f’(7) is the derivative of f with respect to 7. 
(b) What is its energy at time t = 10. 
(Indiana-Purdue) 
Solution. 
Find the spherically symmetric solution to the problem. In the symmetric 
case, the equation can be written as 


Pu 20 
Or? i r Or 


Set w = ru. Then w solves the following problem: 


= Utt. 


Wrr = We, T>0,t>0, 
w= 0, r=0 


OLAS Mapes: 


Solving this problem, and then we can get 


1 
a =f(r —4), r>t, 
west) =| § O<rct. 


(b) The energy of the problem is given by 
1 
Oe J (u2 + |Vul?)dz. 
2 R” 
It is easy to verify that 


E(t) = E(0), Vt>0. 
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And therefore 


E(10) 


=f (f° $ lv (22) | dr 
an f(s) + G rf Par 


= 2r. 


6408 


Consider the wave equation in JR?: 


uz —-Au=0 for zc € R*,t>0, 
u(z,0) = 0, 
u(x, 0) = g(x), 


where g € CS°(IR°). Prove that there exists a constant C’ depending only on 
the given data such that 


C 
P t>0. 


sup |u(z,t)| < 
re Rs 


(Indiana) 
Solution. 
Let R and M be positive constants such that 


suppg C Br = {x € R°, |x| < R} 


and 
lg(z)| < M, Yr eR. 


From the Poisson’s formula, we have 


: Í 
u(x,t) = — g(y)dSy. 
Ed = Fa fads 
It is easy to verify that 


The area of the intersection {y € IR?, |y — z| = t} N Br 
< The area of OBr. 
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Therefore, we obtain 


2 
Ju(z,t)| < on -M -4nR? = a 


t>0. 
~ Ant t’ Py 


6409 


Let u € C?(IR”+!(x,t)) be a solution of the equation uts — Au = 0. Suppose 
also that u = usp = 0 on the ball B = {(z,0) : |z| < to} in the plane t = 0. 
Prove that u vanishes in the conical region 


D = {(z,t):0<t < to and |z| < to — t}. 


(Indiana) 
Solution. 


Let 
Q, = {(z,t) € Rt, |z| < to — t,t = 7} 


for 0 < T < to. Multiplying the wave equation by u,, and integrating the 
resulting equation with respect to z in Q,, we can obtain 


1 ð z 
5 L z + |Vu]?)(z, r)dz -f l Ut due, cos(n, 2; )dS = 0. 
Set í 
E(r) = 7) (u? + |Vu]?)(z, 7)dz. 
2 Jo, 
It is not difficult to verify that 
dE(r) _ 1 ð, 3z 2 
aes aa gr + [Vul)(2, 7) de 
1 
-3 f (ub + Wwuly(2,r)as. 
2 Jan, 
Therefore, we have 


PO Fs f p, CË # Iu? — 2u J us cos(a, a:))d5 


1 n 
= -3S X (u cos(n, zi) — us;) dS <0, YO< T< to. 
an 


z isl 
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It is clear that £(0) = 0. Hence 
E(r)=0, VO<7T< to. 


This implies that 
u=0 inD. 


6410 


Let u(x,t) be a solution of the Cauchy problem 
un = Au (2 € IR®,t> 0), 
u(x, 0) = f(z), w(z,0) = g(z). 


Assume that f,g € CQ (IR?). 
Prove that if 


lim u-dz = 0, 
too R? 


| gdz = 0. 
RS 


then 


(Indiana) 
Solution. 


Let R > 0 such that 
suppf,suppg C Br = {x € R?, [e| < R}. 
It is not difficult to verify that 
suppu(-,t) C {z € R?,t— R< |x| <t+R} 


for any t > R. 
By using Green’s formula, we get the following equality from the equation 


J Upp de = Audz = 0. 
IRS R? 


Therefore, we have 


d 
5 [ude =o 


J udr = J gdz 
R? R? 
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and 


J udz = fdz +f gdz (1) 
R3 IRs R? 


by the initial conditions. 
In the other side, by Cauchy inequality it follows that 


a 1/2 
f udz (/ ude) J dz 
RS RS t—-R<|x|<t+R 


8 _\3 N 
(5x2) (3¢? + R?)? |[ullz2cs), (2) 


IA 


for any t > R. This contradicts (1) provided that 


f gaz # 0. 
Rs 
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Consider the solution of the wave equation 
un = Au (zE IR? ,t > 0) 


with data u(z,0) = 0, u(x, 0) = (x) E Co. 
a) Use Fourier transform to show that there is a positive constant ¢ such 
that 


lim udr = c. 
t= IRS 


b) Show that there is a positive constant Cı such that 
t- max |u| > C1 
gt 


for all sufficiently large t. 


(Indiana) 
Solution. 


a) Let @ denote the Fourier transform of u with respect to the variable 


z = (£1,***, £n). By taking the Fourier transforms of the wave equation and 
the initial conditions, we can get 


E) 
g 


a(€) = sin(|¢lė). 
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Therefore 
f w(a,t)de = ea f JE(E, t)|?dé 
R? R? 
-= (w | gop to 
= enf por ae 
= soap Ja E POR 
-ay Jy, EPOP cos(a. 
Noting p 
LIPIRE € ZUR), 
we have 
fim f EIRE cos(ateleyag = 0. 
R? 
Then we get 
lim u?(2,t) =, 
too Jims 
where i 
e= sap Jp KROP > 0 
ify £0. 


b) Let Q(t) be the support of u(x,t) with respect to the variable z = 
(z1,%1, %3) for t > 0. If the conclusion is false, then there exists a sequence 
{tn} such that 


tn > œ, asn—- oo 


and 
ty + max ju(2,ta)] < Itn). 


This gives 
Ju(z,tn)| < Uta) 2th” 
Then we have 


f 80ta) < f (tn) t de 
R3 Atn) 


tz? —=0, asn —> oo. 


This contradicts (a). The proof of (b) is completed. 
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6412 


Consider the Cauchy problem for the wave equation 


un — Au= 0 (z € R",t > 0), 
u(z,0)=¢(x), uz(x,0) = (z). 
a) Let n = 3; $, € CZ(IR?). Let 6 < 1. Determine the large time 
behavior of the integral 


u*(zx, t)dz. 
|x| <ot 


b) Let n = 2, 6 = 0, y € CZ (IR?). Show that for any 6 < 1, we have 


sup ju(z,t)| = O(t?) ast — oo. 
|z|<ee 


(Indiana) 
Solution. 


a) Assume that R > 0 is so large that 
supp U suppý C {z € R?, |z| < R}. 


From the Huygens’s principle for the 3-dimensional wave eauation, we conclude 
that if t > R and 


[z| <t- R, 
then 
u(x,t) = 0. 


Therefore, when t > ;%5, it holds that 
u(z,t)=0, Viel < 6, 


which implies that 


J u*(z,t)dze = 0, when t> a 
[xl <oe bee 


b) From the Poisson’s formula, the solution to the 2-dimensional problem 


is given by i 
u(x, z2, t) = J ply, y2) d 
ly 


— Y. 
2T Jiy-ai<t Vt? — ly — xP 
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Let R > 0 be so large that 
suppy C {z € R?, |z| < R}. 
When t > ;%5, it is clear that if |x| < 8t and |y| < R then 
ly—z}|<Ot+R 


and 
Vt? — |y — z|? > vt? — (6t + R}. 


Therefore, we have 


z i l (v, y2)] 
lu(zi,e2,#)| < lic yt? — (0t + Be 


R 
< =, VO —, lel < ôt, 
T P- (6t + R)? j-e rls 


where C is a constant. The proof is completed. 


6413 


The linear transport equation is following PDE for a scalar function f of 
seven variables z, v, t (x € IR®,v € IR®,t € RI): 


fi +v. Vif = 0. 
Consider the initial-value problem for this; i.e., let 
o o E ° 
f(x,v,0) =f (zv); f given, fe C". 


o 
a) Show that, if f> 0 for all x, v, then the same is true for f at all later 
times. 
b) Define the local density p by 


plz,t) = J, f(z, v, t}dv. 


Suppose that 0 <f (z,v) < h(z), where h € L!(IR?). Show that 


supp = O(t?) ast > oœ. 
T 


(Indiana) 
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Solution. 
a) The characteristic curves of the equation are defined by 


dz 

dt 
and along which it holds that 

df 

—=0. 


Therefore, the forward characteristic curve departing from t = 0, z = a is 
r=a+tv. (2) 
From (1) and (2), we get the solution to the initial-value problem 
o 
f(z,v,t) =f (x — tv, v). (3) 


It is clear that f > 0 if f> 0. 
b) From (3), we have 


p = f f(z, v, t)du 


R? 

= J f (z — tv, v)dv 
R? 

< J h(x — tv)dv 
R? 

- i h(u)d 

= p Rs (u) uU. 

This completes the proof. 
6414 


Solve the Cauchy problem 


Lus + yutly = —zy (2 > 0) 


u=5 onzy=l, 


if a solution exists. 


(Indiana) 
Solution. 


The system of the characteristic equations for the problem is given by 


531 


ds =e ds =a ds ee 


z=ae 
and 

du _ ,du_ d 

ua = ae ao Gg (we ytu). 


This implies that 
1 
zt tu+a2y=C, 


where C is a constant. The initial data gives C = x. Then we obtain imme- 


diately 
u = —1 + 4/38 — 2zy. 
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Compute an explicit solution u(z,t) to the initial-value problem 


Ut + (uz)? 0, 


u(z,0) = 2”. 


(Indiana) 
Solution. 
Set v = us. Differentiating the equation and the initial condition with 
respect to x, we get 


ve + 2vvz = 0, 
a(2,0) = 2z. (1) 


The characteristic curve of the quasilinear equation (1) is given by 


dz 
dt 


= 2v, 
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along which it holds that 
dv 


—=0. 
dt 
From the above characteristic equations, we can obtain immediately 
22 
v= —. 
4t+1 
Hence 
z2 
u= —. 
4t +1 
6416 


Solve the following initial value problem. 


Ut + Uur =0, zER,t>O0, 


1, z <0, 
u(z,0)=4 l-z, 0<z<1, 
0, z >l. 


Show that the continuous solution exists only for a finite time, and find the 
discontinuous entropy solution, giving explicitly the discontinuity curve and 
the Rankine-Hugoniot jump condition along it. 

(Indiana-Purdue) 


Solution. 
The characteristic curve departing from t = 0, z = £ is given by 
d 
zh t=0:2=f, (1) 
along which u is a constant, i.e., 
d 
== , t=0:u=u(), (2) 


where u°(x) = u(z,0). From (1) and (2), we have 
e=u(B)t+B, u=u%(p), 


and 


t+ B, 8 <0, 
B>1 


p, , 
1, B<0, 
u = 1-8, 0<£<1, 


0, B>1. 


For 0<t<1,0<6< 1, we have 


and hence 


Therefore we get the continuous solution to the problem 


1, z<t, 
u= Ef, t<2<l, 
0, z>1l, 


for 0 < t < 1 (see Fig.6.2). 


z=] 


Fig.6.2 


When t = 1, the continuous solution to the problem blows up. 
For t > 1, the Rankine-Hugoniot condition along the discontinuous curve 


is given by 
dz u4 u? 
temm (+ z =| =a 
i.e., 
dz 1 
T = z+ + u_). 
Noting u, = 0, u_ = 1, we have 
d1 
d X 


Therefore, the discontinuous curve is 


1 
z=35@+1), t>1 
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and the entropy solution to the problem is given by 


I= 1, z< 3(t+), 
~ (0, #2> 5(t+1). 


6417 


a) Let u(x,t) be a smooth solution of 


Ou Ou 
g Tale wa —bu=0 for 0<t< T, 


where b is a constant and a is smooth. Show that if 
a<u(z,0)< for all z, 


then 
ae” < u(x,t) < Be” 
for all z and all ż € (0, T). 
b) Let u(x,t) be smooth solution of 
Ou 


du 
Ry tz, =0 for0<t<T, 


u(x, 0) = uo(x), 


where uo and a are smooth. Show that, if x(t, y) is the characteristic through 
(y, 0), then 


ur(y, 0) 
uz (z(t, y), t) (#a(uo(2))le=y) iti 
i) Use this to compute the largest T for which a smooth solution can exist 
up to time T. 
ii) Show that, if 0 < ti < t2 < T, then 


I: Iu2(z,t2)|dx = f j juz (z, t1)|de. 


(Indiana) 
Solution. 
a) Let u = ev. Then v satisfies the following equation 


du 


ov 
bi ~e = 
at + a(z,e"v) Ae 0. 
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The solution v maintains a constant along a characteristic of the above equa- 
tion, defined by the equation 


dz 


ar bt 
FT a(z,e"v). 


Therefore, it holds that 
inf v(x, 0) < v(z,t) < sup v(z, 0). 


This gives the estimation in the problem immediately. 
b) u(z,t) is a constant along the characteristic x = x(t, y). Hence 


u(z(t, y) t) =uo(y) WEE (0, T). 


Differertiating above equality with respect to y, we have 
ð ' 
us(a(ty) te a(t, y) =uo(y) Vte (0,T). 


The characteristic x(t, y) through (y,0) is given by the following Cauchy 
problem: 


{ Zx(t,y) = a(uo(y)), 
x(0,y) = y. 


Differentiating this problem with respect to y, we get 
8 (2) as ‘ol 1 
at (Zale, v)) = a'(uo(y))uo(y), 
5, 2(0, y)=1. 


Then it follows from above problem that 


ô 
yy) = a'(uo(y) )uo(y)é + 1. 
Therefore, we have 
eC) 
wel) = TEET 
This is just that we want to show. 


i) Let m = inf a'(uo(y))uo(y). From the above expression, we can get the 
y 


following conclusions easily. 
If m > 0, the Cauchy problem admits a global smooth solution in (0, 00); 
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If —co < m < 0, the largest T for which the problem admits a smooth 
solution in (0,T) is given by 


mT+1=0. 


ii) For any fixed t € (0,7), by the change of variables z = z(t, y) in the 
integral, we have 


a lus (z, t)|dz = E jue (2(t,0), 01 Z2, vdv. 


Taking the expressions of us(z(t, y), t) and ext, y) into account, we obtain 


f edass f” ho. 


This completes the proof of the problem. 
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(Uniqueness of weak solutions) Consider the Cauchy problem 


ut + Ue = 0, on R x [0, T), 
{ u(z,0) = uo(z), on R x {0}. (2) 


A function u € LP? (IR x [0,T]}) is defined to be a weak solution of (2) iff 


T po 
f a u(y, 8)(—de(y, 8) — o2(y, 8))dyds 
+ f ~ uo(u)d(y, 0)dy = 0 (2) 


for all test functions ¢(z,t) € C®(IR x [0,T]) which are compactly supported 
and vanish on {t = T}. 
If uo(z) = 0, prove that the only L” solution of (2’) is u = 0. 


(Indiana) 
Solution. 


Consider the following Cauchy problem: 


{ oe + br = f(t, 2), on IR x [0, T], 
¢(z,T) = 0, on R x {T}, 
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where f € C™(JR x [0, T]) with a compact support. 
It is not difficult to show that the above Cauchy problem admits a solution 
¢@ € C~(IR x [0, T]) which is compactly supported. Therefore, we have 


| i f m EAER (*) 


for all function f € C® (IR x [0, T]) with a compact support, provided uo(x) = 
0. As the space CS (IR x (0, T]), consisting of all C°-functions with compact 
support in IR x [0,7], is dense in L4(JR x [0, T]), where q = p/(p — 1), the 
equality (*) is valid for all functions f € L4(IR x [0,T]). Hence we have u = 0. 
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Consider the Cauchy problem for a function u = u(z,t), where z € JR and 
t>0. 
up + a(x, t)us = b(z,t), 
{ u(z, 0) = uo(x) € CUR). 
a) Show that if b = 0, then TV(u(-,t)) < TV(uo(-)) for each t > 0 (where 
TV = “total variation”). 
b) Show that when b Æ 0, one still has the bound 


TV(u(-,t)) < TV (uo) + J “TV (b(+,5))ds. 


(Indiana) 
Solution. 
The characterstic curves of the equation are given by the equation 
d 
o = a(z,t), 
along which the solutions to the equation satisfy 
du 
a = b(z , t). 


a) Suppose that b = 0. Then u is a constant along a characteristic curve. 
We divide the line t = r into subintervals by the points ---,2_y,--+,%_1, Zo, 


£1,°*',2n,***. Suppose that the backward characteristic curve through (z;,7) 
meets the line t = 0 at (6,0) (¢ = ---,—n,---,—1,0,1,---,n,---). Then we 
have 


u(z;,7) = uo(E), 
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and 


+00 +00 
D lu(zi+1; 7T) — u(z;, T)| = > luo(Ei41) — uo(&)I- 


t=—00 i=—00 


Therefore, we get 
TV(ul(-.7)) < TV(uo(-)), Vr > 0. 
b) Let {x;} and {&;} be given as in a). When b Æ 0, we have 
u(zi, T) = uo(&i) + f b(z;(s), s)ds, 
0 


where by s = %;(t) we denote the characteristic curve through (2,7). From 
the above inequalities, we get 


+00 
XO lu(eiga,7) — ulzi, 7)| 


=-00 ae 
< > Iuo(Ei41) — wo(€s)| + ies J Ilia (e), 8) — 6Gi(s),8)ldo 
< TV (uo) +f TV(b s))ds. 


Then we can complete the proof easily. 
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